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‘preface

This book 15 desu}md s0 that maw be used
n several ways : 1t can be used for self S‘I'ucltj ,
as a 3u1c|¢ for tutorrally directed work, or as
a suyyhmcn'ranj text or source of froblems for
an ordmary first or second course 1n number
?hcon& . The aim of the book 1s similar o that
of Aufgaben und Lehrsdtze aus der Anafjﬁs

by Pélsja and $zeqs -

A considerable part of the work consists
of sets of ProHems cu|mma+m1|n well known
theorems. In +his way much of the material of
an elementary course m number theory 15 covered.
Moreover, many theorems not often met m such
eleman't'ams courses, but which require hittle or
no qreater sophistication, are meluded.

A larqe port of the book ma\sbc read 5\3 a
student with little or no college mathematics.
In the eorlier parts of rhe book such a student
would only mf'rcquenﬁ'hﬁ find 1t necessary to ship
a problem bacause of 1ts dependence on some
sPecaa| mathematics not in his backgromd .



Later in the book, especially n the last half of xin
and in xvi, xxi, xxin, xxiv the reader will need fanrhy
3ood workmg knowhdcje, of hmiting processes as met
n e|emen1'ar\j and advanced caleulus. Some cha]oi'crs,
such as w1, xv, and xix, are qurte fechnrcal Though ot
advanced so far as the mathematical techniques used
are concerned. Most clwa]o‘l'u's are mdc}nndcni' of
one another and even a mathematical beginner
should fmd o+ rela-l-wzltj easy to d;]o and choose
at random. Nevertheless, cach chapter 1
written with the ﬂ'\ougl-ﬂ' that most readers
will wish to work it 'rhrough i detanl

The solution section (pp 15-3565 )1s clcsngmd
TO serve two funchons s the ﬁ rstis+o com]:|e+e
the Prob'em section in a way so asto make of
the two sections together a self contamed ex~
position of the topics discussed ; the second 1s to
offer to the student wishing towork on his own an
opportumty o (sparingly ) use it for hints and
ideas. This section should be well thumbed rather
than well read. After saying this 1t should be added

that many of the Jorol:lems are of considerable
dnfficuli'tj and a reader unable +o make any headwalj
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with a problem sheuld not feal quulty about furming
to +he solutions for hely.

Am:cndcd to the text 15 a rather extended hst
of references, most of which have some direct beanng
on of leastone problem. Tt must, however, be
emphasized that the hist 15 notintended to be
complete and contans only those references
familar to the author and felt +o be Joarhwhrlb)
relevant fo the material presented. Further
references on wirtually avery Topic may befound
m the gxtraordinarily useful compendium LeVeque
{19747 - Symbols suc?-l as VI, i 22, VIR appearing
at the end of a reference mdicate, respechively,
the reference 15 a general one for much orall of
Chapter v, 15 relevant 1o problem 22 of Chapter
Wi, or 1s menhoned in the remarks for Chapter vil.

Finally , a word concerning +he format and
style of the book 1s in order. I+ hos Jong beenthe
author's opinion that the format of a mathematics
book 15 of greater importance than is qenerally
recognucd + Consequently, when the opportunity
arose 1o have the manuscript hand calhcjra]:hed it
was decided to proceed with this even though st
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was necassary to begin before the entire manuscript

was completed. This has led to some shjhshc

dlsadvan‘l'aats inthe ﬁnal toxt. However, +hou¢3h

1Jn¢u' ACCUrrence 1s raﬂre:l'a |:|¢, fhaj clo not s¢dm

o be a serious detrerrent 1o the 3¢n¢m| aims of
the presentation.

Though the author can make no claim to have
written o book ona par with rhat b\j Po|tja and
$2¢98, merhioned above, that work has consts'l-cnfhj
been considered as a model for excellence. 1+ has
been an inspiration from the beﬂlnnmcs .

Great thanks are due +o Greqory Mas karinec
for unclu“l'ahm% the arduous task cf ca“l%rajahmg
the manuscnyf ft‘om a hand written manuscm]oi-
of quite different appearance. Throughout, our
workma relation has bean e}m“m'l' and |¢f‘r nofhma
to be desired. Tlﬁanks also are due to m\j rnamj
studernts whe, over the years, have worked ‘t'hl'ough
various versions of ports of this material and to
hcl?fu| collcacsuzs for thar criticisms .

All comments from readers designad to help in the
improvement of the work will be grahzﬁa“‘j receved.

Toe Roberts
ﬂorﬂand,Omﬁon 1975
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orher notations used n +the toxt.

Yor m‘reﬁers :

a|b means there 1s an inteqer ¢ such

that bra-c;
azb (modm) means mja-b;
nlzg2:3.con ;s olsy;
(8)=drer, osbsa;
Z 15 the set of positive inteqers ;

cjcd stands for “3r¢a1'es+ common

divisor 3

[u,v] 15 the kast common mulhyle
of uand v ;

LHS (RHS) left (right ) hand side .
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I The Game of Euchd & the Euclidean Algorithm

Consider the sequance of sets (duplicate
Uemaents are permitted )

(18,05 ] > {4335} >{8 35} >{s,11]—
{8.,31>{2,33>{2,13>{01}.

Each set in the sequance may be obtaned
from the preceding one by subtracting some
posrtve ntegral mulhiple of one of its dements
fromthe other. Whena set {a, 53 of non~
negative integers arises in this way from another
such set {m,nj we say it1s o derwed set of
{m,n3. A sequence of sets ke the above,m
which cach set 1s a derved set of the preceding
s¢t and in which +he ast ser contams a zero
will be called a derwed sequence .

1f {a,6 ] 1sa derwed set of {mn] with
least value for a+b we call i+ a minimal derwed
set of {m,n} . Inthe above sequence {43,35}



is not a mimimal derwed set of {78,357 while
{2,373 15 a myimal derived sef of 8,3].The
passage from any set +o a derived set 15 called

a move and @ move to a sef one demaent of
which 15 0 15 called a winning move.
Thr-oucihou'\- , all integers are o be non-negative
and msn . Further, T =%@ .

1. Noting that {m nl={n m]foralimmn
we se that ¢
1) {m,n} has t dermved sers , where £ 15 the
largest positive mteger forwhichtmsn 1s True;
) im,n] has exactly one mimmal derved
sek ,which is {m,n-tm] where tis as in (1) ;
WY of {a,b] 15 a derwed setof {mn] then
the qreatest common divisor of aand b 1s
wual tothe greatest common disor of m

and n 5 1 symbols, (a,b) = (m,n);



i) every derved sequence starting with
fmn] endswith {o, (m,n) ],

2. 1f two players ,50Y A and B, start with
{m,n3 and alternately make the moves of
a derived sequence , A moving firs+ and each
desiring o make the winning move of +he
sequence then we call the play resulting “the
game of Euclid”. The followmcj assertions
are rue of +his game :

i) f ot any staqe of the game aset occurs
in which one dement is a positive integral
muttiple of the other thenthe player next tomove
can win by moving to +he mimmal derived set

iy vt 15 not always to g player’s advantage
Fo move +o a minimal derived set ;

i5) 1f +here 1s a winning strategy for A then at

each play he must select one or the other of -



the minimal derived sef, or, The derved set whose
only derwed set 15 the minmal derved set ;

#) when 1<< T Thare 1s a unigue move
from {a,m} and thatistoaser {r,m] where

m
=%,

3,1y The player moving {irst mthe qame
of Euchd ,starting from {mn] 0<m<n, can
force a win for twmself if andonly 1f 25T ;

) whena gome starts with {m,n} +hen
})la\ju‘ A may force awnif L-=10r BT
while f nuther of these 1s +rue plaver Bmay

foree o win .

4. An efficient method of compurting the qreat
st common dwisor (hereafter denoted ﬂcd)of
two positive Inteqers 4 and b 1s o compute a

derwed sequence, buimnmg with {4,5} and n which
cach other dament of +he SLIURNCR 15 +the minimal



derived set of the j"'%@dmcj one.Thusf a s b
andazqbrr,05r<b, where g and r are
tegers, the firstmove would be ia, 5}—){5,1‘].
Putting a =1, bar, q=qo,r=1,ekc. one
finds the cscd of a and b 1s 1. whaen

TiE Q4T 0< n<r,
T, = q:”s'”’» O 1y<r;

Tne2® Qn-2Tnaath Q< %<0y

TeaS QniT5 +O
This process is called the Euclidean Algorithm .
Inthe process the ged of the starting numbers

is the last non~zero “remainder ™.

5. Using rhe Euchidean algorﬁ'hm vt 15 not hard
fosee that given any positive ntegers a and b
thare grist positive mteqers x and y for which

(a,b)= ax-Blj )



We call expressions ke ax - 511 or ax + Euj

(inear combinations of a and b .

6. I+isinteresting ¥o ask how ¢fficient the
Euchdean algorithmos for +he determinationof
the ged of two numbers . Information about
This question is qenina +heorem dueto Lame.
To prove+he theorem we will make use of the
Fibonacct sequence U, Uy, Uy, -+ defined by:

UysU, =1,
Up, ™ Up, 4 Uy fOr N0,
i) Formz1, u,,,, 10", 50 u,,,, has
ot least n+1 base 10 digits ;
i) +f n steps are used in vhe Euchidean
algorhm determining the ged of 7, ands,
To Y7, >0,using 7, as the first dwisor, then

Ti2U, 5



#y (Lamd i844]) the number of divisions
naeded by the Euchidean algorithm m finding
the ged of two numbers does notexcecd five
times the number of base 10 digits 1n the
smaller of the +wo numbers ;

#) the maximum number of divisions
allowed by (i) 15 actually used m computing
the cjcd’s of (8,13),(89,144), (987, 1597) b\j
the Euclidean algorithm; note that all
numbars involved are 1n ¥he Fibonac sequence;

o) 1f the Euchidean algorithm i computing
the gcd of a and b, a¥b , b \-\avmcj t base
10 dsc}ti's,fahq,s st steps then the number of
base 10 digits of Uy1s = £

V1) %’:—'-‘C I < T’ﬂvz :

VE)  Up,> 10U, for N2y s

viii) for t 24, U,;510% and, therefore ,
Uy has more than t base 10 digits ;



%) the Euchdean a|3orl+km when aPJolled
+o +wo numbers the sma";r of which hasat
least 4 base 10 dlﬂﬂ's hever takes as many
divisions as allowed \:\3 Lamé's theorem ;
Le. Lame's theorem 1s not “bast poss ble
whaen GPyIIQA o numbers the smaller of

which 1s 2 107 .

Remarks .

The qame ofE.'ucth is due to Cole & Davie [1969]
and has been fur'i'l'ser ana]\jse.d E«j SPﬁ'xhaﬂel
[1973]. The theoram of Lamge was flr's1' fr'ovec‘ Ia\j
him in 1844, The result n 7o (ix) 1s far from the
best Rnown result of this kind . The interested
reader rmﬂH' consult Dubisch [Iéhlq], Dixon
{19717, Brown [1967] , or Plankuystaner [ 1970 ]

for fur'l'l-\u' mfcrmahon and re Qrences .




T The Golden Mean

| m

The pont € divides Iy 3 4

d line segment AB into “oxtrame and mean
rotio” (Euchid , Book v, Definition 3) when

m . mar
r=Tm o

Such adwision of a ine segment 1s sometimes
called g gofcfen section or a goH«mcut.‘rhz
ratio Ffor such a division 15 called the ﬂoﬁﬁn
mean or +he qolden ratio. A rectangle whose
sides are mthis ratiosa ﬁo[dfcn rectang&.
In the fo\\owmg We again use T for the

rrational numbar 252 and use T for s

y» 1-J5
2 »

« coquga“’e

1. if oxr<mand B= ST than F= .

2. ‘C2=1+t:,t”1= T-1,and T = -%’.



3. 1f r and m are positive numbers with
g T2 then T hes strctly between T+
and B Further, no other number shares
this property with T evenif randm are

constramed to be integers.

4, Consider the sequence

Mm_ mer  2MerT 3MA2T Smedr
TTyT m y mET y ZMAT y 3maar)

where each +erm has a numaerator whichisthe

sum of the previous numerator and denominator
and has a denommator which 15 the previous
numerator .

yfcs mm{r,m} e C=rif rémand
c=m f m<r thenthe numerator of-th@n‘?ﬁ
tarm s 2 nC and therefore, when rand m
are posrtive both numerator and denominator

increase without bound ;
#) gven 3 consecutve Terms of the sequence,



SaY %, TCC , ?", it 15 True +hat

a.d--EC'-'-(cf-d.e) 3
) If & =|mtamr-r?| then the sequence
of moduh of +lw, SUCLLSSIVE cjtffe.mnce,s Ty

1"10, ﬂwen sequence, 1S

i “ u *e L
mry mim+r)y (m+ri2m+r) ) [

vy the sequence converqes Yo T .

5. Cor\sdczr 'rlw sw\umc‘b of ¥y i Tke
S?QCIQI case m=r=1

4 2 3 5 &
1y'1) 2y 3 y5

The fequence 1,1,2,3,5,8, of
denominators is the Fibonacct sequence

'ﬁ' *a &
) 8y

Gnd IS amo‘l’ed b‘j uo)uijuzj"' (S%T'G).

1) U B U, + Uy for nzo;
WY (MpesyUn) =1 for nzo ;
B) Uk = Uy Uy = (-1)" Fornza ;

W)y U, 2n

L}



2
u 1,
v |4t < g

vi) %t a5 n—00 .

11241

G.1-a) T U, +U,T formzi
b) (-1)"‘(:"“”’: U, T -, for nz1
ity ( Binet 1843)

Uy =7"g{ ‘c"”-’C'mi} fornzo.

7. Consider thefriangle c
nscribed ina r'ed'anglq, a Q
A B ¥
as shown, B
r m
£f Thq,'l'r'tahglas AB,C P

are e,qua\ in area than P and Q. cut +har
respective sides in the golden ratio;
) |f y 0 addrhon, a =b +hen the largq,,

rc.c+qnc3|e, is 3o\den .

8. The dnacjona\ ofa r‘uju\ar' pentagon wrth
side11sT.



9. The lengths of the
segments of the dark
zncjzag line in fhe A
“star- pen‘l'agmm " T
are as indicated. Further,

the process may be continued mdo,fmuﬂl\j both

in the inward and outward directions. The

dlngﬂQ' of: the large )oen'i'arjon Is of. |¢n3'|'|1 (o

10. One mavy cut a square into four preces, as

indicated, in suclnawa\j

thot the fow preces may /

be reassembled into a

non~square t'ez+anc3le.

. ( Sch|¢3¢| ) Aﬁwy‘hnq to carry out the

clecom]aos ition of #io with
dimensions as shown ot the @X"
r1c5|-x+ leads +o a surprising s |

result when one constructs a mod@‘ .




, 1 1 1
2. §) t=1+?=1+1+%=1+§1—+17-.-~,
T

and the “preces” of the hmiting continued

1
fraction” 14— T are
14 —1
L T
1, 147752, 11'——1'—14_1__ =5, 14'?1::3,
T

with +he cjwe.ra\ one bum} Mner o

#y s e,n‘l'lr‘e,\uj reasonable o write
1
T=1+7 4 1

1
1 + Lo+

13, Formsz1 n2z21:
1) Umsn=UpyyUpy U, Uy
#) U, dvides u :

ime=-1

iy (U, yUmay) = Uinmy-1 *

. Using matrix mulh}:hcahon one has

n
) 1) = (u’“ u“") fornz2
1 ° un-iun-z - .



-]

15, Let A, be the sef of all those subsets
of {1,2,::+,n] containing no pair of
conseuhive integers. Further, let ‘j("’) be
the cardinality of A, and let f(n,ﬁ) be
the number of dements in A, having exactly
R dements. Then

1) cj(n) = c}(n-1)+3(n-z) fornsz ;

%) c](n)= Un,y fOr nz1

) +he number of strings of & 's and
n-k o’s in which no two 1’s are conseauhve

1s qust f(n,kR) ;

w) the number of ways of :placmc} kR1's
ito n-k+1 boxes 5o that no box has more
thon 1 dement s exactly ]‘-'(n,ﬁ) ;

v) f(n, RY = (n-%u ) whenzk gn+

and i1s 0 otherwise ;

vi) setting (1) =0 when s<t we have

un=§_:(ngﬁ ), forn21,



e

Vi) the sumsin The
indicated slant rows of
Pascal’s +r|am3|e, are

s

1
consecutive tarms of 05 1
152015 6 1
the?ubonawsequwcm. 7 21 2525217 1

16, Let WU be the POWRS SIS
1+ x42x 4355 x e xr3xCe..
Thent

I 1 -
i) U converges to Tox=xz for Ix) <T;

L 1 1 r s
W)y Tox-%x%Z =7T-s { 1-rx = 1-sx} »
where res=t1=~rs;
i) from (i) one sees
1 n+1 220
(com]oom with  Fe(ii))

10000 _
w) 5899 = 1,0102030508132134559

‘V) 1+2+3+'“+’Mn’un.‘_z'2.



Remarks.

1. The Fibonacct sequence seams Yo have
omqmcrl‘ed in connection with the famous
rabbit problem posed by Leonardo of Pisa
(Fibonacar ) 1n 1202. One phrasing of the

}orob\qm 15 as follows .

One places a parr of rabbits mn a
confined area. How many pasrs
of rabbits can be,Produoed nayear
f wery month cach parr begets a
now paw which from the second

month itself becomes productwe 2

It will be noted thot the sequance of numbers

obtained for the numbers of pairs of rabbits

at the ends of consecutive months is just the
Fibonaccs sequence .



2. The P\j'l-kacbor'wns were @

so taken by the properties of

the star- pentagram ( see ¢.9%9) that they

used 1+ as a svjmbo| ofrecoclm'l-son and

brotherhood. In his book SctmceAwaEemﬂﬂ

[1954 p.101] van der Waerden tells charmmcj
story of this .

3. The “Para&omcd" de.com]:osrhon of
* il seems to qo back to Schlegel [18es].

See also Coxeter [1953] .

4. The frq.queni' Qceurrence, In o wide varaehj
of sethings, of +he 3o|dm meon and the Ftbonaces
numbers has lead 1n recent years to a hew
mathematics ]ournq| ,The Fibonace Quar‘?erltj.

Besides this journal +he interested reader
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might consult any of the fo\\owmcj for

fur-l-‘nw mformahon : Coxeter[1953]

qudher 19597 ,Paciol: [1509, reprint 1956),

Huntley [ 19707, Archibald [1a18],
Tkomyson [1952].



T Prime Facrorizations e Primes

A positive inteqer n which satisfies
an equation n=ab, where a and b are
nteqers larger than 3, 1s colleda composte
mtu_:je,r. If n s nather composite nor
equal ¥o 1 vt 1s called prime.

1. Every wieqer |arc3ex' than 1 has at least
one prime dwisor, (This prime divisor may
be the number 1tself . )

2. Each m‘i'u}a- \arcjeri'han 115 ather prime
or a product of +wo or more primes ; 1.¢.cach
m‘\'eger \arﬂer than 1 has g prime fad’ommhon.

3 1f & prime number divides a ?roduc‘l' of
two infegers then that prime must diide
one or the other of the two inteqers.
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4. The prime factorization of an nteger
lar%er than 115 urique except for the order
in which the factors occur.

5. Given any inteqer n+here 1s a prime factor
of 1 +nl exmdmg . The.rq,for'q, there ore
n mrt'd\j many primes.

6. The last conclusion of #s also follows
from observing that every prime factor of
1+ P,-pg, where each ofP,,m,Jo,; 15 prime,

differs from each ofJ:n o Pe- (This Proof
was gwen by Euchd in his Elements..)

7. Giwven a positwe inteqer k 22 rhere easts
a string of R consecutive composite inteqers.

8. If p -+ pg 15 any finrte collection of primes
The number 4Py -+ pe-1 wntains aanfador
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of the form 4k +3 and +his prime differs
from cach of ProiPhe Therefore , there
are mfmr\'e,hj many 4k+3 primes.

9. Let Foz2% 41 for n=o,1,2,-- ,These
numbers are called Fermat numbers .

i) The base sounit’s diqitof 7 n22, 157

iy 2™t s prime then m 1s a power
of 2 5 1.¢. 2™ +1 15 a Fermat number whenever

Fis g prime ;

) fhouci\w Fermat ‘rhOUth“’ all 7, Yo be
prime +hiss not the case since,as Euler
first observed | 641 15 a prime dwisor

of Fs ;
w-a) W F=Fka=2
BY (Fu,Fm)=tforn&m ;

v) (iw-B) mphies the infinitude of the

number of primes.



10. No inteqral po\\jnomta\has only prime
values for all sufficiently largeinteqers. (By
“m‘w}ra\ Po\sjnomtd" W mean a Po\tjhomm\

with inteqer wefficients.)

i (Luthar) Wryte x,, = ParectPa,
n21,where Py 18 the jﬁﬁ prime number.
) Praad2n+i for n24
i) x,yn? fornz1;
W) Pr,s2(nek)e 1 implies
a) Ryo ;
b) pn-jéz(n-rﬁ)-(z]’n) for
Ogfn ;
¢) x,<(n+R)*;
W) (n+li)25x.n< (n+ﬁ+1)z um}ohcs
Pn“ﬂ(n-rfi)n ;
9) for nz1 theress a square strickly

between x, and x,, ., -

23
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12, (@rmm) For cach R,25 ksn , ]:m'i'
(R tf%«ﬁ:‘n and k is prime ;
ge {an\j J:n-lmz faci‘or of %14- s otherwise .
i) ‘iﬁ, nl+k ;
#) qgln!‘b}' y 2551, |m]9|tzs ]-.-Q ;
iy (AR ,qn are ]mu'wtsc, distinct ;
W) 4 15 Possnble +o select -1 pasrwise
distinct prime c’twsors, one from each of

nlez v mlam .

Remarks.

1. Results such asthe one J:row.c] in¥gare
very sPuml cases ofa rjener'al +heorem of
Dirichlet tothe effuf that wery orithmetic
progression a, a+|3, a+2b , A4 36,w for-
which (a,6)21 contamns Ih‘Flm‘l"e[tj many

primes (see XXIV Y,
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2. The on\tj known prime Fn (se2¥9) are
‘rhosq, with ns ©,1,2,3 4, There are 38 values
ofn for which Fo s known o be com?osﬁ-e,
These are : 5 through 16,18, 19, 23, 3¢, 38, 39,
5§5,58,63,7%,77, 81 117,125 144150, 207, 226,
228,260, 267,268, 284,316,452 1945, The
number F,, has more than 30 000 digrts and its
character 1s not known, Until very rwm-l'luj
(1971) J; was khown to be oom]oosrl'e but 1+s
facfomza‘hom was not known . In 1971 this
number was Fac‘l'ored |:>v3 Morrison and
Brillhart and it was founcl thot F, =
340 282 366 920 938 46D 463 3TY 60T 431 768 24 457
2( 59 649 589 127 497217 )(5 704 689 200 685 129 054 721),
The number of 31311'5 1 Fys exceeds 107 but

1947 +1 18 H..s

nevertheless 1+ 15 known thot 5.2
,.mllm Pmme dw Isor, Turther mf&rmo'l'uoh
about Fermat jamme,s may Be,founc] 1N XX .Tl‘w.

terested reader mujl-ﬂ' also consult SM"PIHSL! [19644,5].
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3. Despite the truth of the result in Mo
has recently been Proved , 05 G CONSLQULNCR
of Matijasewich’s solution of Hilbert’s
Tenth Problem That there do wnist integral
polynomials whose yosaéwe range consists
precisely of The prime numbers . ( See

Dowvis {1973] )

4. Problems #11,12 are duz,resyechve.l\j,
to Luthar [19¢97] , and Grimm [1961,19¢9].
For related work +o #12 see Tus+ [1972] and

Crysouw, Tiydeman (19727 .



W Squore Brackets

The larqest inteqer not wmdmg X 15
denoted by [x].Thus [7] =3, [4]=0,[-7]=-4,
ete. This function appears in a number of
dverse setfings . In this chaprer we setforth
a number of 145 propurties as wellas use it in
expressions for various other number theoretc
functions. Throughout the chapter weuse
m,n,k for mtequrs and o and @ for

arbrirary real numbers .

[

s x-t<fa)soand [o] s < [oxJ+t.

g

[xen]=z{ax]+n .

o
-

als[H-]+1, n>o.

4, [f—g‘l] =[%.] , hyo.
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5. Nointeger s doser to & thon [ore 4] .

6. ~[- ] s the smallest integer not less than .
T [o]+[B] s[aep) s []+[B]+1 .
8. [arplefae[p]s[20]+[2p].
o. [o][#] s [op] s [o][p]e[a] +[ 8],

for %0, Bro.

10. When o<ks o, [#] 15 thenumber of
Posﬂ'wq,m'l'uira\ mu\'h?\cs of R not eacmdmcj Q.

e When o> [&]-[ $] 1s the number
of inteqers m satisfying Bemsox.

2. []+[-o] = { o f o 1san nteqer ;

-1 otherwise.
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3. [&)-2[ ) 1sutheroor .

i, [%]-[-—’2‘—] = n.

‘5. ‘lm -En—“]:Ot.

n=00 W

o

. [83]) =[ ¥=) for xzo0.

17, (oY a{org] oo Foeeafons B = [ nax].

. [§] +[%{—’=]+-~~+[°“‘T’1“'1] ={a].

19, [mo)+[mosT] e o [ moy Botdm)
=[na] +[nu+,—’;‘f]+ cood [ oy fmcting

20. When n and m are of opposite parity

L™ (5 Niw) o

2
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2. [Tn]z[T[Tn]e1] , whenT=2pE,

22, (Skolem) [(Z[(143F)n+ —i—]]:[(wﬁ)n] :

n+l

23, Uy = [ F (25E) +4] | where u,, s

the n+13¥ Fibonaces numbaer .

24, If P15 o prime number rhenthe htcshui
power of pin nl s [-}%‘—] +[%‘;]+[%&,—]*

25. Problem 24 may be used ro show:

iy (%"'1-) s an m'\'uiu';

s (h;*“‘*ﬂgﬂ. .
W) gl g 1S an m‘l'ar:\er s

1) (Catalan) (mr;“) divides (%T)(ZT?) .

26. n1saprime if and only i mi([%]-[ﬂh%’]) =2,

27, (R.Algee) The numbq.r of primes not

exuuzdmc} nis Z [I[E:;%I]’] .
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) forx wrahona\i

28. lim [cosmimx]=
“""°°[ ] {- 1 forxra‘l'lor\a‘.

9. If N s the number of solutions of?lw,
system xYsn, 0<x, 0sYy, then
e L3 4[3) e[ 3) 7 BT [VRT
30. For b odd there 15 an nteqer g such
that :
i osx-ﬁqcé sfand only 1F [%] 15 even;
#) --§< x-Eq«: lfanc‘ onl\j sf [F]s odd .

3. 1) ![ ] (an(G 1)+c[ 1 whu*q,
J- (Q,B)i

i) ( E1senstan)
b1 a-1
< P é; [%n] . ca-:)*cs-ﬂ

nzl S )

whm a ancl b are r'e,qulw,lv.‘ ]:Jt'tmz odd
Posrhw, mi‘eqo.rs .



32

32. Le¥ (2,621 and suppose ax.+ B;j,,s 1.
Further, consider the equation
() ax + Etj =k .
A Pmr‘ofm'\'ujv's * Y sa‘\'tsf\jmg (x) 18
called a solution of the equation and +f , 1n
addition, both x and y are non-negate,
we call *x,Y 0 non-neﬁatwe solution .
iy if x Y15 a solution of (x)then
thare 1s an integer £ such that
x =R%,+ bt ,
Y =ﬁtj°- at |
#y+he number of honmug.h% solutions
of (x) 15 gvan b\j N=1+ [%ﬁ[%ﬁ] ;
W) for Reo y (%) has no nonmu}qi'we,
solutions precisely when there exist r, s,
osr<b,oss<a such+hat
kR=ar+bs-ab |



W) (%) a\wa\js has a non-mcjahve, solution
when Rsab-a-b but dees not have o non~

mcia'hve solution when kzab-a-b ;

v) for axacﬂ\j ﬁ“—’z‘ﬂ positive values of
k does (%) fail to have a non ~ neqative
solution.

Remarks.

1. There 1s a wide literature on square
brackets. The interested reader mig ht
consult +he fonowmcj :Bahi [1957]; Beatty
[1927] ; Coxeter [1953]; Fraenkel [1969] ;
Fraenkel, Levitt, Shimshom [1972]; Graham
Pollack [1970] ; Graham [ 1973] ; skolem

{19577 5 Watson [1956].,
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2. The result in #32 (i) qoes back +o Frobenus
ond Schur. Similar results have been souajhf for
the Tnzr'al finear forms

O, X, t+AgXp =M
but even for k23 the ﬂmera| solution is not
known. For an introduction +o the literature
the reader mujl-rl' consult Brauer,ShocHeAj [1962] ,
E€rdds, Graham [1971] y Hofmasw [19e6], Lewin
[1972,1973] , Roberts [1956] , Bateman [ 19587,
and Note 14 l"j Sleolem i Netto [1927] .



v Kronecher Theorams

For % a reol number we write (%) for the
fmctwna(farf of ®;1e. (x)=x-[%].

1. Let ot be wrational and put Pn = (nox) .
Then:
1) O<Pp<1, n=t1,2,,.. 3
i) Po# Pm for négm ;
i) gen €50 there are posiFive inteqers
nand r suchthat | P, -Po..|< € ;
W) qiven €50 there 1s an r such tha+
P.ceori-e<pP, ;
V) Kronecker’s one dimensional theorem)
{P;,Pz,"’} 15 danse i the open unit interval,

2. Define the mapping if of +he Planz nto
the unit square btj f(x,tj) = ((x) ,(11)) .
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Further, suppose &, B wrrational and
Pusf(no,np),n=1,2,--. Write PQ for
the wector from P to Q and |PQ | for the

length of this vector.
Then ;

i) Pug B forngm ;

i) 1f PuQ =Py Paur then £(Q)# P
iy f P,Q=mP, R, +nP, P, then
f(Q )= Piomrns ’

#) f PP, and P, B,s are not parallel
and L 15 the greatest of thar lengths then
overy pomnt of the umt square 1s within £ of
some point of the form Prumrns , wherem
and n are non-neqative inteqers .

3. Let B, P, - be as in¥2 and suppose
that +he only +rt]3|q., of m'l-eajq,rs rs,t
for which ra¢sp+t =015 0,0,0 5
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e, &, (3,1 are ra,twmfftj mc&yenc&nir.
Then:
i) & and B are irrational ;
i) given €50, there are integers n andr
suchthat [R, P,,.. |<€;

i) for 0<e< min{(on,1-(0), (), t-(P)}
and n,r asn (i) the vector P B, - equa\s By Rr s

W) for ¢ as n (i) Thare are mftnﬁd!j many
positive inteqers r such that | P L)< ;

v} 1t 15 not possible that mfma‘\'dtj many
of the vectors P, P, appearing in (i) be,

?Qr’q”@l 3
v)( Kronecker’s +wo dimensional theorem)
[R P ,'i 15 dense inthe unit square .

Remark.
For expositions of the theorems in this
cha]o-l'u- see Niven [1963] and Hardtj ond Wrnal-rl'

[1962].



vi Beatty, Skolem Theorems

Let s() bethe sequance (&, (26, [30
and let A(x) be the set of distinct ddements
of s(x). (In the following we use  for the
set of positwe inteqers and,as before ,
for 245y Then ( for «, 3 Posﬁwe) :

1. A(o) 1s preaisely the set of non~negative
mteqers when o<x< 1.

2. A()NA(PY= ¢ implies y1and By1 .
3. A(YEA(S).
b, A(1#VI)E A(VT).

5. A(o)n A(p) 1S 0N mfmrhz, set when both
o ond @oare rational .




6. (Beaﬁuj) If 15 positive and irrationa
and L+ % = +hen wary positve integer is in
z;cad\sg one of S(), $((3) and these sequences

have no du}:hco'l'e., torms .

7. A(VI)NA(2+yz)=¢ and
A(VEYUA(2+y3)= 2 .

8. A(TINA(T?Y=d and -
A(TYVA(THY=2 .

9. (skolem) The three sequances (nz1)

{{zlzm)}, {(c(e)}, {[%*n}]

are mu+ua\|»j dts]om'i' and +hair union 1s 2 .

10, 1f AoxA(T)and A= {[‘tzn] \ n eAm}
'for' mz20,+hen the Ay ore dlS]Oll‘ﬂ' n pairs
and thar union is E .



e 1f o 15 positive and irrational and
Lrd=1andif AcrA(), A {1pn] |neAn]
for- mz20,then +he Ay are dtspm-\' I pas

and thar union 1s 2 .

2. 1f A(e) NA(P) 15 finite and A(c)UA(R) =2

+hm§+% =1,

3. A (X)NA(R) nowq,m]ohj and 'ftm-\-q, 8
incompatble with A(x) U A(P)= 2,

4. (Bang) A neccessary and sufficient
condrtionfor s(a), §( @) fobe comj:\emenﬁ'ar\j
(1e. A(YNA(RY=&, A(XIVA(R)=Z ) Is
that o and @ be pose irrational numbers

such +ha+%+?1- =1,



Vi

I5. (Usymskg)ﬁmm-&u@shnq result along
the lines of Fe and #9 15 the fo\\owmc;
+theorem Prowz,d b\j U.s]oe.nsk\j in 1927,

There do not exist 3 or more numbers
Xy, O SUch That S(ox, ), «ee, § (o)
are non-empty disjoint sequences
which taken +o<3¢+|1wr contain each
positive inteqer precisely once.
We prove +his fo\\owmcj Graham [1963]. In
fact we shallassume : m23, o, < +--<opand
S(1),+*, S (¥n) 9re non~empty disjormnt
sets axhaushncj +he nteqers without
duP\sca'\-non ond shall show that +his leads
fo o contradiction. Throughout, m 1s the
least positive integer not in S(o,).
i) x,=1+J whare 0<J<1
#) S(ox,) does not miss any par of
consecutive m‘\'e,gers 3
i (m-1)J <1< mJ ;|

W
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) m 15 the first dement of $(x;) and
X, 7 M+e, 02€<1 |
Nfxisa posttwe inteqer not in $(ex,)
+he next Joosﬁ'we, |n+¢3qr not in (o, ) Is
other x4m or x4ma1 4
viythe hext dement after [na,]in S(ex,)
s ather [nogj+m or [no]smes g
vii) the & Posrhve, inFeqer missing from
S(ox;) 15 he k¥ dement in () ;
viiythe assumP‘r\on IS fa\sq, .

16. Let & and (3 be positive wrational
numbers and suppose a, b,c are m¥egers
suchthat &+ £2c 21 a50, (a,b,¢)=1.
Further, let dz(a,b) o 5
and denote the shaded
f‘%“'ancjle, mthe dnagram

b\j S.

1-" 2
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iy f b<oond czothen A()NA(PY# ;

#) rf b<othen ax+ 5tj= a,-t-sPasses ?hrouﬂhS}

i) f b>0and > 1 then ax+ ij =a4b-y
poasses 'through S.

17. Lot e‘,p,a,s,c,cf,s be as in *16. Then :

i) there are inteqers w and v such that

a(u-r&): -6('\34- %) ;

0 f wne (e ) [(us 4],
xﬂ=1§-wn, Yn = -%wﬂ Then {wlgw‘s‘, } s
danse in [0,1] while -I-I'\e,]aom'l's (K Yn) are
dense on +he ling suame,n-f 3ommcj (0,0) fo

(%)
iy f c#0 and g1sa fixed m’raﬂer-there
are nteqers t,5,uy,v; suchthat d't+sc=g
and au, +bv, =dt ;
) l‘F K pm= Ky ¥ %E-t-ui‘\- X,
Yrm= Y = R4 v, 4 F then
(Hmy Y 15 Glways point on theline ax-rEj:cj;



v) the POINTS (Xum,Ynm ) 07 dense on
mc-r&j-ﬂ ;
viy f eather b<o,c#0 orbr0,c 21 then
there are mﬁnﬁ'd\j many }:omi's (*m‘jm)
n S
Vi) |f b<o orif 570,671 then
A(u)ﬂA(s})¢¢ .

8. 1f 1,%,% are t‘Cl‘l'lOnC\“\j mdejaendqni'
(e, 1{" there does not exist a+r-x]o\e, a,b,c
of infeqers not all zero such +hat

o+ bks c520)
then ANA(R) * & .

19, (skolem) If o and p are posrhve wrrational
numbers then Ay n A(fﬂ =d sfand onlsj lf
thare are positive nteqers a ond b such

-rha‘l'g‘("--r%r-'i.
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20. (Skolem) This special case of us Pensk\s’s

theorem (see *15) was ?rovq.cl st skolem [ 19517 .
There do not exist positive srrahional numbers

3,% such +ha+ A(x), ACP), A(Y) are

?anrwise dlSjom‘l-.

21. (Banq) If & and ( are Joosrl-we, wrational
numbers Then A¢ay 0 A(@r# ¢ 1fomc{ on‘»j 11:
the ling scﬂmm'l' jorning (,0) and ( °:P)

posses 'l'lwrouﬂl-\ a lat+ice Pom-i- .

Remarks .
The materal af this cl'\a})'l'@r' i5 drown janmarthj
fi‘om Skolem [ 1957] ,Bancj [1951] and Graham
[19¢3] . The mterested reader mw;h-l'also consult
Niven [1963] , Connell (1959 1960] Us]aenslzvs
[1921] , araham [1973) and the re,fe,remes qen
inthe 15 ramark at The end of (AN
For #10, i see Roberts [1973].

“5



vit The Game of wyrhoff

| Consider the sequence of sets ( du]ahca'hb
¢lements are Permﬁ'@d) :
{18,383 — {70,235} — {10,257 —{s50,5}
—{5,5]—{0,0y.
Each element in the sequence may be obtained
from +he ?rucdmi one btj sul)'l-r'ac'\'mcj a
posthve inteqer fr'om one or the other of the
two elements or \:\3 sub+mc+m3 one and the
same posite integer from cach of the two
elements . When o set {G,S} of'honﬂ-heﬂa‘\'we
inteqers arises from a set [m,n} mone of these
three WoYS We Say {a, 53 1S a d.u-wec[sef'
of fmn]. A sequence of sets, as abowve,
n which each set 1s o derived set of the
pt‘ccedlhcj set and which ends with {o,0]
s called a d.erwed'sequence. The passaqe



from any set to a derived set 1s called o
move and o move +o {o,o} is called a
winmng move . If two leju's, A and B,
start with {m,hg and a|+qrnq+e,|tj make
the moves ofa derived sequence, A moving
ﬁrs‘l’, and cach desn'mg tomake 'l'l-aewmmnﬂ
move of +he sequence, then we call the play
r-esul'hnaJ the qame of Wﬂtﬁoﬁf . We are interested
n Rnowing the conditions under which the
lejer moving first, A for us, can force a
win For' |'nmsa|f. No'hnrj that {m,n} = {n,m}
and assuming all m'l'eﬂtu's are non - neqative

we I‘hdlj :PI"O\?G :

3, If A can leave any of-r]w, fo”owmrj pars

+o B fhen,ro.ﬂar-dhss of B's move, A can win :

{1.27, {353, {97}, {6,107, {e,]
{953, {n,8}.

47



2. If {a, 5} 1S & set ofdns-i-md' NON~Zero
inteqers not in the listin *1 and f +he smaller of
a,b 15 < 12 then there 15 a move'l'ahmcj {a,b }
nto one of the sets listed n #4.

3. In the cjame ofW\j'l'lwoff s+ar'+mc3 with
im,nz ,ms<18 nN%18, A canforcea win

or himself 1f and only it m,n} does not
T Y

»
a]a]awr T8 ‘rl-w, lis+in®1 .

4. There exists an mﬁmh sequence ofse.+s,
ofw\-nck the ﬁrs+ 7 are those hsted n# 1
suchthat A can alwatjs force. O Win fcr
htmself |f. and onltj 1{ he starts from a set

not 10 +he su]uencz .

5. The sequence qiven in ¥4 1s just
{[‘nt] [nT*]} 21, Taltss



Vil

Remarks .

The qame of Wythof{ was first introduced
ij w‘jﬂ-,off [1907] as a variant of +he qome
olem ( se¢ Bouton [1902]). It s discussed in
Coxater [1983] and has been cjenemlu.u:] by

Ho”adqu [1968] and Connell [1959].

49



v ¥,0, @

The number theoretic ‘func-hons T, ¢

are dafmo.d as fo"ows :

T(Nny= number of positive m+q,a_‘ra|
dwisors of n =£ﬂ1 i
o (n)= sum of the positive ntegral
divisors of"n =‘f’hcf ;
g{n)= number of ]:os-.-hve m+wjers
not zrwz.dmci n and re,la‘hveltj

]:mmc tons= § 1
ta?ﬂiﬂ

1. 1f (a,b)=1 then:
iy T(ab)sT(ayT(b) ;
iy o(ab)zo(a)o(b) ;
i) §(ab) =9 (a)p(b) .



2. If o 1s @ non~negqative inteqer and P 1S
e ] Pr’lm@ ?l“m :

1) ‘C(P“)=O£+1 3
i O'(P“)-_-&-

)
1) Q?(]: )= j:“(i-—

3. Let ns P,"‘i ~--Pa°‘ﬁ- Then
iy Tny= (&, +13 (1)
9 pi¥itt .y _.’E‘i-_l .
iy U(h):ﬁ ?3" (=T g P Y3
i) P(n)s= nP‘“(l-?) .

4. I{ T(n)is odd then nisasquare .

5. T1 cf'-'ﬂ_%t(m
* ﬂ“ .

6. T(2"-1)2T(MY.

7. T(2"+1) > THMY, where ¥y 1s the

number of posrtive odd divisors of'n .



7]
3 = 2 .
8. *T' <3 (dy (tn‘t(cf)l

9., For n»o,
T(1)+ T(2)++T(n)= [11"-] +[%]+...+[%]

e p ) [A)
+114
Q. If <, (n)z}lh&'*fkm &(n) 'JII. Cof?i)l-:

i 1f avo,b>1 then

o) 0(ab)_, c@ob
a ab = ab *

. 1f ase, bro then
. ab
U(G’G(G)-J’f}a,ﬁjd.c( Vi

13. O(1)40(2) 4t O(n)z [D] 42[ L]4eman [+]-

Ik, P(5186) = P (5187) = P(5188) = 2592 .
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I5. 1 Fornz1, @(mMy=ngPn);
# fornz2, Y(nY<n ;
iy fornzs, ‘?(n’)-&-'f((n-mz) <2n?.

6. For n>2 we have

1
w5 = TnPn) .

1EMEN

7 If ﬂP(n)ln then nis of one of the forms
1,2% 2% .3,

8. If @ ond b are \urﬂv +han 1 and cisthe
product of the distinct prime factors of
(a,b) then Q(ab) = “P(“')“P(B)TP'(QE)_ .

o, L P(d)=n.

din
20. cg! ‘P(cf)[-g-} =5 n(n+1).

20 mn
§ i T -

n
ney 1%

21,

$5
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22. The forrnula for ﬁf(n) ﬂwm in 3 lm?he,s

that 'Hw, number of‘ Primzs 1S lnf;m‘l'q, .

23, (schinzel) Let N, be the numbuofso|uﬂons
of the equation P(x)zm. Then +he sequance
Ny Npy oo 18 not I:ounda.cl as can be seen
fromfkq, facl' +hat 9 ( Pt Pan ?j}') ]’5)
IS mclq.]amc]en‘l' o’m 1< 3‘[; Here Peoe P

are the fws'l' k primes in thar natural ordes .

24, Let ns Ja,“‘ ---Pﬁ"‘ﬁ and write P(x,n) fov-
+he number of posttive inteqers not exow:lmﬂ
x and r'ela'l'wehj prime ton. Then :

i) ( Lu}mc]m) Y(x,n)=
(-1 (5145 [ ) o0t [32%s

f&.]

1) the expression for P(n) ﬂwzn th ¥3(#{)

s a s]:wq[ cose of(t) ;
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#) (%Y, the number of primes not
exceeding ¥, satisfies :
M) e T(/R) =14 9 (%, puPe),
wl'm.m ?1,"~,P, are all the primes not

o.xcu.dmcj NE N

25, If T(n)s2n, one calls n a
yerfut number .
1) 6,28,496,8128 are Pufe.c‘t 3
#) 2"-1 prime and n prime 1mJ:a|xj
2™ H(2"-1) s Pufu-f 3

) 11" n 15 even and Perfuf +hen there 1s
o k for- which n = 2‘;"(2‘;-1 ) and each of k

and 2%-1 15 prime ;

W) N Olh'l’lc]w‘f\j it was of‘l‘en stated +hat
ery even Perfec‘l' number ends m 6 or 8 and
that no twe consecutive even Perfec+ fumbers
have the same base 10 fmal c!uju'l'; the, 15 'l'hous"\

not the ?."4 of +hese assertions Is frue 3
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¥) A‘,"ﬂ—c“rz 2 |f and on|»3 1{ n 1§ Perfe,c-’r ;
vi) 1f n1s odd and has no more than 2

dlshncf ?rlmz fac-}ors 1-‘10\ n 15 not Po—fec-l- .

26. Lt H(M) be'rl'\e l'\ar'mohlc AN of-r(ne,

divisors ofn; W t—t,;,}.:ﬂjfr . Then :

W H (n)=“£,§3’ and H 15 mu ‘ﬂlahca'l'we,;

)y H{n)y1 for ny1and H(n)v2 excep-l'
for' nE1,4,60r N prime ;
iy 1fm= ™ (2"-1)1s ]serfuﬂkm H(m)m;
) |f na 22" 1) 15 even then
H(2"Ma1)< 2
v) (Laborde) if m 15 even and

na zmn)-i(zn-um. 1) 1-‘we.n M I8 :pexfec* ’

27. 1) If f IS a mul‘ri]allca‘hve armthmetic
funchon, e |f f(aG)sf(a)f(S) for- (ca,l§)=.-1J
then the func‘l'lon 3 c]e,flnq.c] b\j i(n) * ‘j‘zn f(d:)

is also mul-l-nphca't'm :



Vi

iy the mul"ﬂ]:\lca'hwhj ofa” offhc ‘fo”owm;j
funchons follows from (4
T, oy, § T (d), o(n), o%n),

where @°(n) 15 +he sum of'l-l-\o. odd divisors ofn.

Rema‘r'Cs.
1. The result in *23 will be founc’ n

Swjamslal [19e4a] .

2. As seenh 1h ¥25 (1) the en Perf'e.cf numbers
are all of the form 22" 1) where 21 is prime.
Primes ofrkus form are called Mersenne primes
and will be discussed n xix . There are onluj 24
Mersenne primes known and 'rl'wj are for the
fo“owmg values ofn $2,3,5,7,13,17,19,31,6l,
89, 107, 127, 52/, 607, 1279, 2203, 2281, 3217, 4253,

4423 , 9889, 9941, 11213, 19937,

5T
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1t 1s mﬂr'es'hnq to note that until 1952 the
larqest known prime was 2'*7 1, a number of
39 dlcii'l's,wkile‘rln laraeS‘I' hnown prime 'I-oda\j
15 2'9%7.1 a number of 6012 cllﬂs'l‘s.Tlaen ore
onlxj the 24 aven Perfecl' numbers corr-e.s]:ondmcl
to these Mersenne primes known and 1t 1s not
known lf odd ?erfwr humbers exist. See
Me Car-+|-uj [1957] .The result of*zs(vi) may
however , be wnsaduablsj um];row.d. Also 1+
has been shown that ho odd ])zrfzd' num ber
<10% exists (see Hagrs [1973] ).

3. le, moin t-e,su|'|' Nn#¥2618 due 1o

Laborde [1955] .



X Fermat, Wilson, Chwgnuj

1, Let P be a prime. Then :

1) }'Jl(m-r-n)f’- (mPenP)

W) ylm?.m \fc\ncl on|uj tfja](mﬂ)P- (me1);
W) ( Farmat's “ lir+le  theorem )

:plm?-m fora“mz1.

2. For}: a Prlmt,
yl (m1+ TIX mG)P - (1‘111? S ovo+mﬁp) ,
and Termat’s hittle theorem 1s an immediote

conseque.nce of?lus .

3. When p s an odd prime then
P] mPenP m-\]ahc.s le m¥Pen?,

4. ( Go|omb) Let there be qiven a collection
of beads ofh CIIFF@I‘QX‘\"" wolors from which we

wlsh +o malw non~onz~co|or' hulalaoc,s of
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exactly p, psn, beads . The number ps
tobe a prime. Then :
1) there are nP-n lme.ar'? le,ma'l'lw S'I'r'mcjs
of non~one~color beads ;
#) The number of dnshnqwslﬁab‘e necklaces
of the desired type s nfn

P
iy nPgn (moclja) ( Fermat’s theorem ) ;

w) nPan (mod 2p) forjo odd .

5. Let n be an arlm'l-rar'\j m-rq.;jar lar'tjer +han
1 and put N z(n!y . Then:
) ery prime fac:‘i'or of.N'ﬂ 1s odd and
ﬂrw‘l'zr' +than n ;
W) N4 | N 41 for m any positive odd
ln‘l'eaer ;
) an:) 1S 4 14(;4-3 Prlmc. fac+or of-NH
then p | N4 and +his contradicts Fermat's
rheorem |

i) there are mﬁmﬂ.luj tmany whet primes .



6. Let p be a prime and SUppose (n,ple1.
iy if nasnﬂ(modp)-rhm azh (mod]o) ;
iy nfp-1)lz (p-1)! (modp);

#) nP g1 (mod P) (Fermat’s theoram Y .

To ket @y, e, Gyom be re|a+we,|tj Pmmeﬁ'o m
and also be Incongruent modulo m in parrs .
Further, suppose (n,m)=1.

3] lf na,gna, (mocl m ) +hen izj ;

#) n¥, . Agpmy ¥ F1 " B prmy (mod m) 5
) (Eu|¢r) n®z 1 (mod m) for' (n,m)=1;
#) Fermat's theorem 15 a stq| case

of (i#1).

8. whm a1s an odd m-l-uier
iy als1 (mods);

fly a* fe1 (mod 2%) for' xv2.,

ol



9. Defmo * ij:
9 (p™) for p on odd prime
%(p*)s and for pr2,05xs2;
¥ (p®) for' P2, &v2,
7&(}3,“‘-«-}33%: lem ["i(]ﬁ,d'), .- ‘X(P‘a“ )3'
For ﬂr*»?i.,modc:lJ (a,mi=1 ;
iy a*™gzq (medm);
#) m aprime lmylles \P(m)‘ me1 |
) \P('m)}m-um]:lles X(m)]m-i ;
# X(m)| m-1 Imyhes 2™ g1 (modm);
W) the converses of (i) and () are fa‘%
as can be seen by taking m=se1and m= 341,

( No emm]alq, of ﬂ?(m)lm-i for com]:os|+¢m

is known ., )

10, If }) IS on odd ]:mme '+lne,n

2¥51 (moJ]o) or 2 2 5-1 (modp) '



%

o3

" 1) SUPPON nyé ,n:aG with 1<asb. Then:
a) ben-3 3
G) lf-a=5+|wn 2a<N-3 ;
1) 1fﬂ is com]posrl'e, and 26 then

_ayl
An=2) s an even m+z6_|er .

12, Su]:j:ose (a,m)=1 and prsaprime. Then :
§) ax 21 (modm) has a unique solution
modulo m ;

#) lf, n(i), agTs (modm) +hen
x % $1 (mod m) and x#a (mocj‘m)j
W) 2.3 (p-2)F1 (mod]:) ;
W) (Wilson’s +|w.oro.m) (P-i)!.’.-! (modjo);
V) for n>1,n15a prime |fanc1 onltj lf

n](n-z]! ¥1.

13, Wilson's ?'ﬁcomm may be usc& to sl\ow
rhat the conqruence x*+120 (modP) 15

50]\’0]3‘6 wl'\an ? 1S a4 [;1'1 ?r‘lm@.
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4, Let p be an odd prime and mark P ]aom'l's
umf'orm\\j s]oaced onacrcle. Let Tand R be
the sets of oll p-gons ond the maulqr p-gons
mswawdtj . Then :

1) the cardlnalri'tj of'l' 1S —1—(]9-1)! H

ity *he carclmah-l-xi ofR s -—;—(]g-i) ;

#) +he car'dma]l-l-tj ofT-R is dwsible l:«j P
W) (P-1)!s-1 (mod]:) (thson’s Tkwmm).

15. ( C|¢men+) Let m,n be Posﬁwe, m+¢cjers.
iy (man-1)l 2 (-1)" nl(m-1)] (mod ms+n) ;
i) (nhy((m-)lea)s(nlo1)(n-s)imse

(1) (man-1)}41) (modm+n) ;
) |f P and ]:nﬁ are odd primes +hen
('p,ﬁ)fl, ks en, and

(g!)2((]3-1)!-&1)-&(5l-z)(ﬁq)!j:zo {moclp(f-lvﬁj)j

) the converse of (i) may be false even

+kou3|-1 (p,k)e3 and Ris aven ;



V) the LONVArse of(ﬁ-i) 15 Frug whc.n ]oand
jJ-I-E are prime +o R y
viy let n be an odd Integer 51 ; +hen
#((n-1t+1)+n 20 (mod n(n+2))

|fand onlxj nfn and n+2 are odd primes.

6. Let (a,m)=1 ond SUPPOse 5 18 the
smalles+ nteqer t for which atz1 (modm).
Then 1fa”51 (moc]m), slﬂ .

.4y A" 'E (mod m) f-or all a ,(am)z1 )dozs
hot ““J’I‘j m IS prime, as one can s with
mes= 561 4
i) 1f' a" 21 (modm) 'For some g such that
at# s (modm) for any t, octam-1, ¢ |m-1)

+l'\e.n m 1§ Prlme .

18, 251 (med P‘) for the primes p=1093
and :pzss'll .

es



19, A composite n which dides 2% -2 1s
called a _pswdoPmme.
iy 341, S61, and 161 038 are ]oswdojar-tme,s;
#) every composite Fermat rumber
Foa2t +1,n2 0,I15a Pswdo?rsme ;
1) 1f11 1s an odd ?stOfrlme then 2" -1
IS o large,r one ;
W) (Er'déis [1950]) lf"n=32];—'1, whare prsa
prime >3, then nis a pseudoprime ;
v) there are mftm-l'd\j many odd ?stOJarnmes.

20. Let Fand G be Poltjnomuakmn variables
with |n+u5r-a| coeﬂ-'icmni's. We say F1s conﬂruenf
to G moc{'uﬂay, and write Fsg§ (modja ), 1{7
respective coeffl cients in Fand G are congruent
modulo P We say F1s wluwaﬁni' to G moca«&‘:P,
and write F~G (moé ), |f for all m‘l'q.ﬂral chotces
S, Cn 1T 1S true that

F (€1 ,Cn) 8 G(E, o, cn) (mod p).



we say that F1s red.uccc{'mocf_p if no variable
appears in F $o a power |arcjer' than p-1.Here
p will always be a prime .
i-a) F£G (modp) 1m]3|les F~q (modP);
by the converse of( a )is fa|s¢, ;
C) evary ]Do"jhomlal Fis coluwalzn'l'
mod p to reduced Jao!tjhomIQI F* where
deg Flsdeq ¥ ;
d.) sf F and G are reduced Pohjnomnals
i one variable +hen FaG (mod P) |m]:>||e.s
F2G(modp);
Q) lf Fand G are reduced Jooltjnomla|s
In any fmrl'e number ofvamal:les the
lmjahca‘l'lon i (d)1s vahd ;

i) let F be a:polenomml in 1 variables and
suppose the congruence F(%,~ %20 (mod]:)
has exactly one solution (x,,e,%.) 2 (9,0, ax)
modulo p (e the components are faken

modu|op).

o7



Define K and G by ¢
H(xg %) 2 (2= (x,- 0P,
G (X, ,Xn)2 1 - ;'?"(x“... %a) -
Then
a-1) H(a“m,aﬂ):i(mod]a);
2) ufforsome.j,ujsn, X ¥ ag
(mod p) then H (%, %,)20 (med p);
by H~G (modp);
¢y Hzs g* (modp) w|w.mq IS ‘!'ln

reduced forrn ofq )
J) clcuj Hzn(yq)-.- deq q"‘sdeﬂ €]
- (deﬂ FXp-1)sons ‘J“ﬂ F;

i) (chwalluj) f Fis qj:ohjnomnal hn
variables with clujru, smaller than 1 +hen
the cOngruence F (X %3)20 (mod P) matjnof

have exactly one solution;

) nf ¥ 15 a non-constant forrn in n variabls

(12, |fa|| the terms ofJ-' are o‘ﬁlwé same deﬂree,)



and f deg F<n then F(x, %, )50 (modp)
has & non~+rivial selution (e, a selution
with not all ¥ 80 (mod P));

v) (Warning ) fet 7 be a ]oo\\jnomm| in 7
varmables oF Jeﬂru r, where ren, and let P
be o prime . SuP]sose, Fxyye, xn)!o(modf)
has zxac-rhj s solutions 3oy ( a,'”, a4y,
15i¢s. Then:

a) ;f (%, %) 21 =FF (%, 0 %)
then the reduced form oF H, say Y , 1S
H*(x,,m,xn)ﬂg‘, }PT, (1-(x,-a, ")

by the hrgkeﬂ deﬂm, fermin H*1s

(-1)"s x, P e %, P

¢) since ren and dujr'u Her(p-1)
t must be true that Pl s

d) nf.F'ls a Poltjhomm] in n varables
with clcg F<h then the number of solutions

of F(%y,,Xn) 50 (mod })) IS c,wls:l)le, |:>\j ]9
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vi) By careful examination of (v-a) one
may prove, as in (v), the fo“owmas rheorem.
If Fisa Poljhomml in n variables with
c!c.ol F<n and (@, vee,a,9) 1508 s,area“
the solutions ofI(x“m,xﬂ)so (mod]:s)
then for each porr 1, R (15 {sn, osﬁ;‘]a-z)
the prime p divides +he sum if:i [aj“’)ﬁ .

vily Let Fi o0 B be ]oolujnomlq|s nn
vartables with resPu+1ve clujrus Tyt Pm
Tif o4 P <N SUppose, further, the
system
() Fi(X, %) 20 (mod Py, | F, (%, %,.) 50 (mod p)
has at least one solution. Then :
ay the system has at least two solutiens;
by +the number of solutions of (%) s
divsible btj P-



" T
Remarks.

1. The arqument in Ty was qrven l'nj Golomb

[1956] .

2, Inrespect Yo ¥o(diiy, aswe observed , hO
ucamj:lz ofn com]:osm, m for' which im) Im-1
15 Rnown . However in 1932 Lehmer showed that
such an m would have to be odd , squarefrec, and
have at least 7 prime fac'l'ors . The 7 has since
been rassed to . 1f, in addition, one assumes 3
divides m then m must have at leas+ 212 prime

facrors . (S Licuwens [ 19707 )

3. Gauss i his ‘Duscimst'hones Arithmeticae
had the fo"owm% to say about Wilson's theorem
(sw *1z,) .

It was pirst Publtskul "‘ﬁ Warmoj ond
attributed to Wilson ... But nather
of them was able to prove the theorem,
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and Waring confessed that the demon-~

stration was made more dtfﬁcu“r because

no notation can be dewsed fo express

a prime Aumber. But i our opinion

truths of this kind should be drawn

from +he 1deas 1nvo|ve,cl rather than

from notation.
The ]sroof of wilson's theorem in #1y qoes back +o
the Damish mathematician T. Peterson who _Provcd
F inthis way i 1872, The Eﬂﬂ\ls"l mat+hematician
A Caujhaj , apparent ||.3 mck]oe,nclwhs yqowa sivular
Proof about 10 Years later. (see Dickson's J-&st'orj
V.T pp. 15-6 )

4. The result 1in #is(vi)1s due to Clement 1940 ]
and that in *15(#) +o Thatev and Shinzel ( see
MR 32 Fus9, orratum P- 1154 ). There has been
considerable work on related ProHems ( see

Le\’uluz [1974]v1AS0).
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5. Primes P with 29754 (mocl;p’) , & 718,
are of interest n connection with Fermat’s
last +heorem (do there exist Infequs x, 4,z
with XYz #0 and X ry'= & for n»z)smce
in 1907 Wieferich showed that if p1saprime
ond x%y?=z?, xyz 40, then p satisfies this
congruence. For more recent information
and fur-l'her references see Brillhart, Tomascia,

Wunlaerau' [1971] .

6. For furf'wer mformahon on Jaseuclo-

?mmos 5 Bchr (19517, Le\)uiue, [1974 w1 AI8),
and Rotkiewicz [1972].

7. Further extensions of the Cl‘awa”cﬂ -

Wctrnmoj theorems, see ¥20, may be founcl
in Borevich y Sclwaf'arwtclﬂ\ [1966] .

73



X DI\HSIBI‘I‘?\j Criteria
Let Sg(m) be the base k digit sum of n .

1.4) 3| n=9,.(n) and,-rlnemfom,
3|n +f and onlxj f 3] s,0(n) ;
i) 9| n-Siin) and,szmfom,
3| n lfand onltj lfql Siol(n) ;
iy suppose d| k=1 then d1n-Sg(m), and,
chu'o,fom, cf]ﬂ lfand on|\j |f c{| Se(n).

2. (Alws) Let P be a prime |ar3e.r than 7, Then:
) (6, 5:(p))ms;
1i) +he smallest P with comjaosﬁ'e S,(P) 15 480 ;
1) for- Ps 100000 the onI\j Posslble com]oost‘h
value of S,(]:) 1S 25,

3 Let Eg(n) (0g(m) be the sum of‘l-hedujﬂ's
of'rlﬂe, VN (odd) powars of kinthe base k
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expansion of n . Then:
i) 1|n-(Eyn)~0,4(n)) and ,+herefore,
11n +f and onhjuf ) E,g(n) =0, (n) ;
#) suppose d|k+1;then d|n-(Eg(n)-Oyfn))
and, therefore , d|n 1f and only if
d|E4(n)-Og(n).

4. Gwen n write Q(n),R(n) forthe quohient
and remainder obtained whan one dwides n
by 1000. Thus n=1000Q(n)+R(n),
0<R(nY<1000. Then:

iy Qn)=[355] s R(M) = n - 1000Q(NY ;
8y1f c=7,11,0r13then ¢c|n 1fandon|\j if
¢|Qiny~R(n);
i#) the abowe leads+o a workable divisibility
criterion for de:i'qrmmmcj the dwisibrlity of
anumber exceeding 1000 by 7,11, 0r 13,



5, Let Tﬁ(n)-“—ff‘l, whare SE(n) i1 OS

above . Then:

1) Tg(n) 15 an m'\'ecjzr ;

#) tf R 1s prime then Ta(n)is the hushe.s‘l‘

power of k dwa&mc} nl

iy the highest powerof 2in nlis n-»

where v 1sthe number of 1's inthe base 2
expansion ofﬂ ;
) of R 1s a prime and 1z a 4a,R4-40a,k ",

050. <£ 1"‘10.3'1 El_ﬁ‘_ﬂ) a8 “"Os! .



X Squarzs

i, The followm% equalities are sPccial cases
of a simple a|3zbm1c ld@h‘l’l‘hj.
32ayi=zs5?
10 izt = 13% 4 1y?
22227 v 23% 24" 2 257 1 2674 278
362 +372+38%+39 40’ =+ 422+ 4374442,

2. ( Spraﬂue)
1) 128 I5 hot a sum ofunequd squares ;
i) ff 120 s 1.5 192 then n1s a sum of unequal
squares all s10% ;
i) 1f 129 s $256 (= 12+ +10%-129) then
n IS & SUm ofuno.quql squares ol £10% ;
WY 1§ 12951 2256+ 12 +hen nisasum of
unequd squares all sz ;
v) f 129¢n £256 + 1?4122 then nis asum
ofuncqual squares all 2%
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viy everyy snfeger |ar¢3er than 128 15 a sum
of unequal squares.

3. Let C be the unrt aircle with center ot
the origin and let L, be the s'fr'aug\-r\' line of
sloPe)\ passing 'rhrouah (-1,0). Further, let €
be C with the pomnt (-1,0) removed and let Pa
be the intersectionof C'and Ly . Then :

£y as A runs over all rational numbers the

!

point P runs in a one o one fashion over all

ponts of ¢’ both coordinates of whichare

rq+|ona| ] f&c?, +he corresjaondenca IS
A i:?\z ) 1+7\‘) )

i) of ¥,4,3 are non-zero m'l'szgers with
%ccl unrhy and |F x’-nj =2 2 thenthere exist
re.|a‘hve|»3 prime |n1'¢c30,rs uw,vof on)oslh
parrty, such that erther

x=vi-ul Yz 2uy, Zrule v’

)

or the same expressions wrth x and Y lnmhonj@.




4, The sum of 2 odd $QUATES 1S hever A square.

s, (Thue) Suppose p 1s & prime not dw;clij
a and Asf(m,n) |osm<yp ,o&nn/?}.
Then:

iy there are distinct elements of A, say (mn)
and (m',m'y, such that am-l-nsam’m'(modja);

#) there 1s an dement of A, say (¥,\) such
that %y #0 and aither ay 2 % (modp) or
ayz-x (modp), re. there exist %,y such
that 0<x<Vp, o<y <VP, ayz % (mod p).

e, ( Gmerahzahor\ - \’moqradoﬂ:,
scholz ~ Shoenberq )

i) 1f (a,m)=1 and e.,faremi'eﬂzrs |amjc,r-
than 1 satisfying esm<ef, fsmeef then
there exist ¥,y suchthat o<x<e, 0 <y<f),

ayz % (modm);

i) #5(iiy1sa s]:wal case of (i) .



7. (Fermat) As we know from 1x #13 , when
prsa wRe1 prime, there 15 an a such that
a*+130 (modp) ) s¢|ec+|nc5 such an a and
then ckoosmc_v, X"ﬁ as i ¥ Sy we concluclc
Xty ep ; thus every 4R+ prime 15 the sum

of‘lwosquarcs.

8.i) if psa 4E+3Jamme1-|~m p=xtey’ s
not solvable in nteqers X, ;
fiy f pI1s an odd prime then p's rcjamsen'l'able
as a sum of two squares if and only o
J:si (mod 4).

9. Let P be an odd prime and suppose
(6,6)=1, a*+b’z0 (modP). Then :
1) fcr all u,V
(au+5v)’+(av-Gu)zso (mod]a) H

iy x*+1%50 (mody) 15 solvable ;
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#) all odd divisors of a sum of +wo
rz\ahvelxj prime squares are of the form
wket.

10. 1) The result in ¥ o) ajuaranfus the
existence ofmfim‘l'e‘\j many L}EH J‘Jrlmq,s ;
ity ol prime facfor’s of‘fhe Fermat numbers
Y= 2* 41 are of‘l"'\e, form 4k+1 and from
this we may also conclude the existence of

mﬂnﬁ'a.]lj mamj Prame,s cf?hq, form bkt .

i, 4y The set ofjaosvl-we mﬂcjcrs which
are sums of +wo squares 15 closed under
mu|+1]>||ca+ton as con be seen B\j mthPI\jm%
out the left side of the congruence in ¥ 9 (i)

and +hen chformci ;
) +he formu|ae of 3 (i) may beob‘l‘qmed
from the tden-h-hj 1m?|1u+ in (i) .
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2. Lot the canonical prime fac‘l'or;za‘i'lon of n
be qrven btj n= 2%p, % e s qu: %m ,
where the piore 4R+1 primes and the g are
4R+3 primes. Then :

i) f n1s representable as the sum of 2
squares then all B, 1542t are even;
iy ff all 3, 1#§st,are even eachof 2%,
101;’...,]3563’ ‘11?‘,"'; Cit?t IS 3 sum Of 2
squares and, therefore, n 15 @ sum of 2 squares ;
i) an wvteqer s the sumof 2 squares if ‘and
Oﬂltj if its canomical prime factorization
comtams ho 4k+3 prime o an odd power .

3. We write n= nf nis rejare,sm‘!'able as
a sum of 4 squares. Thus 25z and 30 =
since 25 = 0P+ 0+ 02 +5% 303 12428+ 3%+ 47,
The Pr-oduci' of WO sums of 4 squares 1S
self a sum of 4 squares, as can be seen b'j

verifying the lden*l'i‘l'tj :



X1

(as2+ a2+ a2 +a YA+ A +A +A ) =
(31 A+ G3A; + 0343+ 4A P4 (4,A,-0A - 0,A 40,A,Y
+(0,A; +0,A4=0,A, ~ 3, A, Y4 (6,Aq- 0, A 40,4 ~3,A Y,

. Let p be an odd prime. Then:
1) IfAr- fn’)osnsﬂi—’},lhf-:-m’ |osms£’£—}
then there 1s an element of A which is congruent
modulo p o an element of 8 ;
iy there exists an's, oss<p, such t+hat
sp=a,+d,°+a,*4a,%, for surtable a,, 9. 9,4, ;
%) for s and the aj m (i), if s> 1there gist
Ay, Ay Ay A, such that aj = Ai (mod s ) )
-$s<Agsts, 15§54, and, for surtabler,
o<res, rs= A +A A AR
in) for v and's as In (iyer (i), rs*p= ), where
the summands on the r-uahf are all congruent
+o o modulo s*and, therefore , rp =@ ;
v) p=1d;
vi) every posrhve integer maw be represented

as a sum of u squares.



5. A 'rr'i]a\z ofmi'c,ch,rs XY, 2 for which
xey'szt s called a Pytﬁagorean tm:pﬁ. when
the nteqers have qreatest common dimsor 1 we
call rhe 1'm}:>le Prtmrbwe. A 1'1“10“(3‘@ whose
side ‘znﬂ-l-lns form such a 1'rt]a|e is called a
Ptjtﬁacjm‘wn trtanﬁ[z. Tt 1s clear that all
P\jﬂ‘mjorwn -I-mJolc.s are m-l-eﬂr'a| mulhyhsof
primitive -rn?lq,s. Do.fme the three matrices
v,A,D b\j :

1 22 122 -1 2 -2
Us| -2 -1-2 Azl 21 2 D= 2 1 2
223/, 2213/, 2213/,

show that (%',4,2') 150 Pmmrl'wq,P\j-l-haaorean
'h-lj:)le 1fanc1'on|\j 1{: (x’,vj’,z’)'-'(‘s,'-},s) &,
where & 15 a f;m‘l'q, Producl' of-mq-l'rlces wch
fac-l'or ofwl«mh IS One of U,A,D. 1.¢.show
that very Pythagorean triple s the follownq
arrav whare the lines ]e.acllhq +o+he riqh'r fr'om
anv +r P|¢ corrq,sjaond o aﬂakjmc} to *Baﬁny]e
ather the matrix U (for up), A ( for across) or
D (for down).



X4

(9) 40!“‘)
(7,24,25) (105, 88,137}
Z ’ i(491),@0,1::@5)
(108,208,233)
(5,12,13) <

\( 55,48 13)\ 297,304, 425)

(187, 84, 205)
(95,168,193}
(45,28 ss)/(zo'r 24,308)

™

(117, 44 !25)
/(51 176,185)
(39,80, 89)—(377, 336 ,508)
(299,180, 349)
(217,456, 505)
(3,4,5——(21,20,29) <
($59,220,509)
(175,288,337)
(17,36, 85Y—(319, 360,48}
\(165’ 52 ’113 ))
(sn :40 ,149)
(13,56, 65) <(275,252,373)
\(209,120,2413
(115,252,217)
L (65,72 91)<(4os 396, 565)
(273,136, 308)
(85,132,i57)
(35,12 3-:)<ms’,nse',zos)
(63,16,65)

(15,8 1TV—

\

K(nq,no, 169)< (697,696, 985) <
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Remarhs .

1. T m]:hcrl' in the selution of"n IS an uclen'l'mj
showing that the product of two sums of 2
squares Is 1+se|f G sum ofz squares. In #33
there 15 an |d¢n+|-l-u.j showmci +he sam¢+hin3for-
the Producf ofTwo numbers cach ofwhtch IS a
Sum ofu squares . There 15 alse an & square
ldmh'l'\j,'rkoucjh , 08 Hurwitz fu-si' jarovc,c] n
1898 ,‘rhere can be no such rdmhhj for values
of'n other than n= 1,2,4,8. ( See Curhis[1963].)
Dickson [1919] cites Degen as kavmc} been the
ftrsi' o qive (in 1818) such an 8 square do.nhhj.
Coxeter [1946) for'mula'l'e,s the ICJQ.n‘l'i'l'Lj as fo”ows :

“(aZ+a,t+ra,t ) (B, 46, s b, )

z ( a,go- a,B, - azsz - - a,G., )+
T (a,B, +ab.+ a16u+ a,b,- aqﬁz +a, Ge -asgs -a,b, )z,
where the € lm]ahzs summartion of sewen squares
gven l')lj c.\jcluc permutation of the suffix numbers

1,2,3,4,5,6,7 |wvmc5 o unclwancjed "



%

87

2. For a number of other wteresting results
concarning sums of squares see Pall [19337
Tauss k\s [ 19¢6, 19701911 ], Zassenhaus, Echhorn
[1966] , and the mferenccs at +he end ofxv .

3. As we showed 1n #2 (fo“owmﬂ S‘Praﬂue
[ 19479 (b)] ) the lqrﬂwl' inteqer not the sum
of unegual squares 15 128 . ( See also Dressler
{1972,1973] .) A recent com].au'l'er ?roof (s
Dressler, Parker [19747 ) has been given +o show-
that 12 758 1s the larqest inteqer not the sum
o{quud cubes. That a similar ‘arﬂ@s‘\'
m+q.3c.r exists fcr E"B J:owers 1S ]Jrovecl 1a% (1

4, The result of#e will be found in
Scholz , Shoenberg [19¢6].

5. The bwuﬂf-ul chs]almj ofa” Ptj'rhacjorwn
h-t]:les s due to Hall [1070] .



xit Sums af Powers

. (Tarry) if Elt+ooo+6,,t= AR for all

t sa+1sftj|n3 ostsm, we write
b,,-, b, Ze, -, Cn.
for ¢Xamj:|e, 1,4,6,7 £2,3,5,8 since
444 6°+ 75 2°43°45°48°, 1 44 4647 = 2434548,
2’447 22743757487 |

iy 1f by, bu¥ey, ¢, then forall b,
61’...’ Bﬂ, Cﬁﬁ, ver C,,-l'ﬁ " e, O, th.ﬁ’..., E+h ;

fiy by, b,%c,,c, 1{" ond on\tj tf ﬁar all x
(b 4xY 4+ +(6,.,+x)m 2(cax) T #eer(c ax)™ ;

1) for every Posrhve inteqer m there exists
a posrhve inteqer n and integers b,,, by,

C’.,.n’ c“ such 1"1‘;1' 61,'";611 ‘;' Ci) ..., cu .

2. 'Deﬁne a sequence g,,a,,a,, -
o if the base 2 representation of n

a,= has an even clnjﬂ' sum ;
1 otherwise.



usmcs ! ,s‘rar'\'mqwﬂ'\'\ 12 2, and ‘\'akm% h
sumsswz\us u\ua\ to 2,2%,2%, .
ohe obtains
WELTIE
1,4,6,7 £2,3,5 8
1,4,6,7,10,1,131622,3,5,8,9,12,14,15
1,4,6,7,10,11,13,16,18,19,21,24,25,28,30,31 =
2,3,5,8,9,12,4,1517,20 22,23 ,26,27,29, 32 ;
and Jin c.\qmra\ .

24-!

£ t=Eq nt q
n21 tl.a““)n -ﬂzla"‘in ! 15tsR,

3. 1) with +he a, as In¥2 and arl:ﬁmrus
nt ng $
inteqess T o ds,

1

:g (1- G (rnes)® =§;1 0 o(rnesy for 15t sk
) 1 () we may mylm (rn+s) by P,
where P 15 any Po\\jnomd of dcuaru not
e.mw:lmol kR .
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4. 1) The odd ivkeqers from 1 to 2541 inclusive
may be syhf into +wo dlS]Om‘l’ equInumesous classes
£6.,46,6], { B, By} 50 that for all x
(Bl-tx)s'-l'""l' ( Bzmc)ﬁ = (szﬁﬂﬂ')s goen( Bzin +7¢)E';

i) for all 'rhe 53' of (@) there exist even m+e3¢rs
dy,-, dy 50 that no +wo of‘rlne k-2%* numbers
Bj.yd’f are zqua‘ , where 151’525” ,1£isE ;

Yy let Gj and cf} be as (1) &~ (1) and
clefme L, R;, 15i2k, b\j :

L= (x+d}+5,)ﬁ+-«-+ (x+d;+bc )E

Ri=(x+diabe Voor(xad (46,00 ) ;
then L;=R; for each 1 1512k, ancl,furszr,
the 2% Joroduds U, Vg, where aach U, 1s
other L or R, are equal ;

w) each of'rhe produc‘l’s U, - Ug i (0} 15
a sum of g powers of terms of the form
(x+<£+55)~-(x+d'g+5;ﬁ) 3 U.IC"! {j sa‘hsfms

" 541 -
1895 2k
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further, for x suﬂr’acnm’rM large and even,
all of these terms are odd and distinct from
each other ;
vy let Ej,d},x be as in (3~ (v}, andjsuf
swlLc; thens may be written as a sum
of odd £* powers in 2k waus , no *wo of

Wth“! Shﬂl"@ a common summanc].

5. let s be a number havma 2*- 4 comylde?
distinct representations as a sum of odd k*
powers, and let these sums of odd R powers

be Sy, 8,6, .
{y For cach t, osts 2%, the number ts
IS q sum of odd £ powers ;

i) 1f the base 2€ rejare,sen‘l'ahm of the

posrl'we inteqer m s gven ij

ey y 0st,¢ 2E,

m= t,+t1-za+tz~ rd
then ms =t,s+t,s 2fet s 2?®4 e s asum

of R powers ;



a2

WYy m () nthe represesvtation of ms as a sum
of Egspowers no+wo summands are equal

W) given a posthve integer k there 1s alwa‘js
a Joosrhve inteqer s such that all ]oosﬂ'we nteqer
mubt P\es of s are sums of unequal &% powers .

6. Setting §,.= sy (s+1)5+-~»+(rs+1)ﬁ, o£r<s,
where s 15 as 10 Y5(iv), we see that every S.15 a
sum of unealual ﬁ% powers, and y consu‘umi'llj,
sihce every sthey S.zr (mods) ond wery

1kt

m'l'eger r 3 may be written in the form

ms+S, , we conclude ¢
("Spr’ague) Given a posttive ivteger R
there 1s a joosﬂ'we infeger N ( = sther)
for which all |am3er inteqers are sums
of unequa' EQB ]oowe,rs 3 bCe for cacl\ E
all sufﬁcnm'l']tj Iarge inteqers are
reprzsen‘l’ab\e asa sum of unealua|
E'EE powers .



XH

Remarks.
The results m 753 90 back ¥o Prouhet [18s51]

and have been cjemrahmc{ consdemlahj i recent
Years ~ sek Lehmer 1041 ,Roberts [19e4] ,erjh‘l’
[1959) . The results in #u-¢ are fr-om Spraque
[1947-9 (E)] . Further lnformqhon aLou‘l'ulual
sums of hke powers , see ¥2, may be feuncl n

Gloden [ 1944] , Lander,Parhm,Sdfmdge[I%‘l].



X Contmued Frachions

The sum of the products obtasd from
the ]oroducl' LoXyeXye oo0 %y b\jomm'mﬁm
or more disjont pairs of consecutive fackors
xjx'],lfrom the product 1s dencted by E(X., +,%).
This quantity , as a funchen of the %), 1scalled
the Euler bracket function .
ONne sees 1mm¢,d|q,+e,ltj that :

E(x.) = %X,

E(x, %) = XX, 41 ;

E(Xo) K1) K2) = XKoX,%,4 %o 4 X, §

E (X0 X3 Xy X)) = XX, 5, K, 4 XK, # XX, 4%, X, +1 5
E() %1y K2, 53, Ky} = R,K,06,5,%,4 KX, X+

Ko Xy Xy KXy X X, K, 4K 4 X, 4K,

The number of summands appearing m
E(Xoy***, %Y 15 denoted bxj Eny. Thus




1. Suppose nz O.Then (Jor'ovtdms i (VY (v, o
(vit) the prasence of an X, OF X, 0 E(-) 18 10~
ferpreted as making that bracket equaltot) :

-{,) E(xa’...‘x“) = E(‘xﬂ,..."xo) s
#) fornzt,
E(xﬂ”‘rxmt) = x,mE(x,,w,x,Ja-E’(x,,n-,x,,.,) 3

#yfornzz,

E(Xsy*+*,Xn ) E('xn. ..,xﬂ_)-E(xo ,u.‘xn_)f-_' (%, . X.)
= (-1

) fornzs ,
E(xot.”!xﬂf)s(xi).ern-z)"E(xo,”.Jxn-z)s(x“”’;xn)

n
=(-1) X
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v) for 0<s<ten,
E( %oyt Xn)E (X, o, %) = B(XKope e, RO E (%5, ;%)
-Hf mE(xo;‘" Ks.2) E(Xpigyors)Xn) 3
vi) formzo,
E Koy " X Kom Ko} = t-:z(x,,“*m N+ (Ko, v, Xome) 5
vis) for mzo, E(Xo,+**, Xm Xt Kmy* +*,¥s )

= E(xe,‘“;xm) [E(xo;'":xm-a)"' E(xop’"yxmx)} .

2. 1) 'Pu++|n3 E.=1 wmfmd
Eo=E, =1, E,=E,#E, fornzo;
#) En 7 U, Where U, 15 The, n+1¥ Fibonacu
number |
12.() u - é { n«“"l. ;_2@.)11’*1}
' {c*:*)'rs(“;‘)w ("syrd s
'ﬁ’) @) uw-tunn"u: = (-1)"" }
0) Uty Uy Uy = (-1 ;
¢) Unes W gp ™ Wpsy Uy g, = (1 -mus—;uw-t-i’
for o<s<t<n ;
dy u,:q-u,,._fl Upmsr TOFPM20 ;5



Xill

Y Uy, (U pU, =W, . for mzo ;
_f) ey Upoy# by, (38, 44, ) = Uy ]
5) 14.,3,4' -2 ( 3“11»3*“’11-4) = u’“‘zl )

v) Dc,fme,fhz SQUUKR @,,d,,A,, " b\j :
a.=a,a,sb, a,, =a,+a,, fornzz,

Then @, =u,a+u, b fornzz.

Given an arbrl-r-amj nfinite SLqUINCR
Qo, @, , @, ++ Of real numbers suchthat a, %o
for 121, we definetwo new infinrte sequences

-z, -1y o,}ou o -z’ 1,‘{0:‘{1, Lo

as follows :
P2=0,p, =1 ,_szE(a,,m,a.,) formzo
G- =1,qu=0, o=1,¢{,.,=£(a,,,m,a,.) for mzt .
Noting that p, and G for msn dcjw'\d only
on thefirst n+1terms of the Ay SAGUENCR W

seethat de, -+, an determine Py 1Pn ond
%_z’-o-’qﬂ .
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We write [@,,++, a,) for the (finite) conhinued

frackion

'\'Qn’

and weite [4,,d,,a,,-+] forthe nfunte continued
fraotwn

A,+
o a‘+ 1
a,+ 1

a3+ e

1t should be noted that while i+is cearthata
finte continued frachon always denotesareal
numbes in an obvious waw it 1s not af all clear
that an nfinike continued frachon denotesa
real number in any reasonable way. Tn cerfaun
cases we will find that hm [aq, -+, an] exists
ond ,inthose cases , we shall denotethe fimi+

by [@s,a4,a,,« <+ ] and call thisfraction conm*gerrt'.



Xl

When an infinrte conhinued fraction does not
converge we call v dwa*jmt- . For each finrte or
nfinste sequence of a, the quantities 4% are
called convergents +othe corre,s_]oondmj ke
or infimte continued fraction. The reasonfor
this ‘m‘mmole\j will become dear in J)roblem
#3 below. Thus i & =[a,.,m,a,‘] or o¢=,!]m[% @400,
vt baing assumed inthe second case that the
himst exists we call the 52 comrergents to o .
The a, themselwes are often referred foasthe
P@T“h@[ quotients of the continued fraction.The
conhinued fractions infroduced thus far are
offen refesred to as 51m_p[a (or reﬂu[a.r) contunued
fractions. Until we generaline the notion every
reference Fo @ continued frachon should beread
as o reference to o simple continued fraction.
In the fo“owmcj y unless stated +o the contrary,
all @, {21, are to be positive .
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3. In this Pr-oblem I every context i which &
and s or q occur +o<5¢1'|w- it 15 to be presumed
that -% 15 an existent convergent o .

i-a) [ o, an) = -‘% fornzo;
b) [ any~ 8,7 %1 fornz1;
iy Pa=de Pt Po-e z for Rz20;
96 7 eqe-1* 9&-2
i) [do, ) An-g, A+ 5] ﬁ—:\
W-a) for nzo, Prn-s= Pr- “1” = (-1)"?
and I %1 g:itl = In qm-a ;
b) for n2o, o P (-1)"as
"‘“Cl | - 5= ﬁgﬁ?— j

%’- %L<...<-$m<...<o‘<...

<£ln'__<.. 5(# i 3

dinsrl
vi) for ln‘fegra\ aj, the sequence %,H,
Pu-g *2Pn Pt Onas P
Ane1 +2qn? o ’Qn-i*’an:1Qﬂ ( gw)J ) qnu"'qn’
s monotone and, therefore, a,,,, 15 the large.sf
positive inteqer ¢ for which %—i and gﬁ%%

are on the same side ofu ;




XiH

1
vit) Qu(‘ln“‘qmﬂ < ‘0‘ .&ﬂ‘ Andnet )
vid) Q) |o<--%| < |ex = —_ |

6) lcln. -P"l l‘ln-;o‘ Pn—:l M
iy | hm 2 and him 282 gnist but are
equal of cmd only sf qngnw —>©0 AS N—>00;
%) hm [a., -« a.] exists fand only of

cz,,cim——)oo as n—ro0 ;

A= SUNDE SV S T 5 . il
M) G TRt QLT UG T T Qe
fornz1;

xily if all ag are mteqers and a;>o0 for jz1thens
) py and g arerddatvdy prime integers 5
b) | :p,,j and 9o +md+omftm+tj withn ;
€) qn ZzT‘fornzz ;
d) 1!19; [@oy-++,an] exists ;
xiif) inthe following all a,j,ﬁj, and ¢j are
inteqers and, for {21, are posthve mtegers.
a) f aj=by,for osjsn, a,<by,and
x={a.,a, ], p=[be,b;, ] then o< B when
nis oxn and oy B when nisodd 5
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6y 1f cjsajsﬁj for'jzoﬂen ,ferog.[a,”%..],
0 T SOTEy PP I R N iy |
<) ‘f °‘=[a“’:a'*:"'] )Whe‘m-’ Q-”O‘ﬁ ajisiorz,

then 48 coxs 147

4. If & 15 a rahonal real number the Euclidean
a\(jor'ﬂ'hm may be used fo compute integers
N, e, ", An With @i>0 ,]’21 , for which
X 2[Aoy ¢t An, 1] = [ @y, R a 8]  Further,
no contmued frachion with integral a, other
than these fwo 1s equal to o .

5. If xisan arbﬁr-ar\j wrational real number
there east mi'e.ﬂers oGy, > With 2550, ]'21 ,
for‘ Whl(«h (w4 =l‘_’“:°[a'e,a-1,' ¢ ', afﬂ] .

Further ,+has SLGULNCL, 1S UMGUR .
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Remark . Continued fraction expansions
of the form [as,as,ds,-+] (finrte or mfinite)
n which all a, are inteqers and all ag, {21, are
}oosrhve, m‘ruaers are of Por‘nw\ar interest.
In the fol\owmﬁ ,whenaner one refers fo the
continued fraction AR Pansion of o real
rumber i 1s that simple continued {raction
expansion in whichall g §ore m‘\'e.gers ond
al ay, {21, 0re posihive inteqers . We shall
use the abbremiation scf for “simple
continued froction”.

6. i) Using the recurrence rddations in
3 (i) dewse o smm]o\e schame for the
rapid computation of the convergents
of a continued frac‘r\on.

%) Usethe scheme of (13 to compute all the
convergents to [2,2,1,3,1,1,4,3] . (Note that
+he last convergent equa\s this confinued {raction.)



i) Use the Euchidean algorithm ¥o find the

27
scf expansions of 4T and 24432 |

) Reduce the fractions in (Ur) to lowest
tarms by using +he results of (1if), (i) and 3 (xika).
v) Compute ag, 0sj=5, for the scf expan~
sion of T and §ind the 1 five Convergents % ’
0£j£ 4. Then using % << -% , show
|m-£2)<3.107"
) Using the results of (v) for "% ,%
compute -g:- b\j ma\aij use of #3(w).
vii) Find the scf erpansion of the Golden
mean 452
vi) Compute & 1n more famihar ferms 1f
x=[a,a,2a,a,2a,+]=[a,a;2a],a>o0.
ix) For a a posrhve th“'QﬂQt‘ ,exjoand x=var-2
ma simple continued fraction j use the result
focompute the scf expansion of ¥23 .

Un \2
*[2,1,.,1,3,1,- ,1] = (&),
n31’s ﬂ-“’s
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7. ( Saudel's converc!mcz'\'hwmmof 1846 )

Let Go,Gs 02, be an nfinite sequence
of positive real numbers with +he Posanz
ercephion of a,, which may be negative, and
lrz:rﬁ be +he +uﬁmca| corwe.r'ﬂc.hi' of the
mfwn con-hnuedfrac'l'ton [do,d1,G2, ] .

1) Su]a]:ose E Qn conver-c]q,s Then :

a) f ag<s ufher‘

‘ii‘ &y or cig< ﬂiﬁ_% 3

1-ag

BY +here 1s q k. ond on A such thot

q&<c[s(1 G“) (1 'alr)-i- (mﬁo(i aii‘))

when sskoand R= 1,55 ip9R, 3 3
c) bm [ao, w0 dors not exist.
) Su}a]:osz E a.ndwercles Put czmm{ cio,clz
Thenia) qgzc for Rzo;
by 962 95 z‘n:ag for k21 5
) qerqa-7C L, 0n for R23
d) qﬁqﬁ.n%{ On for k23

¢) him [ao, Gy eXiStS .

—
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#y(saudel) hm [ao,e++,an] omists ifand
only f g An dwvaw ;
@) him [+, an] dlways exists when the

aj are all mteqral jaj > o for jz1.

8. (Best approximations of ¥ kind )
A fraction whichis closer to a real number

o than every othes fraction withequal or
smaller denominator s called a best approx-
wmation of first kindtoox . If & 15 a best
ojajaroxima:hon of first Rind +o oc we wall
write -E'- is o DAL +o .

#) Suppose a ,b,¢,d, X,y are positive

m+u5ers.Thzn
a) |f%‘-<-§-<§r then x 2 225~
““d’:lz 533{ }

b)if $< x <%, be-ad=1,+henatleast
oneof 4,5 150 BALto o and f oneof 4,5
15 closer o & thatone 15 o BAL Yo o .
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#) Every convergent fo o 15 a BA1 to ..

i) Find 5 BA1's ¥o 7.

) The quottents of consecutive Fibonacc
numbers are convercsen‘l's and ,'rl'\mfore,
BA1's o +he Golden Mean “T‘f?~ .

v) If %i, and —%‘:—: are conver(je,n‘l's o a
real humber o and If-—% (a,6)=1, hes
between them then b » 9 -

9. ( Faraj fvac‘hons) Let §,, be the squwce
of all irreducible fractions in 0,17, whose
denominators do not exceed 1, arr’ancjed n
order of magm‘l‘ude.‘rhts ordered sequence
$, IS called the Tarey sequence g" ordern.

1) Wrrte out §, for 1sns6.

) The union of the §, , as sets rather
than as ordered sets, +aken over all ]oosrhve
ntegers i, 15 }Jreclsduj the set of rational

numbers n [0,1].
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W) Let -F bein §, and suyyon% % 1. Then:

a) there 18 @ y, such that

ay, =~ (modb)and n-b Yo7
B)fomj asin (£) and x,= 4L she
fraction naxt following i §, 15 %g ;

¢) 11 18 2asy to find the fraction fol\owmﬂ
= meach of §,; and §ro0;

d)f 4 and % are rreduaible fractions in
[0,1]with be-ad =1 then fand § are
conseautive ddaments in §,,where m=max{b d’j

w)1f # < cmd these are nuahbormﬂ (1.
consecutive ) fmd'tons in §, then

@) b+d >n ;

b) be—ad =1

¢y (6,dy=1:

d) b#d whennst,

vy If & 18 between nughbor'mcj dements of
§, then at feast one of +hese nughbommj e~
ments 1s o BAL 1O o,



X

109

vi) If -, 3, & are consecutive ddements

in §, then:

a) be-ad =(a+c,b+d) ;

by = —#rq
( The fraction —Eg—appearing n (b)iscalled
the Farey mediant of thefractions -$-and-%.
I+ will be noted that +he Farey mediant of
twofractions always hes berwaeen them . )

vii) All frachionsn §,, ¢, are Farey
mediants of fractions in §,, .
villy Weite out §, using (1) & (viry.
w) Lek - and-Fbe nughboring fractions
in §,, and suppose f-<ox<—5 . Then:
@) if anelement of §,,, > §, 1s aBAlto
then that dement 1s equalto §2&- 4
Bf $55-151n 8 &, FisaBALtox if and
only if 1t 15 loser o & than each of $-and .
x) Find alf the BAL’s To IT (approximately equal
¥0 3, 14159 ) with denommaiors noﬂxcuclmg 125,
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10, ) Let o e between naghboring fractions
fond i §, ,n>1. Thanat kastoneof the
fo\\owmﬂ mequalihies 1s rue .

|=¢< 5, |x=%|< 4.
#) 1f o 15 a real number and mis a posrhive
nteger-thenthere are relahively prime inteqers
s and t suchthat | -3 s ;oim o<tam.

I ( H.J.5.Smith proof of Termat’s 2 square
Theoram )

i) With the sole exception of 1, ewery rat~
sonal numberhasa simple continued frachion
expansion with last partial quotient >1 ;

iy Let p beanoddjarlmo.nd\e:\' 1stss,
where s=[ 4] . Then there are posstveimtegers
o+, dysuchthat a,>1,a,51 and

2 -[au-,ad]

- E (aﬂyﬂ'l ull) -

< £ (@, dy) ?
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I rd

i) Let p and s be asin (#) . Then there are
vcacl'l\j s fumte SLQUANCLS Ao+, dn With
AeP1 , And1 mdy-E(ao,o--,an). Further,
By >, O 16 ONL O these SRAUNCLS W @, -, B 15

W) When pa § (mod 4) then s 15 asen and, since
p= E(P) yThare exist ap s, @,>1 , 2,21 sUch
that p =E(a,, ++,an) and ag= a, ; for osjsn;
1L Ay, o, @n 1S Palmdromc 3

Wp= EQq, ", Ay Aoy Bomy *+*, Ro) 01 (W) 1S
impossible and , therefore , p=a?+5* for
suttable a and b, when pE1 (mod4) ;

vi) The above proof 1s construchive Use o

torepresent 13 asa sumof 2 squares.

12.4) 1f in F1o (ywetake &x = §,(a, by =1,
m={VE]thnthe sand ¢ ofi-hd-mul‘rscrhsﬂj:
a) o< (at-bs) 4t <2b ;
by (at -bs,t) =1 when b dwides a’+1
¢) okt g VF |
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#1) Every divisor of & number of +he form
a*+1 15 o sumof rdatvey Prme squares
) ( Fermat’s 2 square theorem again)
Wilson’s theorem rjuara,n‘\'m that every
prime of the form 4k+1 divides a numberof
the form a’+1 and , therefore,, by (i) must
be a sumof relatively prime squares ;
) If (a,c)=1 and b] &+ & thanthere s
an integer u such that b divides (au)®s1;
v) Every divisor of a sumof rdatively
prime squares is rsddf such a sum and 1f it
1s respechvely odd , even must then be of the
form 4R+ ( 4Rse2.

13. ( Best dPPi‘OXImCL+IOﬂ5 of 24 kind )

If a and b are relatively prime Jaosrhve,
whegers ond |ob- af<| o -¢| for all pawes ¢ d
of rda'hvdtj Prime posrhve integers scrl'usfﬁmﬁ
od<b and ?"- a;-f-‘rhe,n-%tscoueda best
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approximation of the 2¥kind toox . We
abbrevate +his last phrase by writing “ £
15 a BA2 o & ”.
¢) Every BA2 to X 1sa BAL to & ;

%) The converse of (1) 1s false

1) Lot 4 be a BA2 to anirrational number
. Cearly uthar 4 15 a convergent toxor
¥ hies in one of the open ntervals (see dia~

grom ) defermined by the comvergentsto.

Y 1 $ ¥ }

P P Py, & ]
o 91

I
]

Furthay,

) F<£215 not possible;

by%> s not possible;

¢y if $-1s shtc?l\j betrween %ﬁand %
then boqr, |~ 2| 4-2 » ?cﬁ \
Tyl
d) the suppositionin (¢) 1s unrealixable ;

ond |oc-%| <

) wer\j BAZtoX15Q conw.rge,nf o .
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W) Lot -l-hc,% balow be the convergentsto
the irrational number o, Than @
@) I O‘GI“"Pnl <| “ﬂﬂ-t"ﬁu—t' }
b) qn I o“:[n-t -P?l"ll + CLn-tI“‘?n "'Pn‘ =13
¢) when £ 4 £2L then
B]occt,,.,—’p,,.1|+1n.,|o:6-a,|21 ;
d)when 1t £bsg, then
b ‘ K-y "'Pn-z\ ¥ Clu-z‘ X9 '_Pnl 1,
¢) for all positve inteqers a,b with
1£b5q,, |xqu-ps|<| xb-al;
f) wery convergent +o o 15 A BA2 10 & ;
( the simplicity of this arqument 15 dueto
Drobot [1963] )
v) A fraction 1sa BAz to an wrational

number o 1f and only of vtis a convergent foc.

4, Atleast one, say % of each paw of
consecutive converqents to sotisfies
a 1
lOt '"EI < <62 °
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15, 4y Let o be a real number and £ be a reduced
fraction sahsﬁjmg Jox- )< 7pr. Furthes, let
[do, -, ] be that scf ¢Xpansion of & for which
S 15 LVen, oclcl n the respective cases § s o, .

when 72 :;,_, ; 1, are the last +wo conve,nae,n‘l's to ¢
ond &’ = ﬁhﬁ, , We have &’z 0 and

x=[a,, a4 ;
#) 1f ¢, and o’ are as in (i) Then

L+d52 50 0<or’c1 and we conclude
4oy, as are the first s+ parhal quotients
in the scf ¢Xpansion of X ;

1) (Drr:chd') If% 15 a frachon such that
|k~ £ [< 5t then £ 15 0 convergent to o ;

‘ W) Everv) rational number 1sa convergenf
for uncoun-l'abltj many real numbers ;

V) a ?osd'we |n+eaer n1sa Fibonacc:
fumber 1f ond onl\j f su*+4 or 5n*-4 15

a square.
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16. ( Hurwitz’ theorem o~ a result of Markov)
Inthe followmﬂ all -%1 are conve,mjm'i's
Yo o . Also, we refer o the inequality
|~ % |2 Wi@r as (x). Finally ,we call
two real numbers equwa[m{: if Thar scf
expansions have the sametarls (1.2, of
X =[ o, a4, and Pp=[bs,b,+--] thenx ond
p are equivalent of for some sand t s
true thot a,, = by, for j20).

1)) If (x)i1struecforn=s-1andn=s
1 (g 1 L
+hen W( ‘j + 77 ) £ 95195 3

) under the condihions in (a) cach of

%—;1 and 2 150 the open inferval
(B 5
) if (X 1s true for n=s-1 ,n=5 and
n=s+{then a,, = -%L——%,—‘ <13
d) af least one of any three convergents

Pn 1
+o & satisfies loc-@-‘k EqZ
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¢) (Hurwitz) 1fo: is irrational there are
mﬁmnhj many irreducible rational numbers
2 such that -2 <7p
#) Hurwitz’ theorem is false 1f we reylace
V5 lmj any |ar'¢3e,r number. Tn fac+,tfo<§3<1
then these are Onllj flnl‘h',llj many rreducible

rational numbers & such that

B
|1+2~/'5- '%l‘W‘

i-ay If | o - | 2 foreachof
nes~3 N=z$ and n=s+1 +hen As <M ;

b) |f « 15 irrational erther there are
lnﬁn1+®ltj many irreducible fractions &
sa‘l'lsft)mg |~ £ | < Fromrms or there isan
s, such that a,<m forall s5s, ;

¢) (Markov) Ifcx s srrational and not
co,wva'mf o 2495 then there are mﬁnd’dt’

many irreducible rational numbers ¥E—

such that oo~ < ~GET
(e nf'one, removes oll real numbers

"y
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equivalent to 1 "- == then the Hurwita’ theorem
1s no lonqes bwf?osslblq, and i fact, +he
V5 of that theorem may be replaced by 2vZ.)

W) Let [a,,a,,+++] be The scf expansion of
anirrational number & and supposethe %
are the convergents to o . Define

y(x) = limwnf 9x | noX -P,,\ .

Then:

a) #3(vif) 3uamn’rus VXY$1 3

5) Hurwitx+heorem 3uot‘0h1'ms v(x) s s 4 =

¢) for & not equwalent +o 15&. (4i-c)
quamni'ms P(XY £ ';%' ;

o) (4i-b) ::Juarani'u..s that uther
V() £ 7= or forall ag with s suffiaently
large we have ag<m

0 of finitely many asare 23 then
PX) £ -ﬁ—; )



X

v) With the same notation as in () and
putting &n=[an, dne ] wehave:

Q) & =[a, any Gt ) = %
ond, therefore, g, ‘in“'Pn| = W :

b 1f a; =2 for all but a finte number of
§ then for n sufftcwnﬂ\j large,
= [y Gy ] +[ O Gomy 2]
<[2,0,2,1,]+f0,1,2/12,++]
$14Vi+ 55 =2V3
and, therefore, »(&) 2 &

¢) v() connot hie befween 7,1-; and 7%;-

S
Inlqn-pal

Remark . The results in problem *16 are by no
means exhaustive of those known For further

detatls one may consult Cassels [1957 ] chpt .

The extreme simphiaty of the above arguments

15 dueto Forder [1963] and Wright (19647 .

For results likethose in (v-¢) and further
references see CustcR [1974] .

L)
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17, (Periodic sef ’s )

When ;= ag.e for {>s we say that
[a,,a,,+] s J:u*bocﬁc wnfh}:u'wd Gy gt
and write (4,4, ,-+] =[ @4, ++, a5, 8py T pt)
For Purcl\j ]:erlodtc scf’s suchas [m,]
wWe wnvo.n-honalltj write the above with s = -1,

) If & 15 a perodic scf then o is a

quadratic irrahonal §
#) et & bea quadratic wrational which

s a xero of the ntegral Pohjnomml
f(x) = Ax*+Bx +C ,where theintequrs A,8,C
have no common factor »1 3 further, put
X =[@,, @1, ] and & = [y, Qneye o+ ] - Then

a) X, 15 a quadraticirrational foralinzo ;

b)Y 1f o, 15 a Rero of the m-l'u]ral Poljnomnal
Ax“eBx+C,, (A8, ¢ =1, Then

BZ-4A,(,=B°-4AC ;

L. all &, hove the. same discriminant ;
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) (6), A= g f (B Coma 2 F (5,
ond this ImPhe..s that A,C< O
dythere are only fmvl-d‘j many distinct
1‘mpl¢5 AnBn, Cn
dthere are positve inteqers Rondn

such thot o, = g, and, therefore, ok 1s perodic.

iy For P,Q,,D m'l‘ujc"s with D.a positive

non~square , the number & = ﬂ 1S a

c‘uodm-hc wrohonol The conjujai’e &' of e

15 gven bj X'z A quadmhc, wrational
X, X1, so+1sf\jm3 ~-1<x’< O 15 called

reduced . Thus 22— p*ﬁ is reduced when

p- J_ _P+VD
~lK—= -

<0<
The quanhhe,s o, are defined as n (i),

a) If o hasa purdy periodic scf expan~
sioh Then & s reduced 4

b 1f x 1sreduced and x = a + -§-; +hen

X, 15 reduced 4

12l
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¢y f & 15 reduced soalso are all «, ;
o)1 & 15 reducad and has a non~ puraly
pariodic expansion
X =g, oo, As) T B , As ¥ A
than & =&, , = &, ~q,,, and,Thaefore,

. -/

$-1 sl =g,

s+t~1

Q) under the huj_poﬁ-hq,sxs of (d) the
conclusion obtained is impossible .Consequently
a redued quadratic irrational must have a
purdy pariodic scf expansion |

§) necessary and suffiaent condifions that
a quadratic irrational & have a ]Jure.l\j J)modlc
scf expansion 1sthat it be reduced ; 1.¢. That

xyiond -1 x'<O.

W) a) Are the scf expansions of J;JT:% , 1..3‘{,'3' '

2493 yur‘d\j ]’SG‘J‘IOdlC?. ;

by Compute the scf expansions of
1+3JT§ Clﬂd _( 13\/3 )'1;



X

¢) if o 18 reduced then the pamod of -(1:::’)'1
18 the reverse of the ycmod of .

v) Let QD be positive intedqers with D>
ond & = —‘g be werational , Thenthe sef expon~

sion of o has the form (4,45, dg, 2% -

vi) Let Dbe a posthve nteger suchthat Vv§
is wrational . Then i a,=[V5]
a) o 15 reduced ;
by VB + a, 15 raduced ond its scf axpansion
perod isthereverse of that of —=—= ;
¢) The scf X pansion of VB 1s of theform

') =[a,,,aq,a»g,'“,a;,a; ,2a,:_| ,

wyLet D be o Jaosﬂwq, lrr\'ujer with VO
irrational . Then we may wiste
VO =[ 0, @, Ry, 2 &) =[a0, a4+,
whare & 15 The \anj'\'h of +he minimum period .

123



Further put, as usuad, X = [ amudma, -]
rmallvj ) SUPPOs x 2 -Dtj,’- = 1 where X, 59,Y,50.
Then

a)F>1s a conwergent to VB, say F2a-IE

b)Y with 5 as wn (a) :

M if Ajx*+Bx+Co=0 s the nteqral
quadratic equation with (A4, B,,C,) =1
satisfied by s then

A=t , Bl=4(C4D) | C=p5-0g.2;

B) X,=—-4 DB, 4D ;

O -+B,=a,;

D) A= afs.. for {21 ;

E) s =-1(modR);

cyoll positive m-hﬁm\ solutions of
x* -Dy® =1 are contained inthe sequance

{(Pﬁ-l ’ clﬁ-t) N (Pzﬁ-t, Ctzi-t’ ’ (Pgﬁ-u qéﬁ") y e '} >

d) {5. =[a’o|a1"“’atﬁ_l*ﬁ' ,Gﬂd,
therefore.,
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Pir-1= e th-1 ¥ ei-2
Dqek-1 = APiios + Pek-z
Pez-i-bq,t&-zz = ('nt& )

e) x‘—D\j‘n has infinitdy many positive
solutions and the totality of posthve soludions
consists preasedy of the tarms inthe sequence
of (¢)with odd subscripts;

) find theleast posttve integral solutions

to 1 A) x2-2237’=1 ;
B) x’-lstj"=1 ;
¢) x*-33y’=1 3

9) davdlop an analogous theory for the

equation x’-Dgz-—'-i.

18, Suppose a and b are positive relatively
prime m-l-zﬁers with a b and -5‘5‘-=[av., ver, An) y
W22 .

£y E, b, where £, 15 the number of sum~
mands in E(X,,***,%X,) 3

125
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M Ts 1;‘@ and no‘!‘lng"rha*\' T*=m14T

deduce T"< Ep.

I3/d CG 5
W)y n< ‘Tojji@— 3

wy if 10°< 6 <10° then n<st

) (Lami) The numbar of divisions required
to find +he ged of ywo numbers by means
of the Euclidean algorﬁhm nover exceeds
five imes ¥he number of base 1o digits of
the smaller of +he two numbers;

vy investiqate thebest :Po.SStb\e, nature
of Lam&stheorem.

19. (The aurde dmﬂram)

C,orruj)ondma +o each irreducible
fraction £ 1 [0,1] construct thearcle,
C( ), of radws ;1;& and with cantur ot
(% ,35) . Then C(F)saurde lying above
and tangent to the x-axis a¥ - .
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1) C(H) , C(F) for £4 —% are uther disjomnt
or Tangent and are fangent precisely when -
and ¢ are nughboring fractionsin some &,
(see¥9) ;

#) the point of tanquney between Yangent
arcles 1s the rational point ("‘—é,%“é— T 5

f#) a vertical hne infersecting the x ~axs
ot o, 0sxs1, wtsinfinitely many of the
ardes if and only if o 15 irrathonal ;

) suppose the vertical ine cutting the
x-axts at the irrational o cutsthe curvi~
hnear +riangle formed by pawwise Fangent
arcles above £, -, where 0<F < << 1.

Then

Q) FEX< F 3
by ¢=a+c, f=5+cf ;
¢) uther o<cl< 5<f or O<B<cf<f ;
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d) if o<b<d<f the vertical line above
1-& cuts a stmilar trianglewith ardes
corresponding o somefractions &, fv- R
with & k(S and o<d'<b <t

) rational aﬁsjaromma:hons to & lead o
c.qua\lg qgood rational approximations fo

1= and vice wrsa. .

20. WX g<f<g, ocdcbef andsuppose
+he urcles above these fractions (see *19)
are ]:mrwsse,‘range,n'l' with A B, C the x~
coordinates of the respective pownts of
tangency of the pairs

& &£ . & &, & ¢

Bryd 3 61§ 3 Fad ¢
Further, SUPPOSL X 1S irrational and that
+he vertical line above & cuts the curvihinear
triangle formed by the three ardes .
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i) Diagrams show clearlythe possibility
of A¢B<C aswalasof BsA<C;
#y A<C and 'B<C
wya) A<B when 2 d; > 155
§) A>B when £¢ 5%
Wa) A<B 1mj)|t¢.s |x=%|< =5 rd, 3
6y A>B tm:phe.s |°"T|< ﬁ‘f? .
¥y ( Hurwitz) for & irrational there are
infinrtedy many rreducible fractions
such +ho+ \0‘-%"(_{;7‘ .

Remarks . The gwmqj-mcal J:)T‘OOfof Hurwitz’

theorem which is presented in 19,20 qoes back

o Ford [1917]. See also Rademacher [1964] for

an exposition of the proof . An interesting

discussion of these urcles , sometimes refess

red +o as Ford arcles, will be found n Zﬁ\hg
[1928].



21 ( Klun'’s geometrical interprevation of
continued fractions)
Let L be aline +hr‘ow5h the orign with
wrational slope & and suppose x=[a.,,,J:
{) Points (x ) are badow (above) L
precisdy when y<xx ( Y > XX Y

7y Consider the Joom‘\'s = (4, _p,,)
where ({: 15 a convergunt to & ;and show
the veckor from B, Yo P, 1s a, times the
wctor from o to B,

) The triangle OR,, R, has area - and,
therefore, contamns no lathice points other
than s varfices s

) A thread along L when pulled tothemght
or iefr and constramed +o stick af la'H'th,}aomB
{other +han © ) sticks onthe lower side of L
Precisedy on the aven convergent ponts and
on the upper side of L precisely onthe odd

comcrgeni- J’°'“+s .
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22.( Some expansions due o Euler & Hurwitz)
i) Let £, (x) denote thevalue ofg%xzs ,
where @, = E‘!g;_fz’ng) whenthe series won~
verges .
@) f, (x) exists forall x ;
6 f,, (x)~(un+)f,, (%) = 4x* £ (x)
fornzo;
fox) 241
) o0 = 22X e""tl 3
X
d) &= [4,3,5,%, ] forx %0;
wytet o =[a,a,,-+],where

A= A, =1,
a’gn-]_: nm.
ThUS,O‘-’-[Z,I,z’lj]"q' 1,1,6,1,1,8,1,---].
P4
Further let the convergents of  be %,
{20.Then
@) }’ Paney Z(INADY Py + Pin-s fornzz;
Danes =(UN42) Gy #q,, , fOrn 21;
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6y f P./Q, 15the n¥ convergent to L4
Hen Pom 2 (Pine Qanes)s Q= F(Ponas = fomes) 5
) x=a .
m)a.)e *1 -[Jf WVZ,5/2,WT 0T - ]
b) s/"("‘ 1) ={2,3,10,7,18, 11,26, 15
not :pe.modic ;
¢) % is wrational .
(This proof 1s due fo Richard . Crandall .)

23. (A matrual aip})r‘oach)

I.Let A=(2 f[) and write, K{A)= -5 when
c¥0,and K,(A)= %,whm dxo. If
KAy AY = &, wewrite K (A} =z, .
Similarly for KalAye ) I K(Ag-) o KoY mex
we write K(A+) = . Inthe following ,

& =[as,as, ],
1) f the {1 ore convergents To o then

(7 P =B a) 8) oo (3 )
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) (o), ] = K () 25) T 5
) 1f Ar("“ 5) K, (Am)eex , and cx+d %0,
than K, (AAAs ) = 228
iy of RA = (3 zﬁ) for R a number ¥hen
Ky(Ay o) = X imphies K ((RA)(RA,) R EL
for { ka} an arbr\-mrg numerical sequence ;
W if K, (A,) = o then
K (CAAANARAY (AL AA oy Yoo ) =
viy It A eacA, (Pﬂ =) = P% ,
| K, (P) ~Ko(P) | = .q‘fQ’IA" ;
vii) lef P, be as i (1) [der Ad=1 forall 7,
K(lmP )= 6 B= ig) s then
@) clﬂs,,—rooa.sn-—)oo‘, :
by a*+c* o mphies K (BB) —r
¢) b'+d %0 imphes K (FB)Y — ;
d) B has no zero column implies
K(lmPB)=
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viii) 1If all AL have determnant £1 ) Bis non~
sinqular , K(A, ")z o, and C,.= 87A.B forallr,
then K(8C,K, Y=

w) et ad-be=21 ,o<d<c sthenfordat,
2 8) =(f[ ';";i)(" 1) forallx; ford =1,
(29) (5 =355 5) (-4 557)E )
x)under the conditions of (ix) Thare 1s an
wteqer a, and positive infegers n,a,,++, dx
such that
M

(£&) = (Fa)3 )

. Put A= (zm—nx zm-i) ,for_ m=1,2, - and

2m-~1 tm-i-X

A = (Fn) G
suppose 1A, = (gﬂg“ &5 - Then

) ﬁn(ﬂ-cj (x) ond Ry (x)=f,(-%);
fya) fn x)= ﬁg’ n(:lt-ﬁ—ﬂ! Xﬁ :

(n-g¥en-k-13! .
by gn(x) i. (n-RIL R 7‘5'»

Fn(x)
Wy Al 7 ¢ e }
JuilX)
5) 11(1\4;3 -{2n-~1) - Q’
W) K(AA Y=~ for'al\x ;
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vea) (95 a0) = (1a)(T 83 8)
by fcr Ryo,
[1,k-1,1,1,3k-1,1,1,5k-1,1,.] = ¥
¢yeszlz2,1,2,1,1,4,1,1,6,1,1,8,];
( The method ofﬂ-ns ]:n-ob‘un 18 due +o
Walters [19¢8] 9

24, T We wm-l'q,% %‘ %’J far the continued

-f'rachon B’E

Further, lot s 76* %_%_ % and deﬁno
6, =1
Pzt Poto P“za“P“"'G"P“"E fornz1.
‘1-1=° cl.=1 1“:“"‘1""' GﬂCIﬂ-z

Finally ,in all parts below we assume oll a;

and 53 Jaosn-hw, and aﬂzGﬂH for nzo.

135
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1) Cﬁ%for neig

1) for n2o
P2 Prst b +bny qu2 ot byree b 50
33.126 4-6 6,-&- -1»5 Sﬂ,qﬂ. +56,+ 46 &.
and strict mequqhhj holds unless g 6]'-1-1
for 0 4§ +n,in which case equality holds ;

) Pones J’M%'B by for nzo so

_ﬁu Pﬂl 6 En
n qni"’ﬁ‘tun }

®) Gpm P Gt Prr 21 for n2o; furthes
for a gwen n, i agzbyes {orjsn-\-\ww
both inequalities are equalities | otherwise,
ot least one of the mulua\r\-\e,s 15 strich

9) hym %wtﬁs ond 1s a\wa%s £1;
f a,>b,+1 for some n then \1m%< L

vi) when a,=0,+1 for oll n +hen

B4 6,0,4+--4b -+ b, dwarges
wplies P4 ey -,
0£=6° 654- -tB ,.,4- 1m?\t¢s

Pn 1
q’“—-) 1 - x ’
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O. Let all a;, 6,-, be posmve m+¢gu‘s and
suppose a, z b1 forall n2t  with strict
nequality ho\dma m'ﬁm‘\'dﬂ often.

Write &, = f”_-g-:fff »+ and proves

1) 0< xXp<1 forall nz1

ayf any &4 1s rational so also are all
others

1) 1f rond s are positive inteqers and
(=& then there s a positve integer t<r
such +ha+ Kfyy = —;—,

Wy &, 15 irrational

Wif = ai:- 76‘2“_—5}.:" ,wharethe a; and b;
are positwenteqers, and if a, 2 by forall
suffivently large n,with strict inequality
nfinitedy of fen, then o 1s irrational .

1 Ll & S .. _Sah
25"" f ng Ci= CrCy— vy ' c,,l:e-c,, }

=S C2 $i163 L En-26 s
) f cﬁ {—~ C +C,_ i C=¥C3- c;‘-tf’c” ’

1
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] a 1
#iy L=
»

Gai SR )

wely f and only 1f +he right sides (1), (41)

g Cgq converge +o o, 3 respect

converge ¥o &, p ;

w)from = Jr-ar+gr - -+ deduce

- 3

26. (Lambart’s 1761 proof of the wrationality
of ) Define f, (x), for cach real posthvem,

by :
ﬁ;(x) =130 2 Tm(men ™ 283 m(medmad
<6
2541 m(mn}(mn}(mn} =t
1y x
=1+ Y&

- zTﬁ!mcmn' “(mak-1) *
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Then
1) f,, (%) exists for all x

iy Fna™ x2 Fmsr )y~ 1
1) fm *m ( 2¢mima1} Fm:ﬂﬂ )
1 xX¥imime) xal? (m+1\(1n+z\ X%/2% (ma2X(m+3) ..
- ~1- 1= )
e (XY _1 x" x* X% _ _fanx .
Fuz (XY i= 3= 5= 7- - x )

W) T 15 not rational | since if T waere ra¥~

i)

onal, say - = Z- for posihve inteqers m

and n, then
1= 2t m?* m? m2 |
mh- an-— SH— Tn-— b

which is not :poss_ib\e, since the r‘tfjh‘f hand
side 1s wrrational.

27. ( Some irrational erfranscendental

numbers)

I. If & 15 a real number whichisa xero
of an mtegral J:o\\jnomtal of degree n but of
no such polynomial of smaller degree then
o 1s sand Yo be algebraic of degree n .

:



4o

All numbers a\ge,bra,nc of degree > 1 arethus
irrational . A number which 1s irrational but
not algebraic of any degree 1s said tobe
transcendental . A simple cardinal by arqu~
mant may be used o prove the existunce

of transcendental numbers .

T. Let & be algebraic of degree n and let
f be anintegeal polynonmal of degree n
having o as a zero. Then

iythere s an integral polynomial g such
that {(x) = (x-x)g(x) , g(x) * 0 ;

%) there is a posvive § such that of
x-Ssxsx+S then g(x) %0 ;

iif) thare 1s a constant M and inteqers

a,b with b >0 suchthat

(£)
\“'%"l%‘)lamiﬁ“ 3




) (Liouwille 1844)
If o5 algebraic of degrean thanthereisa
posthive constant ¢ such that Jox=4] > &= for
ol m‘\'q,ﬁra\ a,b with b>o.

o 4) « =§o 167" 1sirrational ;

#) an rrational number 1s walled a Lrouville
number f for cach Pos Wive mteqer n and constart
¢ >0 there s arational numbes &, b 5o, such that
| & =3 <5+ Every Liouville number s +ranscendental;

) =§oamto'""" 15 transendental whenthe o,

are nteqers sahsfying Ja,| <™ for some M,

I {) ¥ x=[a.,a,,+] be anrrational number with
converqents %; then 1f aﬁ,pq:“ forall k21,
& 15 transcendental ;

i) using () ochibit a transcendantal number |
i) o ag, 2 (2%, af" for k21 and a,a.,are
arbrivary then [ae,a,,dz-] 15 +ranscandental .



2

28. In this problem x ranges over the rrational
numbers mn the intarval [0,1]. We write
x=[0,a,(x),a;(x),-] sothat each a;(x) Is &
positive inteqer. We denote the proba bility that
a,6Y= R by Pug and +he probability that

(di(X’,“’,a-t(X)):(d“"‘, a"ﬁ) b\j .P(CL-; P a"b)'

T i) Zagst forn=1 2,00
and
; P, Guy RY= P(a,,e0a,.) for nzz,s-;
#) Pk = T 3

D5 1 - __T?
i) Be= pjﬁélgm%)(mi;‘}- 6‘(‘&17(1-e’ﬁ) ’
where €0 as kK —so0 ;

i -Pzﬁ.szi fOl“ 522 but pza<Pu"

T let 7, 05{=n , bethe convergents to
(0,8, a4y R] . Then
) P(yyeey@ny 6" = 1/1:-1(E+Hﬁ*i+%f-9;



Xin

5 P(an'"-an-pﬁ“'b ﬁ'l' -‘%::_:1 £+1

#W) Rez ¢ Pla, ety ,RY T ﬁ+z+iu_.. SRy3 s

—_— P(ﬂu -, An-g1R) 6
i) k(k+1) < P{a ,a,.l.,t ] 1T< T&+1NR+2Y 'FO\“ Ezz,

Pla,, =+, & -1} < 6 — .
‘W) 2= f R(R vn p(a‘-,a,.,u.i) ﬁzﬂ (ﬁ+1)(&+z)"31

P(a’!'“fatl! &’

Vv - 3
)3;(9.4»1) < Pia,,r+, Gu-s) P"Q <(&+1‘KE+2) ’

b4

M
m ) P1E=M-t-1 )

k
#) ﬁzs P(“z,‘",a.,,,,,ﬁ) SXP(Agyerey au-!) '
for n>2 and where 0< & =1-38n< 1 ;
W 15‘%}(“11”'1“")(0‘“-1 T )
S EL
w of [6,,&,,4,,-+] 18 the scf expansion of

@ number Jmckcd at random from [0.1] then

[}
-

X

the set of a,,d,, 15, with J:)robablh'l'\j 1,un~
bounded ; 1.e . almost all real numbers failto

have bounded Parha\ quotients .,

I Let @ be anarbitrary positive valued
function defined over the positive nteqers

oand su?posq, Nz, Thuan

(a'n Pl T k) .
TN : P(“'u -y B C?(t“‘i fort N

4 s(mm)

43
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Play, ., Ny,
ity 4- qmu‘lsz s LA

2 .
@) Py, dy.y) sc«vmu)f"' N

WY Pay,- ’“"ij(i'w;w)‘ £ P(ay, -, a)
< P(ay,, ,.,)jf}:,ﬂ( m’(j,“)) for t 2 N ,where

the middle sum 1s over all ( ¢- N)-fu]ales
(Bwssy, a¢) such that 1¢ a;<Q(f), N<fst ;

ivy of ﬂg 70 dwerge,s ) resPo.c'quth converqes,
then the Probubsh'l'uj that a random xin[0,1]
satisTies a,(X)< P(n) for' all sufftcnenf‘tj
lar3¢ nis o, ms?uhvd\j 1.

Remarks.

1. The Jaqr'l'ncular' aﬂpr’oach to continued
frachons via Euler brackets, as Pmsmﬂd
here 1s somewhat unusual. Chr&jshl [190u]
qives a more comj:]e:l'e discussion ofEu|er
brackets +han we have qven. A quhcular\\j
IR :3eome+mml introduction to continued

frachons 1S given ["j Stark [1910] .
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2. The treatment of Farey fractions, s ¥,
fo“ows Eleu.l‘ra:s [1966] and, in faci', our
exposifion in many parts of thus C"\a])i'u owes

much +o the same source.
3. For *2y 5e Klun [1924] or Dovenport [ 1as2].

4. In connection with #23 one might consult %:
Moatthews, Walters {1970] .

5. The details in#25 will be founcl n

Che,nuj [1966] .

e. The, na'fural continuation of’zs would
be +o ]:row. Kuzmin’s 'rl-\qu.m which states

that For almost oll real numbers X,
Infe

|
1 i
Va,m-a,m = 1 (14 5lea) "

where 1+ will be notred that the himit 1sanabsolute

constant . For qood c,x]aosrl'nons of this theorem, |



q|oncs e.nhr'o\uﬁ separate \mes,'rhe, reader mtcj\-ﬂ
consult Khinchin {1947 and/or Kac (19597 .
The second of rhese gives a very |n+¢r¢s1'mﬂ
account of the theorem connecting i with

statistical mechanics andthe ercjodtc-\-heorm.

7. The most com]ald'c, Treatment of all
quu'l's of con-!'muq.cl frac-hons will befoun&
in Perron [10s5u] .



%y More on Primes

1., (Bonse mequahhj) Let P“P‘ , o be 1"1@
primes in thor noﬂ'ura' orcler and suppose n z10.
Further, let j scrhsf\j 2£f4n-1 and set
N’I =P1‘“P1’"-1 , N'z = ZP‘”. Pj.-‘.i ’ng 3})1...})‘1‘1.1 ,

| Cy Npg#PiPicPiact
Then:

i) each of Pir* P divides at most one of
Niyery Nog 5

ify there 150 {, 24(sn-1, for which
pyn-fet

W) |eﬂ'm¢3 i be the smallest i for which

PPn-j’n,?hem sak,1:ksp,, such that

Puyrer, o all fas] 1o divide Rpwpius and
Therefore, P“*“P““P{ ;

) the i i (4if) exceeds 450 p, 221

Gnd Pi ...Pi(P‘_“...Pn 3
v) for nz4, Prosd Pire P
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2. (A property of 30)
SUPPOSL P & VT < Jhas, Where pg 1s agam
the E"E':pmmq, number . Then:
%) 1f for some {s k ,pg does not dividen
then ( ﬁ;z, n) =1 and sz< n;
i) if no composite infeqer <1 is primeton
then p,-pe|n and,-\-huefom,ﬂ PR SN
#) 1if n249 theresa composite inteqer<n
and primeto n ;
w) all :Posd'we, nieqers > 1 and < 30 which
are primeto 30 are thumsedves prime and

no mteqer lanjtzr 'l_-han 30 hasfhus]:roye.r‘hj.

3. (A j)rojoqrhj of 24)
The number 24 15 the \amjesf infeger
which 1s divisible by orry ?osr\'m, m'l'tcju*
smaller than sts square root.
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4, (Erdds) We write, T(x) for +he number
of primes < x and Nj(x) for +he number of
positive mteqgers not exceeding x havmﬂ no
prime factor >Py ,the j%’ prime numbes.

Thent “

7y wvery inteqer hcwmﬂ no prime factor
>pj 1 of the form m".p:’mpf" , where
each €515 O ort

iy Nymy Vi -2} ;

iy Wny2 hn/2nz and,therefore, the
number of primesis not fimbe ;

W) Pn <4

v) the series E -?1: dwe.rgu,smce, other~
wise there 1s a ! such that

2'VF 2 Ny(%) 2x-Z [&]2%- -px; T .

5. (Siu?mshl 1953)
1T(x)-1+£ (1-tm (1= Wisn & YY"

j=2

149
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&.( Har'd\j 1906) Le¥ ﬁ(n) be the lau*gui'
prime factorof n. Then

Dmy= hm bim bim i {1 -(c.oss—’—) }

- O m-'“

7. (Mosar(i95d) Let p, bethe ntb Prime.

Thens
_ mimsi

o9
L pmio ° converges Yo Pe , R0,
- K (Re1)
where o< <10 "2

fyp, =[10 mp,]- 10 1ol‘*z"_“po] .

8. (Smjamski[wsﬂ) Let p, bethe n prmne.
Then:

m

ﬂml'mpm 10" wnverges 1o &g, R0, where

0 X < 107 ;
#ypn=[10"] - 167 107 ],

9. (Hirtrerfiosll) Ler A= {a,,,a,,, } be an
or'brl-mmj monotong INCreasing sequence,
Q% Ay, Of posiive inteqers. Then



Xiv

i) there 1s @ numerical funchion f satisfying:
a) f(n)/f(v,) wanmﬂ.chrfovall VSN S

5 & T#’ converges o avalue ¢ 7 T fornzo;

Vane

ity for any functionf 5a+|sftjtn<3 (a),(bY of (1)
er=[fimo]- S5 Feene].

1) The re,sul'\'s n 7,%8 are S})wal cases of ).

0. (Cho.btjshw) Lek nz2 be gwen , Then:
) 2"< () < 2™ ;
#) T p dwides () which intuen,

Inzn

divides ’;lzrmp , Where tp = [ LT

iy a) 2”<?T‘Im}: P

6), FomP < 27

wy ZInp 2+ (Wx)-Vx nx and,
Therefore, TT(xYs 1:27‘_9%‘“ p+VX ;

vy from (it-ay T (2n)> B2 and,
tharefore, there exists a constant A such
that T(x)>A T2 forall x22;

I8
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vt from (iit-b) L Inp<anina +?§n|n p ,ond,
therefore NP < 2k
vid) There exists a positive constant A such
Tha-\-”i" I p<Ax for all x22 ;
vily there exists a Positve constant A such
that T (x)< A 2 forall x22;
i) ( Chebyshew 1852) for x22 and surtable
Posﬁwc wnstants Aand B
AZ< T(X)< B2+,

W. ( Approximate order of pn )
Let €50be gven. Then:

ifrom Chebyshey's inequality there 1s
an %, such+that 1-¢ <%ﬂ< 1+€ forxyX,;

#)for surtable positive constants A and B
and for x>x, ,

A(1-€) TR Bypey

yforn sufftucn-\'l\j large

AUOCEEBe;
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Wy ( Theorem) Thare enist POsiTIve Constants
A and B such that
Aninn<p, <Bnlnn;
v from () one eastiy deduces that +he
$Qries ; ?:ar 15 divergent for x <1 and

convergent for x>1 .

2. (Berfrand) Let Bo= T p ywhere I =1
when there are no primes bekween n andzn.
Then s
i P < (') < 4™ fornza
ii)g;l;p <4 forallreal ¥22 ;
iy if 25 % <psnthenp does notdwide (1),
W ,_—‘j% < (2,1_‘) £ (7.11)*“(2_”4;’!l P. fornzs;
vy Pootf 4> S(znfﬁ*s ;
vy P,>1 1f n>500;
vif) (Bertrand) f n22 there 1s aprime
strictly befween n and 2n

V) Peit 2Pn 1f M1
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13, (Finsier) Let P, be asin "1z, Then from

(i), P, > mﬁ'ﬂn—;’m- . Setting the right
side of this me.qua\l‘\'tj e.qua\ Yo (2nY we have

1y x<Mzn)=-T(n) fn2s;
#) xlnzn = §(In4— ‘s‘—nﬁ }_fI_TL 'y
if n 225003

f) ﬁn— < W(n)~-TI(n) rfnz 2500 ;

#) T(2n)~-T(ny< S5 fnze;

v)(nns\u) if n2z then

T <Ten)=Tin) < ?‘%"n— j

vi) M(2n)-TM(n)Y 22 1f n26;

W) Py 2Pn f nz4;

vid) +herd 1s a primep sahsfujmg
n<p<2n-2 1f nz4;thoughnot equva~
Jent to Frz iy +his 1s sometimes referredto
as Bartrand's Pos+u\a+¢ ;

%) W(2n)Y=T(n) 1s an unboundull\j

ncreasing functionof n.
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14, Starting with Finsler’s theorem (713-v)

one finds :
i m(2*y< -R""—M—- f Rt
#y Tin)< 4 82— f n22;
#) Tz'W‘ T(n)-1 f n22;
w) ( Che,b\jshw‘s theorem oujam)
T < TN
( These values of the positive constants in
Chebjshw‘s theorem are far from * best

]Jossnblc”. )

i5. Consider
(*) T(Mn)>TW(mY+TW(n).
) Using * 14 (1) ( Thebyshew) 1t 1s casy to
prove (X) for' 924nsm;
W) using *13(v) (Finsler) one obtains (x)
for 2415192 ,4000<m;
(using tables and a computer one gets
(k) for 2snsm 6<m ; see Trost [1968].)

i85
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16. (Assuming the result in Yhe parenthetical
remork of *15.)
N TPt ) >T (Pmen) for 2snsm, 4sm;
) PuPrn YPmin Tor 1sn,15m;
TP nsgP§ > Prros for 15{4n ;
w;pn,,qy, ) whan nt.

17. ( A spessal case of Dirichlet’s theoram
on Primes in arithmeric ]arogre,ssuons A
Put F(x)= Tl' (% - Q._’"_) nzt.
Thm: (in\"l
1) x"=1 =T F (%) 3
#) F,(x 15 an ntegrol j:o\\jnomml of
degree @(n) ;
W) F,(0)=1 forn>t ;
W) +f p 15 @ prime factorof T, (a), n>1,
then (a,p) =1 5
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9 1f P1F, (@) ond t1s the smallest positwen
for which p|a” -1 then
@) £ln ;
by t<nimplies &' -1 2 (a4 pY -1 50 (modp®);
Y b<nmplies pin
d) pfn mplies t2n imples p= 1 (mod n);
vy lek P, -, Pg be any finite set of primes ;
then for Y suffwtni'l\j \arﬂe.,and n>,
Fa(nyppe) >t and
Fu{ryp,-pe)=F(0) = (mod np, )5
thus there 15 a prime p % Pt ﬁj sk, sa'l'\sftjms
p=1 (modn);
vié) for n> 1 there are nfimtely many primes
nthe artthmetic progression

Lylen f+2n,143n .-,

18 Ler F(xY beasin*iT and let p bea prime.
Furthes, suppose n has ucacl'hj r distinct

prime factors and +hat A, 12j4r,15the

157
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set of products of { of the 1 primes ntering
o n. We put

quxy= F VI I =) T, (x =1y -

FOey = (%™ =) ], (X% =1) T, (W -1) -
ond €,, = SR swith (m ny=d .

{) €, 15 a 2ero of order 1 of each x -1
for which &x|m and s not a xero of all
other x¥-1 ;

#) f d >3 and has s dishinct prime factors
then the highest power of ¥ =€, n q(x)
(respectwady fon) Y as (3) +(5)+(3)*
(respectivaly 14(3) +(5) - Y

" 5

h F (x)= — ﬁ”:%i&g_n a ;

W) if pin then 7';3,,(") =F.(x%) 3

M of pin then Fu(XP)
FLpiX)= oo

?"' - -
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ovfn=1;
vily F\()= 4 p if n1s a power of P
1 1f n has ot least 2 distinck
prime factors;

vi)) F_(x) = JJ-.( X 1)”“”, where v is
the number theorehic funchion defined by
M(1) =1, p(n) =0 if ncontains asafoctor
the square of any prime. | p(n) =(‘1)&lfn
is & product of k distinct primes ;

) et n=p, e ywhere t1s 0dd and the
Pi ArC Primes sqhsf\jmﬂ Pi< Pasrip and
PP Pe (s ®13-1x) ; Then

AR E T T (1-57)
= (14Xt xTs] Y1 =%y (12%%)
= (1ax 404X Y1~ xPepa st
(mod 5771y 5

%) (Schur1931) for n as in (1x) the

wefficent of x™ i F,(x) has absolute
value t-1 .



ied

19, (Richert) Let §, be the set of sums of 2 or
more of the 1# n primes , no repettions per-
mitted. Than:

7y al) inteqers betwean 12 and 29 (note
29 % 12+ 9, ), Inclusive ,are in Sg

#) f n 27 all integers berween 12 and

204t 4P, OV S.3

i) oll inteqers 212 are sums of 2 or more
distinet primes ;

wy all m+ujers 27 ore uther Prime. or a
sum of two ormore distinct primes ;

v) 6 15the |arﬂw+ Joosrhve, m-’ruaa' which
is nuthera prime nor the sum of +wo or
more distincd primes and 11 1sthe Ianﬁes'i'
positive mteger not he sum of twoormone

distinct Primes .

20, (Furstanberq) Let S bethe setof all
m-i'ujq,rs .Take as a basss for a‘\'o:po\ocj\j T3



X

5 rhe collection of all +wo way infinie
arrthmetic progressions. Thus a setof S
15 opan if 1+ 15 the union of such arithmetic
Progressions.

iy § with the speaified basis 1s a topo~
logical space ;

i) each arithmehc progression i1s bot+h
open and closed ;

iii) each finte umon of arithmetic pro~
qressions is dosed ;

) f Ap=1 o,zjo,tz]p,u% ywhere pisa
prime,andf A= }) Ap, Then the complement
of Ais {-1,13 3

) thot there are mfmﬁ‘d\j many primes

followsfrom (ivy .

21 (Nicol Y For cach :posrhw, real number x
et T, (x) denote the numbes of +win primes
(p,pr2) with p<x . Then

ol



o2

mimyree £ sn{TmefE] e {En (52,
wherz [u.] 15 1'|1g, |ar'c1q,s+ mi‘qﬂu‘

not c,xwzdmcj e

22, ( Willans [1964] )
Deting F(ny bxj Fny={cos?m %L*i] .Than:
1 tor n primeorn=1 ;
i T(n)-‘-{ for 0 p ’
Qo for n com]aoswe;

i) the n Prime pu 1s qrven bkj

Pn® “'mii[&?:rcb ]

Remarks.
1. The Bonse mequc.hhj i1 15 not very strong
and rts matn interest is 1n the Slm])llm‘l'lj of.rl's
]oroof and rts aP?hca'I'ion o Probhms 2,3,

The property ofzo qiven n #2 qoes back to
Schatunovs k\j who ]arovul it 10 1893,



Generalizations have been given ~ see ¢.q.
Dickson I [1952) pyp. 132,133,137,138 and
Londau T [1909] pp- 229-234.

2. For other work on Prime representing ﬁmchons,
77-9, one Ny %lﬂ' consult Nam‘:aooclm]md ti9n],
Willans {19647 , Sato &Straus (1970] , Duc”etj
(19693, Mills [1947] , and the references therein.

3. Problem #4 15 due to Erdss [1938],%3%0 Finsler
[1945], *19 to Richert [1941], *20 to Fursfcnbercj
(19557, *21 to Nicol (19747, #22 +o Willans [1964].
For an exposrtion of the results in *12-16 see Trost
[1968]. E)g})osm ons of the sywal case of Dirichlets
theorem may be founcl In Nacjdl [1951] and Landau
[1909]. A snm]ole, 2ven More elune,n'!'anj, ;pmof 15
gven n Niven, Powell [19767. A com]old'c Jaroof
of'DlrucHe'l’s theorem 1s GIVeN N XXV
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i_h‘l’ﬂ‘hv_q, m_duc"non mailwcl one as‘l'r'a\j .

b, Taking n 24 F16(i) yields Prrs 5],:{’; PPy
which 15 the Bonse mc,quahhj of"'z . As withthe
Proyzr‘hj ofso ong canuse Fle(w)yTo Provz'rlﬂaf
when s, then there s a £, 15t 52K, such
that p, ,p,, :_.’P*E are all primeton and smaller
than n. With k=2 we see all numbers nzp,'z9

are prime +o0 a smaller com]aostﬂ number.

5. The yo|\jnomua|s (%) introduced in #i7
are called ctjcl;tomtc }ooﬁjnomw[;. This
qu'l'lcular use offhesc Pol»jnommls cjoes back
o Bancj and S\jlvzsi'e.r in+he late 1880's , The
3e,nv-a| Dirichlet theorem was fu'sf j:\'owcl
b~j “non-dmmhwj” means btj Dirichlet in
1837. The c\jcldl'ormc ?ohjhomals offer

another of‘l'lwoso. curious instances where
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The 1% +en cch\cﬂ'om;c Po\%nomm\s are ¢

Fi(xy= x-1 F(¥) = %% 41

F.(x)z x4+ F, ()2 X%+ %% x*4 %% x"4 X 43
Fix)ye xtexey Fo(®y = x"44

F (%)= %%+ F (%)= x4 x4 1

F(xyz x'ex®sxtexar B xyexi-xdextaxsi,
Even this small sam])le, ofda't'a mujh'r lead one
to conle.c'rurq, +hat all non-zero coeﬁ"tcten'l's
of F.(x) are 1 or -1, Further data up t+o
n=104 would support this conjecture .
Howaver, for n= 105 a oefficient 2 appears.
1f one lets A, bethe lar'cje,s'f modulus of a
coeTicient of}'n(x) rhen as shur }arow.cl n
1931 (see F1g(x)) , [im sup A,=00. (See I Schur,
Gesammelte Agﬂanc{mngeﬂ o p.460-1.)
This was shaered bsj Emma Lehmer (1936 ]
and then later Erdss [1ove] jar'ovq.d that for
wery k there are 1nftn|+dt3 tnany 1 for' which

Aﬂvnﬁ .

13
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There 1s a continuing interest in these
matters and the reader mujh'r see Zethin
[1968] anc]/or Bauter [19m].

6. Simlar results +o that of”m may be
found in Dressler [1972,3] and the references

contamed theran.



xv Quaternions , Complex Numbers, e~
Sums of 4 and 2 Squares

1. ( Quaternions )
Let R and € stand for the fields of real
and complex numbers rzsycc'l'tvelxj and let

R'= {(a 6) I aandﬁqmmkf ;

a-E-:{-c(
R‘: B -G ¢
¢ & a -b

d-cb a

o {(a 5)' a,andEaremGg, where
6 a

¢ 15 the ordmamj comjole;c conjugate of c.
In R"wewrrte 1,17, k for the elements

a,b,c,and dareinR Y} 5

1000\ /0-100\ /00O-0) /000
0100)(1000 0001 oo:o)
coo010)\ooco-t|/i1000/ 0100
ooo01/,\0010/,\0-100/y\1000

l'QS])éCTIVQJ‘j .



with the usual operations of matrix
addition and multiphication :

i) € 15 a non~commutative fiedd with
R a subfield ;

#) R s isomorphic o € ;

W) € s 1somorphic o R' 5

M R'1s a 4 dimensional vector space
ovar R ;

9) +he set Q of all rational linear com~
binations of 1, 1’,]', R 1s @ non-commutatve
subfiedd of R” 4

vi) multiplication n R'andn Q (see (¥))
is charadunmd buj the equations
%% =k%-1, =k, jR=i, ki={
and +he fact +\-\01' 115 a mulh})ltmhve, tde.nh'hj.

Elements of Q are called rational quatermons
while demaents of R” are called real

quai'ermons .
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2. ( Conjugote , Trace, Norm)
if o= a+i6+jc+ﬁd' 15 o quaternion
(real or rational) we pU‘\' &:a-iB-J’c-ch,
Tx=2d,No = a*+b% c*+d “and call these
the conjuqate  trace Jand norm of & , respec-
+wd%.
1) %=X 1fandon\\§tf bsc=d=0
HYNXsNE and TX 2+
W) Novs o f and only f =0 5
W) XIP=4P
v o= P&
w) Nox=s x&X
vil) N(oP) = (Nx)NB) 5
vili) each of &, & satisfies the equation
% - x Tt + Nox =20 5 +his equation 1s called
the Prmupa[ equation for o .
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3, (Integral Quaternions)

In this problem we deal exclusively with
rational quaternions .. with dements of
Q (52 ”1(V)). We use Z for the set of rational
nteqers and call an dement of Q mfe,ﬂr'af
if vt 1s a zero of a monic ?o\jnomta\ with
rational inteqer coeffiaants. We put

5‘)=-i-(1+£+ {+ kY and define £,H, 1 bxj:
L= fa+i6+]’c+ﬁ.cf | a,b,¢,d are in .'-.’.} ;
H=L VWV {p+u\ ousm):} :
I = set of all inteqral quaternions.

) o 1sin I 4§ and only i T and N

are in €

#HLEHESI

i) f Assather Cor Handif o A

then &, o, jox , Rex are m A 5

#) 1 15 not closed under multiplication,
not even under loft mu\h?\tcahcm bsj i3
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v} £ and H are m+ec5t'ol domamns while
T 15 not |
viy H 15 a maximal integral doman in 1 ;

vit) H = fa,j: + 1?54-]?04'56{ |a,B,¢,d arem Z]'

We call £ the ﬁtpscﬁd:,z.’ and K the Hurwitz’
inteqral subdomain of Q. In the followng
problems all quaternions unless stated
specsfically to the contraryaretobe taken
from H . When noted they may often be
even more restricted and be takenfrom £,
We systematically use small Greck letters
for quaternions.

A quaternion o 1s colled aurnt of Nx=1.
1{ o= BY¥ we call B a left dwisor of & and
f =3P weeallpa rtgﬁ’c dwisor of . 1f
there are units ¥, B such that o= PRV
we call o and B associates . 11 P=1 we

caoll Ba left assocrate of o .
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A common lef+ divisor of o and p which 1s

left divisible by every common lef+ divisor

of xand B 1s called a left 5ccfofc¢ and 3.

In 74 (v) bdow 15 shown that left ged's always

axist. For each o, @ we lef (, ) denote
one such ged of & and .

4, 4) Every dement o has a left associate
n L
#) qven meZ and o e H thare s a
PeX such that N(x-mp)<m? 5 we.
avery “open arcle” of radius m* contans
an dament of H which1s dwisible, by m;
) (ana\oguz of +he Euchidean a\gor'ﬁ-hm)
f « and @ arem K, %0, thanthere grist
¥:,J1,%:,3;: m H such that
= p¥,+d,, NI<Np ;
ox=8,Prd,, NI, <N ;
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W) f Ois o left ch of two quaternions
than &, 15 aleft ged of these quaternions
if and only 1f J and & areleft associates ;

v) for fixed o, @ H 1f 5 1s an dement
of A= {O&p+pv | 9,9 eH } such that

O<NJI<NY¥ forall ¥e A
then J 15 a left ged of and 35

viy there are exactly 24 umits 1in H and
ach of tham is a two sided dwisor of all
daments of H s +here are wa‘cﬂ\j 8 units

w L and theyare £1,1i,1{,2k;
wi) 1§ n 1s a rotional nteqer > 1 and
n divides Nex then (on) s not a umit,

5. (Primes)
An dement o in H 1s called compostte
f 1 may be written asthe product of +wo
damants of H each having norm >1. Non-
zero daments of H which ore narther units
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nor composite are called prime. oK
has no rational inteqer divisor other thant
then o 1s sard to be primitwe .
i) All assoctates ofa]orimo, are Prime ;
i) vf Nox 15 a rotional prime thenoiis a
prime in H
#) f p 15 a rafional prime dwtdmg the
norm of a Prumﬁ'we & then (&, p) Is prime
n H and N((«,p))ap ;
W) wery rational Prime 15 the normofa
prime in H and , therefore,is not a prime wi;
v} N 1s a rational prime i and only it
X 1§ prime in Hy
vi) of 2 divides Nox then o= (144)( for
sutable Bin H
vif) ewery dement ocin H may be written n
the form o= (1+41) mpy  whare r,m are non-neg:
afive rational inteqers, r=0or 1| Misaunitn X,
and (3 1s a primitive dement of L of odd norm;
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vilf) suppose & and ¥ are primitive and
N =2"N¥, N =P Ps where py,eey ps
are odd primes in  (nof necessarly distinct),
then there exist primes Wy per, s in H such
that NTy=py ,15tss and ¥ = Ty--- T

X (1+i)"'n'1-le's 3

ix) for o, Nox as wn (viid) , if ocs (14) T2,
where the Tgare primes in Hand N T, = py,
15tss thanforeach t, T and 1My are

associates ;

x) f «1sa primifive dament of H and
Na= z"'plo--Jo, ,where the Py ore 0dd primes
and =0 ort,;Then there exist unique upto
assocates , primes W, -+, Wy nHsuch that

&z (141) TN ,Nﬂfpi for 15{3s

xi) non - primitive ddemaents of H may have

distinct primefactorizahons.,

75
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6. (Number of quaternions with gven norm)
iy The number of quaternions with norm
215 exactly 24 and they are all i £
#) in this Par-i' let P be an odd prime n
Z and suppose A,B,C,D are inteqers (mod p)
nE, Then :
a) gwen a,b 1n Z the congruences
ny AR CHDiz0 (mod])) and
2) A4 (-a,A+B)2+ (-6A+CY4 D =0 (nod P)
have the same number of solutions A B,¢,D;
b) a,b may be chosen sothat p dwides
1+a*+62and (2) of (a) becomes
3) B'+C 4D 2 2A(aB+6C) (modp) ;
)i 1 (3y, aB+bC =0 (modp) then
there are P solutions when BEC = 0 (mod P)
and 2p(p-1) solutions otherwise ;
dy f in(3), aB4+bC o (mod p) then
there are p(p*- p) solutions ;
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¢) the numbaer of solutions of (1), and
therefore the number (modulo p of &'s 1n
L such that Nocz0 (modp)is (p'a)(pe1)+r.
) In this part wewrike 121, j:fz,ﬁst;;
and suppose all subscr|]9+s larger than 3 fo
be reduced module 3. Thus {,2i, a,=a,,
%2 %y, ehe. Further, pis an odd primen
2, X2Aoti,Gy+ 1,040,055 N L and p
divides Nox but does not divide o
@) There 1sa v, 15953 such that p
does notdwide aZ+a?
b) for vas in (@Yand x = X+ 4,%, + 1,5+ 1,X,
m £ define p=aga,i, 1= x,+x,0,
B2 g Oyyaly & =Xy % K0ty
+hen 1) X=(3+ Ylyer , XZF T4 S iges ;
2y f a,b,c,d are scalars then a+bi,
and c+di, commute ;
N1t waisonyof p,¥,n, 8 then

Wlys1= lys W

7



¢) p dwides ax of and only 1f p dinides
Pn-38;
d) ax=0 (modj:)has . moduloP, e,xac:\'\\j
P solutions in C .
w) 1f p 1s an odd prime n E then aside
from associates , there are wractly pr1
primes in L of norm p.

7. ( Jacobr's Theorem)

Let m be an odd number with +he
ordered factorization

mE PP PP P e
0‘ 3 0‘ 2 0‘

where _p;,'",_pg are disting? primes in [
and oy, , Xy are positive m'\-eciers ,Then
for cach o 0 L with Nox=m+here 1s a
prime fad’orlza'hon X = Typoee Mgee e Mo oo Wiy
such that NTinsp, for 12vst, 1sns0,.
Note +hat +he primes Ton Moy bemm HN L.



i) 1f for a qiven ¥ there 1sanny such that
Thgeiand Ty, are associates then & 1s not
Prlmﬂ'me ;

) of o 1s ot primitive there exists a porr
V9,1 suchthat W, .., and Ty, are associates ;

iii) the number of primhive ooin L with
Nx=m s S(P,q-ﬂ:p“"’m P w1 p?

= 8m1T (14 P)
#) the numbo'of xin L wr\‘\‘\ Noizm is
),'. E’" (1+—-—) go(m) ;

V) fhe numbe.rofot in L with Nosn
n an even Inteqer n 2 15 240°(n), w\-\qx-q,
o°(nY 1s the sum of the odd dwisorsof n ;

vi) (Jacobr's Theorem) the number of
representations of a posifive mteqer n as
a sum of 4 squares y representations which
dffer oh\‘j in order or sign be.mci counted as
d\sﬂ'n-\c"J 1 8 Times The sum of-t-\we divisors
of n which are not divisible bsj 4,

179
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8, Write i=1,, j’= iy, ﬂn’, and ]ou‘\'
Gz {a-ritﬁ |a,b mz}  15t23. ThanGyeH
and, under the induced operations from H,
15 & commutative subrmg of H.1ts easy to
verify that G,,G,,G, ore isomorphic. We
write G for any of rhese and shall call +he
dements of G Gaussian inteqers . 1% 1s clear
that f C1s the set of ol com:p\uc numbers
one can write ( where equality here in~
dicates isomorphism) G=L 0T, Further,
£={ou-£zp \G,pthG,]’{O&-&-L,p |o‘,$3mGz}

= {ou-t',p | &, (10 G,}.

If one rep\aces H b\ﬂ G n #4-7 much of

that theory carries over,ina simphfied

way (since we now have commutativity )
to G . Carrying out +he detarls leads fothe

Theorem :
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f the canonical prime factorization
of +he rational Inteqer n contains a
4R+3 prime to an odd power thenn
1s not expressible as the sum of two
rational inteqer squares ; otherwise
the number of representations as
such a sumis 4(d, (n)-d,(n)),where
d;(n) 15 the number of odd disors
of n which are congruent +o §
modulo 4 .

9, Let r5(n) bethe number ofrq)re,se,n-
tations of n as a sum of s squares and
define fg(n) b\j fs(ny= (25) ' 1r5(n). Then

iy f n=ab, (a,b) =1, then
a) d;(ny=d,(a)d,(b)+ d (a)d,(b) ;
by dy(n)=d,(a)d,(b) + d,(a)d,(b) ;
¢) f2 15 mu|+l})||ca1'we,3

here d, and d, ore asin™s -



1

8o (ny forn odd;
fi-a) 1y (M= {zqc"tn) for nwen,
where 0°(n) s the sum of the odd divisors

of n;
b) fq 1S mul-h_phca-\-we;
i-a) ry(2) = 4(§ ) 3
by rs(3)=8(3);
¢) re(8)=ea( 3 )r2u(3);
d) f,(6)-fs(2)fs(3)
= & 5(s-1)(s- 2Xs-4)5-8) ;
¢) (Bateman [1969]) the onltj Posﬁblz
posstive integers s for which fi(n) 1s
mulfiplicative are 1,2,4,8.

Remarks.

1, Clq,arhj £, 15 multiplicative and inview
of *9(i ¢ i) cach of f,,f, 1s mul+1yl|ca+we
Using +he X pression fa(n)=( (-1 |6£ -1) e
(see Dickson's History I p. 315) 1t 15 easy to
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se That fa 1s multiphicative Thus f, 15
mubkiphcative :pr'u,tsel\j fors=1,2 4 8,

2. 1 Ass any associative algebra over a
fidd F with basts ¢, -+ ,¢q one can define
a function N: A F by the equation

N(G Q- -48,8,)= a4 a,r.

when this function satisfies the equation
N(ab)=N(a)N(b) forall a,b n A one
calls the algebra a normed afgeBra. A
15 0 normed algebra with identity 1 (we
ldmh‘f\j aeFwitha1eA)one may
define 9 001‘1]1.{3&“12 function & satisfying
GeA ab=ba, ad«Naforala,bmA.
Further, putting Ta za+a we see that
eweh a e A satisfies 1+s monic second degree
quation x*-x-Ta + Na =0.The real numbers,
the complex numbaers and +he real quater~
mons afford three @xamj)\es of normed
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algebras with identity over the reals.
Suppose ,now, A is an arbt‘\'rar'\j normed
algebra with identity over the reals and
suppo T 1s The conjugate of a merhoned
above . Put B =A x A and define mu\hyhccﬁion
mn B by (a,bXc,d) =(ac-db,dasbZ ).
Ideﬂ-hf\jmg 1,9 with (1,0),(0,1)of B
wach ddement (a,b) of B may be written
a+J’B . 'Pu‘l"l'mq ?=E-J’5 when x=a+ jB
(The bar on the right of the expression
for ¥ 15 the con3u3a’m m.AYand dq;ﬁmng
Nx% zxX one can prove when A s associa~
fve, that B s a normed algebra with
dentity over the reals. Starting with A
the real numbers | B turns out +o bethe
complex numbers .TahmgA tobethe complex
numbers, 13 1s the st of real quaternions .
Finally, starting with A as +he real quater-
nions one obtains for B t+he so-called
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a\cjc,br-a of C.a.tjfaj numbers. At +his pornt,
since the algebra of Cayley numbers 1s not
associative , No NW normed o\c:jebms ovesr
the reals arise. Infact, it can be shown that
only the four normed algebras mentioned
exist (see Curtis [1963]). Consideration of
the norm func:l*uon i the S\jsi‘em of m+e.cjral
Cavley numbers keads 4o the 8 square theorem
(see the Remarks in X1 p. 86, Coxeter[1946]
Curtis [1963] , and Dickson [1927] ). For the
qem.ra\ arvthmetic propauties of quoi'o,rmons,
not only the above references but also
Rader [1967] , Dickson[1919,1923], MacDuffee
(19407, Hurwitz [1896 ,1919] msﬂhi- be consulted.
'F'mal\») we mention+he paper by STunruk
(19497 and the references theran.

3. An mﬂgcr IS A Sum of 3 squares when t1s
not of the form u*(8t+7), s20,t20. For an
elcmen-l'artj chscussion see Weil [19747 .

f.1



xv1 Brun’s T\uomm

Pawrs of primes of the form p,prz are
called twin primes. The number of primes p,
pex,for which pr2 15 prime is denoted by
T,(%). It 1s not known if T,(x) ncreases
without bound as x increases. Neverthaless
in 1919 Viggo Brun found an uppes bound for
,(x) which ,T\'\ouci\'\ Inereasing without bound
as ¥ INCrLases , was suffmmﬂus smal| +o show
that the sum € %, taken over those primes
P tor which p+2 15 prime.  converqges. In this
cth+Qr a Proof of this result s C]N .
Throughout , ¥ and % are posttive real numbers
with 2 <3<y® Ros the Proc]uc'r of the dis-
tinet primes not exceeding 7, a,,x nine2) for
1sns]x], and V(n) 15 the number of distinct

Pr'n‘he. dl\HSO"S Of n.



)]
1. let S =S::1 1. Then W(xYs%+S.
(?[“'ﬁ)sl
2. Let S5 be the numberof n, 1sns[x], for
which J|a, and Suppose 2R V(RY.Then S, as

n¥y satisties S= ‘5 (-1)‘”‘”55 .

IR VIR
3. 'Pu‘H'mcs ?(5) fcw' the number ofn na
com?ltz,m system of ressdues mod & for which
J | 6, then for p any prime divisor of R we

have 2 for- odd -
(p)= P )
Pip { 1 for'Pﬂ ,
and ,-rhqrq,forq, ),for J any divisor of R

[ for J odd ;
p(d)= { o ’

for J even .

4, For cach dwisor J of R thare 1sa number
& 1951, suchthat
Sg= (g“‘ﬁ)?(d} y

whare S¢, P(cjj are asin 2 T3

187



5. The S of *1 and 72 sa'\'ssfw,s the mq.c\uah-\'\s
SEX(T,+T,)+ T, , where

- _ 39 SL‘”- 1 _2 .
o T, ﬁnu) 3 ‘fz‘;‘;a’(i 'F)J

G) 1
By T, = & £ € 2
NPT B L oéﬁ-s g’

& .
aT: 5 odys £ (") 2
SRk

6. It 1 Possab‘z +o choose a ]oosﬁwe, constant
Aso that eAlnzy 1”and EF<A Inlnt, for
all ¢,

7. Takmcj A asn 76 and ?u‘l"\'mcs XK y
&= (6eAlninxy”  There 15 an x, such that
for x2 %,

2[2¢AlnIng]r2< () ;

Inx .
1n|mt> 24QA )

AR T -
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8. Tor Aasin¥e and %%, asn?7 and with
li:[ze,A\n\n3]+1
we have, for x2X,, 24 %<yX and 2k < V(R).

9. Let AR ,K,,E. \nasm"e-s; '\'hc.nfor X 2%
and all sufficiently large positive constants
B we hove

a)  Ts4T (1-3) e Teh
pir' P (T’

1 1 B
<2 (,,%1%1)2 < (‘“3)2)

® o1yl 2§ (zeAlning S
E) TZé}':EﬁH(PEﬁ P ) %[sisgﬁ-n( ‘ ‘S )
. E i
{2 : (l:vz,

¢) Ty ( n(w,))’ﬁi <& (T (B <973

0. Tor o suitable Posﬁ'we constont C and
all sufficiently large x we have

(%)< Cx (lalnx y2

189
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i, (Brun 1919)
a) L3, where the sumis over gl primes
P suchthat p+2 15 a prime | converqes.
by £+, whare the sum is over all primes

oceurring in a Fwin Pﬂme, Pow‘, comercses.

Remarhs.
1The theorem of‘rhts chaP’m‘ wasfws‘\' j:roved
by Brun [1919]. Expositions will befound
i Gelfond, Linnik [1965]  Rademacher [1964),
Landau [1958]. Extansions of the method of
Brun may be found nTrost [1967], Prachar
[1957] , and Halberstam, Roth [i9ee].

2. The con3wc1'ure that m,(x) tends to lnf{mhj
with x 15 called the twin prime conjecture .
This 15 the special case k=2, b, =0, 6,72 of the
conjec'l'um : tf S, ,"‘,65 are non»nuaahve mfeaers
such that for each prime p there 1s an integer
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n with 6,+11,~°,5,,+11 all non-clwlslb\e Esﬂ P
then for nfinrtely many values of n the latter
R numbers are all prime. Thoucjh this conled'urz
has not been ;provzd Richards [1974] has shown
that 1+ 1s not com:paﬂb\e with the fo“owm%
con]cc‘\'um made b\j Harclvj and Littlewood 0
1923 3 T(X4Y )T (x) +T(y) for x,y nteqers 22.
An even more 3¢n¢m| conjecture, of which the
Twin prime con}edure 15 a vory syecual case,
goes under the name of ﬁy}aotﬁcsw H. For
details see Slex]om.slu [19¢4a] P 127 ﬁ

19



Xvil Quadra'\'ic. Residues

fo +) SuPPosz av0,D= Bz- 4ac, f(x)-- axi+bx +c.
Then f(x'] 20 (mod m) |f ond On\\.j 1f
(2a%x+b)?2D (moduam);

i) when (a,m)= d= tcszw\\qxe, tisthe square
fr-u port of d thenthe fo“owwy\'wo statuments
are u‘uwalu\'i' :

a) x*sa (modm) is solvable ;

by (¥, ")=1 and x*z %‘i (mocl?{}) is solvable.
(Thus, solva ba\mj of a %emrql quadra-hc congruency
s reducible to that of apure c‘uadra'hc conqruence
of *lﬁe‘for'm x*za (mod m) which in mm,matj be
reduced +o a sitmlor congruence which (a,my=1.)

‘Dofim’cwn tNnisa c,uad’ratw residue (c[r)
of,ormod’ufo,m |f7¢2=n (mod m) 15
solvable ; otherwise nisa ciuaJrattc
non-restdue (an) of ,or moc(ufo, m,
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Tnthe fo“owmcs whenever we s?m\z about

c‘uadr-ahc residues we exclude o

2.1) x*312 (mod4s)1s not solvable § 1e
1218 a clnrofus ;
#) %= 252 (mod 1575 ) 1s solvable 1f and °““j
if x? %3 (mod 25Y 15 solvable ; 1e. 252150 97

of IST8 1fanc| or\\uj 1f 3154 cir of 25 .

3, In this Pro\:\un all conzrue.nce,s x*2a (modm)
are to sohsfui (a,m)=1.This conﬂruence,,whue
me ]o“  with p o prime will be deneted bt} (%)
Thus
(*«) x%*=a (mod P“), (a,]g)zi, p prime.
iy 1f p=2 then
o.) ( 1) 1s solvable and has 1 selution ;
*2) 18 solvable 1f and onluj 1fag1(modq)}
c) (* ) ,when solvable , has exactly

2 solutions ;

193
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o) (¥5)1s solvable |f and on\\j tf as1(mod 8)3
Q) ff 23 then (¥orus) 18 solvable 1f andonhj
f ("‘od is solvable ;
) for &x2z3 | (%), when solvable,, has
q,xacﬂtj m so\uhohs ;
Cj) the number of solutions of (¥x), 21,15
: for' oz1,a 0dd ;
2 for' x=2,a451 (mod'ﬂ p
Y *fcarw:)(z:?sJ az1 (mod 8) :
o otherwise .
iy of p>z then
@) (*1) has o or2 solutions ; ;
b) if %, 15 @ solution of (*a) then there
sauniquet, 0stsp, such-rha‘r Ko+ tp™ 15
a solution of (*oca1) §
¢) (¥oe1) 15 solvable if and on\\j (%)
is solvable ;
d) (*«) , when solvable | has exactly
2 solutions



iy (Hd}amo) lemma from the 1-‘n¢or\jof conqruences)
et f be an m+u3rq\ ?o\sjnomta\ and Suppose
m,, -+, M, Qre ?awwsse r‘da-\'wd\j ?mme, ; lea Nj,
15 {3, be +he num\:m-, modulo m; ,of solutions
of f(x)ao (mod my) and let N be the number,
modulo My m, of solutions of the sysfem
f(x)-’- 0 (mod m,), - , f(x) 50 (modm,) ;
rhen NeNjo Ny
wya) aisa qr ofm 1f and on\uﬁ 1{
aisagr of oy Prime dwisor of m ;
a2 1 (mod &) when 4|m and 8fm ;
az1(mods)when 8lm
b) when g 1sa qr of m the number of
solutions of x*za (mod m) s
2E lf '-}1/?11 ;
2het lfﬂl‘m and 8ym;
2Re2 ‘f 8jm |
where R 15 the number of distinct odd prime

tactors of m .
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(Thus Solva\:-l‘mj of cle,nerq\ c\uadra'hc conqgruences

reduces 1o solvabil Y of quadrq-hc concjruencesof

the, form x*za (mod P) , whare prsan odd prime
not diviqu a.)

4, Let p be an odd prime and suppose ]adozs
not dide a.Then :

) exac-rl\j one of the fo\\owtncs congrueces is
vahd ; a‘g;ﬂ (mod]a), agi‘iz- ! (mcd P) ;

i) lfa s o gr oﬁa then a7 21 (mod}:) ;

w-a) xP-1a (%2 a)cj (%%)+ oty ,where
q15a Po|ujnom|a| of clajru P2

by qr'- a'p‘;"izl(modp)'rhm (x’-a)cj(xz)zo(mody)

is satisfied for all x not dwisible l"j P

#) ( Euler’s criterion)

a1saqr of]o tfcncl onl% ;f
aTr 21 (mod P

aisa gnr of P if and on|\j nf
aFPiz-1 (mod P
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Detimtion: For P an odd prime not dwidtnc} a

we write (3 2 { 1 a saqrof p
-1 1fa 15 Q clm"of]:.
This S\jmbo\ (%) 15 colled +he ﬁujmd'm stijof .

5. Let P be an odd prime not dw 1dm3 ab.Then:

""1 (F)=2 5
P) a’% mod]o (this 15 also called
Euler’s criterion ) ;
) fa=5(mod}3)-rhe.n (P] ( )
) of p1ab then (%)= ($)F) ;
v q) 1f05a<55%—ﬂ1en %% b* (mod P
by 1fo<a5p -1 then there 1sa b o<b< Bl
such that a*=b%(mod p) ;
¢) lf (%)n then a = b*(mod P) fcrsomﬁ,
o< bs¥ts

i) (Tg) 1)?—9
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(‘Referrmcs o 1-\1q, result in (viY Gouss wrote mthe
rroduction +o his monumental Disquisttiones
Arithmeticae the fo“owmcs : Encjacjec‘ inother
workT chanced upon an exfraordmani arithmetic
truth «. Since T considered it to e sobwu-hfu\
I 1+sq,lf and since I sus?w\-o,d s connectionwith
W MOre Prcfound results | T concentrated on it
all Yy @fforh i order to understand the Prmcr]:les
on which it dzs:encle.d and o obtain a rigorous

?roof <)

6. 1) qur») square 1sa qr of]o ;
%) numbers congruent modu\o}: are uther
both gr or both gnr of P
i) the Pr-oduc‘r of two numbers wrth+he same
quaclr*ahc character madulo pisagr of P,whde
the ]ar-ocluc-l- of w0 numbers wrth different
cIuadra'hc character modulo pisagnr of P
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W) \'\a\f of the numbers 1,2, e pe1oreqr

and half are qnr of P

7. Let P be an odd Prtme,._1
1) 1f ()= -1 then a?l:n a7 2o (moc\]a) ;
iy &, (B)=0;
ii-a) ot least one of a,E,aB Isaqr of P
when p { ab 3
by wery prime dwides at \e.os'i':_ one value
of x°-nx*r36x®-36

W) ;f (ax,,Eu),h 1 then axo"a-gaj%?o(mod}a)

1m]3lles (—a}s) = (?5) . '
8. Let p be an odd prime . Then:

VT a 5-(?})(“10&]3)0“& Tasz %)(mod}a) j
@)+ 2

i)f Gy, 0 are the qr of]: among 1,2, 5
then
a) If])i 1 (mod ) then P-a,,...  P-ds ore
rhe crrof]: among P pe1 5
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by nf pe3 (mod 43 +hen PrGayeeeprds ore
the gnr of p among £+, p-1 ;

¢) af}aﬂ (mod 4) then the gr of pare
ssjmme-l'rtca“ts distributed about % ;

£ s {(at"‘“s)z (mod]:)if Pn(mod 4;
(251! (mod P 1f pe3 (mod4).

9. The mod P residues of a,2a,++, Fita which
be between 2 and £ will be denoted b\j
A,y Gt Acqu P an odd prime and we
assume p does not divide a . Then:

iythe Jayl, 152 ?L;L,are.}:aurwuseunq.c‘ual ;
i) f Vs the number of a,,++, agx which
are ne.ch-th, +hen
(W (P zaycaps a?’i(?—?)l (mod]:) ;
iy (Lemma of Gauss )
('%) = -1V where ¥ isasn (d) .



H ]:rob\zms *io-131he V is q\watjs that
ntroduced 1n L TCAR

0. Let pbe anodd prime and suppose a=2 .
ﬂwn 3
iy Vis the numbe.rof fr159s P, for
which 2< <P
y A o {mod2) |‘f !h(mo&s);
mvzf%l-[%]:{ Y S
i (3)7 (0% ;
W) 215 a qr ofa“ skt1 primes and acinrof
all 8R23 primes.
( Fermat claimed +o have a Pt‘oof of *10 () but
did not Pubhs\'\ it Euler tried to prove it but
without success. Lagrange qave the fwsfcorrecf
Proof n 1775, )

0, Lot P be an odd Prtme other +han 3 and
su]:]:osw a=13. Then:
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DY |s"r\'aq,numberof}' ; 151’5?—51, for
which 2< sj<]o 5
o (mod2) if pEts (modi2);
Ve [F-[E] = {1 (modz; 1; ;,zt 5 (mod 12) :
i) 31saqr of all nkt1 primes and a gnr of
all 12kts Pmmzs .
( Fermoat Rnow These results but ﬂ'w.us Were
fu's'r Provq,d b\j guler. T41s mi'e,re,s'\'mc,}'\'ono‘\‘z,
as does Gauss i his Disquisttiones Arithmetcae,
+hat even qf-l'czx Euler Proved # 4 (iii yhe was unable

o prove Flo(w).)

12, Let j: be an odd ?mmz other than s and
suppose az 5, Then:
0y V15 the number of {, 125 %%, for
which 3< 5}’<P or ¥< 5}'< 2P 5
0 V= [¥]-[%][¥F]-[F]
fiy 515 o qr of all 20kz1 and 20k29 primes
and 15 a grer of all 20k3 and 20k 27 primes.
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13, ( The Quﬁmhc ‘RmaProcrhj Law )
Let P and 9 be diﬁ-erm'l' odd primes . Then:
i) 1f preq (modua) then (5)= (8 ;
#y there 1s an a such that (a, pg)=1 and
.P =2 q + 40 3
i (J,_) _ 5 (—;*) |f p=q (mod 4 ;
(5! lf p#q (mod 4);
W) (the rzctjaroc‘hs law) 1
(B Eyz T
{ Bachmann in his Niedere Zahlentheore
(vt ]:a zoz) ca”s 'I'lwls Tl\wrem one of'rl\e, most
bwuﬂfh] and lm]:or'i'an'r n all of number lee.orvj.
Euler discovered the law lmj nduction in 1738 .
Lusmdre, werted his s\jmbol in 1785 and stated
the law 1n the form q1ven in #13(W). Gauss
discovered +he Jaw lndqﬁnhcimf\tj N 1795, He
claimed +hat his fwsf Proof, which was the
flr'S'I' known , eluded his mos+ strenuous offorts

for more than a Year . A|1-oo]e+|-\er Gauss qave
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8 Proofs of the law before he died. Bachmann
cata |ocjuo.s over 45 proofs as of 1901 and +here
have, been many more discovered sincethat time.,
Tn the, 2% volume of Gauss’ collected works one
finds a +able, computed by Gouss, hsting +he
values of (£) for 25P<£997,35q5503 . )

19, Consider the par of congruences
x’sp (modq ), rzzc{ (mod]a) ,
where P cmdc[ are odd primes. It at kastone of
P ard (I 159 4R+1 Pmmq,-'rhe,n flnq,-two CONGruRIRS
are ather both solvable or both not solvable whik,
it both Pand qare 4k+3 primes +hen zxacﬂxs

one of 1"‘1@ con%rumczs 15 so\vablo. .

Defimtion (The Tacob S\jmbo\ Y: Let m= Jof"‘---ﬁ“ﬁ
be a Posﬁ'we odd m-l'q.cjo.r. For (n,m)=1 Pu"r
(nni) = (%1)0‘1(% &,

This Sk]m\bol (215 called +he ]'ago51 s«jmgor .
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15. Let m and n be odd posttive nteqers and
SuUppose (a,m)s(b,mys1.Then:
1) for m a prime, rhe Tacoby sximbo\ (&) s
the Lqﬂehdm stjmbo\ (=)
B (%)== (&)
iy +f a s 6 gr of m then (8)=1;
) (%) may Q.oluo| 1 wrthout a be.tn% aqr ofm;
v) 1{0!5 (mod m ) then (%)-(,%) ;

W () R 5

W) () (SN 5

Wy () e

W ()
JINCO G LI

16. 1) Caleulate
98 b () 9B
i) which of the followmcs CoNqruences are solvable;
a) %%z 89 (mod 197) 3 by 2= 197 (mod 89) i
<) x*=1050(modi573) 5 d) x%= 1573 (mod 1050} ;

¢y X*Z 11 (Mod 219) ; f) x*% 219 (mod ) ,
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7 Let fix)zx 4x 441, Then :
i) no prime < dvides any val%of f(x) 3
#y all values of f(ﬂ in absolute value < 412
are prime ;3
) (%) 5 prime for 80 consecutive ntegers .
(The ?oltjnomnal n 717 t‘@}:msm?sa prime 4506
fimes inthe fu-s‘r 1000 values of x . Tt was discovered
" 1772 b"] Euler. A somewhat “better ™ prime
representing ]:o\u]nomnal 15 X2+ % 4+ 72591 which

ro,})re.senh a prime. 4923 T1mes in the fwsf 11000

values of x. See Buger [1939] ,SzeLeres[|974].)

I8, (leeore,m of zc\o'\'amﬁ' )

Let p be anodd prime and suppose A 15 a
reduced residue system modulo p-For each inteqer
@ not divistble b‘j p there 1s 0 modulo P recip-
rocal a-?and an dement T i A congruent to g,

Thus
aa'z1 (mod]ﬂ . a=d (mod?)  GeA.
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Tor cach inteqer D not diwisible by P we define

mq?]stncrjs 25,70 of A nto A b\j
2,4 = Da y Tag = Oa!

1) Zy,Te Ore ?umuﬁ-aﬂohs ;

#) Tg 18 an mvolution ; b T, =T, ;

W 22Ty

) lf &g s The numb@roqu,mq,ﬂs he}:?
ftxed b\j Ty then

2 ¥ Disagrotp;

o = {o oi‘wqrwts:l; fP |

W) defmmc] the sigrature of o permutation
™ sinﬂ' to be 1 or -1 d@meclmci on whather
-r\-w, permutation 1s aven or odd we see that

O( 0f9+01

sc]nT = {- 1) sc]nz = (-1)

Vi) X %2
Vi) sqn 'Z,_ﬁ(%) ;

207
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¥iiy ( Theorem of ‘Zo\o-l-qreﬁ )

Disaqr of P if ond only of the least
positive residues of D,2D, +++,(p-1)D constitute
an ven ?Qrmui-a'hon of 1,2, -~-,P- 1

icy noting that A can be any reduced sYstem
of residues modulo P We can use The obove to

qve mcle}nnckni' waluations of (—P‘—) ond (j’o—) .

19, ( Quadratic "@Clj)f'ocﬁ'\j thesrem from
Zolofamff s'rhaomm) Lot A* = [ 1 . 2 ,
{ P e - } and put A= A UA"’ De,ﬁne,
Zyasin*sandcall a’,a” an wersion f a’<a”
and Z,a'52,0" . Then:
0 |f a',a" 1s an mversionse also 1s -a” y-a's
#Y versions occur In pars except for rhose
of +he for-m -a,4
i) ( Lemma of Gauss) sqn Z= (1)* where
» 15 the number of ddements n {D,20, -, %D}
with least absolute remainders ,moclu\o Py AT
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) 1{'- N 15 The number of dements in
{ 9,29, P19 } with neqative leas+ absolute
residues modulo P and ¥ 15 the number o{ clements
i {Pt""]’!'"* ﬁ?‘}:} with no.%q‘l'we leas+ absolute
residues modulo 9,9 on odd ?rtmzcltshncr from
P then
(BXF)= 0”7
W et x,y satisfy 158 P 1sys 951
then each pair X,y leads +o e,xac*rl\ﬁ one of the
fo\\owmc] four mu\uo\nhms
g<-py<-t
TReqropy<e
0< gx-pYy< 3
begepy
vi) the number of pairs X,y 1 (v) |sz,ad1n31'o
the {:u-s+ of the mo.ciuahhes 1s The same as the
number |eac]mc3 to the last of the mq,quahﬂe.s and
the number oqum sahsfujmc} the second
('ﬂ-\lrd) mo.quahhq,s is Just P (V) 3
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i) ( the Quadratic rw]:roc,ﬁ'\,) Jaw )
(g

( The theorem of Zo\o-\'qmﬁ qen 1n %18 was
fn's* Proved b\j Zo\o-l'arq,ff [1872]. Inour
discussion in ¥ 18, *19 we have followed Riesz.
[1953], Cartier [1970],and Frobenius {1914
(see Gesammelte Abh. 1968 pp e28-6u9 ). For
other recent +reatments of Zo\o-\'amff 's theorem
alonc'j ofther fines see Rademacher, G rosswald
[1972] , Brenner [ 1073], and Roberts [1969] )



xvin Exponents, Primitive Roots

e~ Power Residues

when a and m are relatively prime positive
Inteqers Euler’s theorem assures us of the
existence of positive inteqers ¢ for which
at 51 (modm). The smallest such t 1s called
the gxponent of a mod m and will be denoted
b\ﬁ R.(a) (or just P(a) when the medulus s
understoed ). The number of mod m solutions
of P.ixy=t s denoted bxs Y1) (or}uﬁ Y.
If Pa(a)=@(m)one 5aYs thataisa Pmrmtwe
root of m. As we shall see, not all m have

Prumrhve, roots. ThrOuc}\'\ou‘r W assutme (a,m)=1,

1. Inthis Prob\e,m P(a) and Y(t)ore used
fcr Pala), ¥, (). Then
iy a’sa¥ (modm) 1fcmc| onlu) 1f
szt (med P(a)) 3
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1) frOm (1Y s
) a*s 1 (mod mY 1f and on\\j uf
ss0(mod P(ay) ;
by P(ay | gimy ;

P

¢) a,a) e a are mconcirum?,moclulom,

solutions of x4 (mocl m)

Pial
#) Pk =5 5

w-a) Y(t)=zowhen tP(m);

6) Bt (817 P

) of Pty o then @ty £y(t);
v) 1fm=]3, P a?mmq,,-th_n

) if Wpt)#0then ()= (t);

5) Pp(t) = Q1) for all t suchthat t\‘P-l ;
W)y wqrv) Pmmo, }) has e,xac‘\'lus *{’(P-z)

Prnmt'hve, roots.

2. Let P be anodd prime and o bea Posrh%
tn'l'usu- Then .
iy f g 15 a primitive root of p and 1f
L)
97 11 (modjo Y then 9 lsaj:)nmmve roo?ofja ;



xvin 213

1) |f gisa Prtmﬁ-we root of (o +hen one of
94, 94*p s a primrhve root of ]32 3
W) Qvery primitve root of p*1s also a
primitive root of p* for &>2 ;
W) |fq 1S a_]:rtm1+1wz. root of P“ the odd
oneof q, g+ p™ 150 primrtive root of 2p=
while the aven one 15 not
v) very number of the fovm }3"‘ or ‘2]3“
has a ?rumﬁ'we root (recall that P\'\m 1S odd);
Vi) onltj 2,4 and the numbers s?wfm:l i
v) have ?r\mﬁm roots.

3. Let p be an odd prime. Then:

1) every Pmmi’rwc root ofams ]oosrl'we
m'l'o.c]r'a‘ power of prsa ]ommri'mq, root of
all smaller ?osﬁ'wc m‘\'c.cjm\ }oowzrs of P

) when g1sa Pmmr\'m root of]: +he
numbers (145p)g , 0fs5<p Jwith one
exeephion , are primitive roots of P*;



24

W) wery primitive root of ps ongruent
modulo pto exactly p-1 primitwe roots of P
and, consa.qum'rlxj ythere are exac'l'ltg PLL(p™)

Pmmrl-we, roots of ]oz 3

W) aery Pr'lmd'wq, root cf‘ ]:J“, X2, 1S
wnﬂruzn‘l' modulo P"‘ to exac?]tj P Pmmﬁ-we

roots of P““ ;

V) there are e,xacﬂ\j «P(t?(j:"‘)) Pmmmvz

roots of P"‘ ;

Vi) if m hasa Prsmr’nve root 1t has exacﬂu_‘

Y P(m)) °f1'|wm .

{In the above we have Provzc! :
the onhj mteqers havmcj primitive roots
are 2,4, powars of odd primes, and twice
such powers ; whenm has o primitive
root i+ has , module m ) mracflt}

€ (9 (m)) ofﬂwem o)
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4. Tn this problem we discuss the exponent
function n a e qreater detar] and the results
lead +o another Proof that arry prime has
O%'GC'I'I\} ¥{ p- 3) Pmmr\'wz roots . The on\\jmr\m‘
results we use are * 1 (§ ~if) | T\-\roucjhcw we
use P(a) for P (a) .

i) If P(a)zuv then Pa¥y=v 3

) \f (P(ay, P(B)) =1 then P(aB) =P(a)'P(5);

W) It s fa\sz that P(ag) 15 the. least common
mul't'l?\e, of' P(a) and P(B) w all ins+ances ;

%) for qen a,b there 1sa ¢ such that P
s the \arc}w‘l' common mu\'h?\e of P(a) and P(b);

V) all Q,xPonzn'i's modulo a cit\wm m divide
the larqest exponent ;

Vi) wary prime has a ]sr'lm\-me. root

vit) wery Prtmq, P has ?(P-l) Prtmﬁm

roots .

215
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5. Some of the 1deas 1n *4 are useful n +he
s#ucltj of Abelian qroups . We ustrate this
here . Once more the results lead toa proofof
#1(vi) . We let G be an Abchan qrovp andwrite
Ag for' the set of })osﬁ-m, mh.qq,rs which are
orders of ddements of G . Than

i) If u,varen Ag +hen [u,v]e Ag ;
iiyf Ag hasa \qrcse.s'l' dement P then all
Juments of Ag dwide P ;
fif) avery fimte su bcjrw]: of the mu \'h? licatve
qroup of a ftdd s C\jchc ;
#) +he. mul‘rs];hcahve, group of a fmr'te. fte,\d
is uichc ;

v) q,w-\,l Pmme, has *{J(P-n ?mmrhva roots.

Deﬁm’cwn: If P 15 a prime and
X"z a (mod p)ss solvable we calla an

11“5 JDOWQT' T'@SIC{M moc(u&: }‘J .
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6. Ler a be on inteqer ot divisible by the
prime P and su?]::ose, (n,P-1)=J . Then:
i) a 15 an ni power residue modulo p
if and only i %721 (mod P
i) let & be a divisor ofp-i sthenasa
5 power restdue modulo P tfand on\tj M
aﬁin (mod P);
tif ) tf | p-t 351, then there 1san m+¢q¢r
which 15 not a §% power residue modulo p ;
i) +f p-1+ Jaf“-’-}:ﬁ“ﬁ and A, 1515k, s
hot a Pit‘E powRr 1'es idue module P ond
B, -Afyﬁé‘_, 15isk, then
a) the eponent of B; modulop is P‘m ;
by B, Bg 13 o primetwe root modulo p.

T 1) Using "6 1t 1s easy 4o finda primitive
root module ua ;
#) using the Pmmthve root fcund 1 (1)
enables us to construct a table of exponents

A7
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modulo 43 and use it +o fmd all primitive
roots, the least positwe primitve root, and
1he :prurmhvc root with Jeast absolute value.

8. In the fo\lowmg, i each instance, “all
m‘regers” mfers to all integers not diisible
b\j the primes in question.

) All integers are cubic residues modulo
sand i ;
iy all m'l*egers are clumhc residues modulo 75
iy all m+e:3ers are nth power residues, for
all odd 1, modulo 5 and 7 3
) @ hecessary and sufficient condition
that all ntegers are nth power residues
modulo an odd prime P for allodd n, 15
that P be a Ferma+yr|me ;
9 if n1sa fixed odd mteger there are
lnf;hl‘l'zltj many primes for which not all
m+u3ers ore ntb power residues .



]

9, Tor }3 A ?rim

1"'*2“4-......(?,1)11! O(rhodP) lf j)-‘l Xﬂ, ;
-1 (modp) 1 p-i In.

19. When a and n are posite m*\-e,cjers

n dwides P(at-1).

i The Proc\uc*\' of all Pmm1+w¢ roots of an
odd prime p is congruent +o 1 modu\o?.

1. The fo”owm(j cje,hu'ahz,a'hon of Wilson's

'I'hwmm 1s +rug.

T n

nrel
n,mis1

oo, (mod m) sf m hasa ?rnmd'we, root
1 (modm) otherwise .
13, (L. Marx)
The arithmetic progression (x>0)
Ky 3X41, 5K42 7K 43, o0
alwq\js contamnms a power ofz or a number 1
smaller +han a power of 25 e, 1t alwauss



contains a term of‘r\wz form 2 or 2% -1
(Q20); further, the smallest such q1s < x
and, 1f t 15 the exponent of 2 modulo 2x43,

1% 61\’Qh b\.j

{it-l when t 15 even and 2tts-1 (mod 2X41) 5

t-1 otherwise .

i, The SGUINCE 5,12,19,26,33, 40,47, -+
contains no term of?\'\e, form 22 or 2%.1,

15, 1) For wch ]oosﬁ'we, mﬂﬁu n
20 (mod 2"+t )
30 (mod rAAEER I

iy f &y 2 thenthe exponent of 5 modulo 2>

n M1
ARSI +:)i

is 2%

iy for o> 2 the set of numbers

2 X2y

t1,15 15° <o 18

is a reduced system of residues modulo 2.



(N.B. When xxy2 we know 2* has no primitive
root 5 howewer, as this ]orobkm shows, 5 1s the

“naxr best thing” +o a primitive root for 2%.)

Remarks .
with respect +o 72 (if) we note that there are
wises where q Moy be a ermhw, root of P but
not of p?. However up to 1,001,321 all primes,
with the smﬂle excephen of 4o 487, hawe least
primitive roots which are also primitwe roots
of all hujlm powers . For 40487 one finds the
least j:ur'lmrhve root 5 but alse observes that
54 %%x 3 (mod uo 487" y.(Se Aur@re? and
wquHa {197 and Riesel [19647.) Tt 1s nteresting
fo note that 10 1s a Prlmrhve root oF 487 butnot
of 4873 m fact, 10°%s 1 (mod 487?) . This does
not contradict the above since 3 and not 10 15
the least primitive root of usy.
Agan, the exposstion in this chaphzr owes much

o Snjx wrad (1966].
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XX S]owa\ Primes and the

Lucas - Lehmer Theorem

1. As earher, we let 7, be the nté Farmat
number . 173 m*e.)ﬂms Fo 2% a1 yn2o.
Thean, when nz1,

) lf-}' is a pﬁme?hm (3")=-1 where (%)
us +he, Luje.ndr'e s\jmlaol
mlf 3 i g-1 (mod ¥, )""'\‘Zh Fey( N2 F, -
anc],ﬁ-hqrq,foro, F.is prime ( here B omi®) 1s
the ¢x ponent of‘s modulo}' )3
fil) Ty 15 prime lfonc] or\\\j i'- -1 (mod 7,,).

2. Let P be o prime c]wncimcs F.= 22““,71,1 _
Then's
i) Pp(2)=2™";
B 2" p-1 and (F) 515
iy 2™ B and ,Tl-w.r-o,forq,, p=14 2™t
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W) every prime divisor of Fr,nv1, must be
of the form 142™*%.¢

V) for' each fnted k | Rz1 ,1"% Sequence

2R41, 2,250 3204 weafy g

contains In mrt-c.\«j mamj ?rtmq,s.

3.4) Using #2 (W) one may fc\c+or ¥ rather
c‘wck\bj { compare with I #9(#) ) ;

% ( I{- com?uﬁ-or- 1S avallaHe) use 1 (it Yo
show F, 15 composr\'e, ; (1“\0\.&%11 Morchead
found this result in 1905 1+ was not unthil 971
that the fachmzahon of F; was de:i’e.rmmtcl;
see alsothe remarks ot +he ind of-III Y.

4. A numbes 'r\ntform -1 18 Cauqd a
Mersenne nuwmber and 1s denoted l:wj Mn. A
Mersenng Jaﬂme IS @ prime Mersenne number.

iy 1f My is prime then nis prime ;

223



) |f P and Cl are Prlmes and c[-.- 2P+1J
PE? (mod 4) T‘wm :

Q)(—-i; cMz ¥5 <) q|Myp

@y 23| My, w1 My, 503 My,

# the convarse of (i) 18 fa\sz .

5. ( The Lucas- Lehmer Theorem )
As in ¥4 we write M =2" 1, Further, ‘Foi'
nei, 2, et
=%@-f(1+~/') SV Ny (34N H(-E)
T\-\q,n-.
1) Un,Vy 010 mﬂ.c'jers y Vatsauen and
Upnas2 Un#3Vp , V20U Vg
W) for all mz1 21
&) 2Upmon® YVn* VU 5 ) Upnz UV, 5
YT VR TURVIRRR VR URIRTS RVACAVASYOE) bl
€Y 2Vman® ViV # 120,05 §Y V5 ere0,”s -2)“*"‘
il If pisa ])r'\me, |qr'<§q,r than 2 then
@) Upx (]%) (modj:); by V. sz(mod?) ; €) ]:wlup,1 Upats



) of p 15 o prime larqu than 3 and Sp 15
the sef oflnﬂqqrs n for which ]s] Uy, then :
a) m,nn Sg mn]a|\j min isin Sy ;
by m,nn s, and n<m1m]>\u3m.n s S, 5
¢) 1f wp s the smallest dement ofSP then
1) Wy S Pat ;5
2) M 1S In SP\fand on\»s a{ wP\n ;
v) lf Mp® 2P prime +hen
ay 2V,p*2V,p  +12\U,p 2-8 (mod M?) ;
By Vyp= Vs 2?1
¢) Vz;.li % (zMﬁﬂ-t) (mod MP) ;
@) Mp| Vip ;
Vi) rfq s an odd prime and pisa prime div-
Isor of Mg ,whsch ,ln+urn,dw|des V,q-1 then
&) PI3 d) wpf 2% ;
by PIUZ‘“ e) ur,:z“» ;
c)w]c,]z“f-, f)P=M13



2%

Vit) there are NTRGRrs §,,8,, " such that
Sy;TH, Sg.,S SE‘Z -2 for R21
and Vie= 22 s, for k21
villy ( the Lucas -Lehmer theorem )
if p 15 an odd prime Iar'c}u‘ than 3 +hen
M]D Is prime lfar\d on|~j nf M?l Sp.1 where
§,74, S¢, =5 -2 for 21
ix) (the theorem of Lucas)
uf]J 1s an odd prime then M? IS prime
if and onM lf M?| tp-1 ,wsz,
t=e, tg, metg’ee FOI‘EZI.

Remarks
Much of the mformqhon about |arc3e prime
numbers Mg has been deduced from com_pui'ahons
made poss ble B\j the Lucas-Lehmer theorem.
See, for e,):am]ole, Slerymskl‘s book Eﬁmentmy
Theory of Numbers. For a complete hst of all
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known Mersenne primes see the remarks in

viii. For an wrhj history ofsuch primes see

uhler [1952] . For more recent mformation see

recent 1ssues of the Journa| Mathematics of
Cornyu‘l'a'l'lon .
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xx Pl Equation

s. Lot o be an irrational real number and D
be a positive non -square m+ul¢r.'T|1¢,n :
1= a) 1{" Y 15 a hon-~2ero m'ruse.r' then thee
is an m-i'ujer x sqhsf\jmo_‘ OSX-ay<t ;
by {-—or ach positive mteqer m there are
m'l'eﬂe.rs XY, 0<ysm, such that
|x-ay|<ex ;
&) there exist mf;m-l'eltj many distinct
pairs x4 such that Ix-atj | <-%— ;
fi-a) f «=yB ond X,y 154 Pairof'm'l'eﬂef's

Fad

satisfying the mwlualrl-si in (i-c) then
|%*-Dy*|< 142D
B) for some 1n+uje.r k +here are Inf‘mﬂ‘dlj
many infeqer pairs x,%,\jm,sucki’kaf r’-D\fsE;
<) there are distinct m-i'e.ajer pars ®iMs
and ¥2 4, sa'l'lsfsjmcj +he conditions of (6) such

. _-rl-‘af_w,_lr,,uj‘a\j, (modR) 3



d) 1{: ¥11%2, Y1, Y, are as in (<) and
Xy 13 VB = (X, 44, VB )%, - 4, VB) +hen
1) E“K,, E\'tj,;
Y) Ysto
3) %, =Dy, R
Q) +he, equaﬂon rz-mfn has a solution
n m'l'q.qq,rs XY .

2. Consider the Luation
(1) x‘-va-- 1,D a posifive non-square inteqer.
whan x’,v)’.sahsf\j (1) we call X'+y' VB a
solution of (1. tf X',y are positive we call
x'+y'VB o positwe sofution of (1ywhentisa
solution . Among all positive solutions x4y vB
we call +he onewhich s smallest the f\'mcfamentaf
solution ofm . (Note that Becauseof*rhz i~
rohonalu-!'uj of VB there can be on]uj ore smallest
posthive solution .) We dencte the fundamental
solution Btj x,+\1,\f5 . Then :




0

1) 1f xi-\-\j,\/ﬁ and 7:14-\51\!5 are solusions

of (1) so also1s x4y, VB where
K44, /D 7 (X4 VBN X, 44, VB ) 5

W) all non~Pos|+1vz solutions ofm other
than 1+0-VB , -1+ 0-JB are obtanable from
the Posn'\'l% solutions bu} mqhmcs one or both

ofx.v_‘ necjcﬁ'we, ;
) 11‘4 % w)\/B 15 a solution of(«.) and 1(
1<x+v)JB then X50,450

W) very Posr\'we solution of(:) isa ]Josrhve
m-t-ujrql power of' +he funJamen-l-al solution of (1);

¥ as k runs over all ntequrs ( positive,
negatve, 3ero) then (%+Y, B fruns over

all soluhons of(n.

3, Consider the quaﬂon
(2) X°- va -1, D a posite nomso\uarzm-l'uiqr.
Then :
() (2)15 not alwatjs so|val:>lz 3
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iiy when (2) 15 solvable there 15 a smallest
ostive solution all odd m'\-ujr'n| powers of
which are solutions and if +aken withzsigns
o.xlacms‘f all solutions ;
A 1{-' (2) 18 solvable and x'-nﬁ’\lﬁ s the
funclamm'rql solution then (' +4'Vo Y s rhe
func‘qmen'l'a\ solution of (1) .

4. Consider the Qquahc)h
(3) x*- va= o' Da postfIve. non- square inteqer.
Then :
1) for each m‘l'u}er o the c.quqhon (1) has
mf\m‘kduj many solutions y

Y nf'x,nj,\/ﬁ and X,+ \/3,\/'6 are solutions
of-(‘n and X3,Ys are &e,fmed IM

Ky4usVB | X+4eB | %,44,VD
v s o

then %3+ 4,/B 1s a rational solution of(s)
(1e. X34, are rational numbers and
Ksz'D‘ﬁaz"cz\ )
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#iy +he %5143 10 (1) are not necessarily
m'i'u)ers ;
W) the x,,v),m (%) are m-t-eqe.rs lf-
D30 (medo?);
v f 4D30" (mod 4oy +hen
a) T s e, say T=20 ;
by O D'S)’,whem D'ri(modu) ;
<) lf x+v3\/'o 1s an m'fzo]ral solution of
(3) then ¢ x and F.v have the same partty;
dy %, and Y In (#) are infeqers §

Wiy 1f Do (mod 6*) or 4Dz o*(moduo?)
T.lwq,n xia Dv)‘- o *has mﬂ.c!rol solutions and
it ®#VB , X, +Y,VD are such solutions so
also 15 %, +y,vB , where x, y, are as defined
n (%) 3 fur-rku- , 1{: Kot Yo VD 15 the smallest
m+e.ojml solution with x,50,4,50 then all
solutions x *y JD are obtained ]ij o”owma}

R +o run over all The nteqers in he equation
xﬂg\fﬁ: + (x,ofﬂgqﬁ)ﬁ
o [n *



5. (M\sca.“anwus)
¥) For evary rotional humber r |

gf,’.’:- Seav0 15 4 rational solution of (1Y5

iy every rat onal solution of (1715 of the

form indicated 1n ()5

7)) the formulq mn (1) ]Jr'o\nde,s an m+¢ﬂ_r-a‘
solution for- x‘-'rufn when 1z -3

W) a Parame‘fmc solution of (3) 1 Cjwe,n 5\3

xsmi+Dn? y=emn, g =mt-Dn’,

6. (A small ayylrcaﬂon)

iy Give comPh:re, solutions to

x’n:uf'ancl Koreay’ s

i) let s, be +he sum of'r\ne. le.ncyths of-rhz
|ecjs and A, be the |¢nq1']-\ of the h\jPohnuse
ofa 'Pvp'l\aciorwh ‘h’\mq‘e (a ru:ih"r +r'1anc1|t
with nteger lenq-rk sides ) whose Iecjs are con~
secutive m'l'a.%u-s ; show that +he PAIr Sy, F\n

IS 5UC1‘\ a ?aw Ifqncj Oﬁ\\1 lf-
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St RV = (343 Y3+ 24E)"
for some positive nteqer n ;
W)Y lf (X, %+1,%) 18 aPtj-r\'\chorzan +r-1]o\¢.
show f(%,%+1,2)= (3% 42241, 3%42242 4K 43241)
is also sucha +r-1?\e. ;
#y all Puyl'\'\ agorean 1-1-1]3\4.5 with consecutive
m+u3er |q.c$s appearn the sequence
(3,4,5), f(3,4,9), ff (3,49, fff(3,4.5),~
where f1s as (ii:'):,
v) compute the 1% four terms of the

sequence in (WY .

Remarks
Equations of the form x? - D\j‘ za are colled
Pell equations, Tlnoutah some authors feel the
reference o be sufficiently unreliable as to
refuse to call them by this name. An dlementary
exposiion of these equations will be found 1n
Gelfond [19e1]. The result in #6(iv) 15 proved n
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quite different manner in Sierpinshe’s dehghfful
little book Pytﬁa,ﬂorean Trmngﬁs. The method
used here derves from carmichae) [i9is]. The
Pell equatron arose earlier, i our c‘-\ayi'er' on
conﬁ'muul frac‘hons , $e2 X1y #47 (vil), If one
exammnes the duagmm i x1#15 one finds all
the P\j'l'hagorwn ?rmngles with consecutive
inteqer legs on the horizontal line f‘-\mucjh
(3,4,5). This may easily be confirmed by

comparing the clsar:‘ram with #¢ () above.
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XX4 Wuj"s Thwrem on Umform D\s-\'mbuhon

In the fo“owmcj all func;hons have domain
[0,1] and the 5¢qUNRS {sﬂ] are to sa‘hsf\j

0ss sifor-aﬂn.

Deﬁm’cwn : [sﬂ'g IS umformﬁ] distributed
tffor wvery Pawofa.s , osas<bsithe
number, n(a,b) ,of Sy )7+, Sn ‘"3'“1 n
[4,6] sa'l'tsfie,s nan;c b fog,

b Doﬁnz the characteristic funchon X1 of

a subinterval 1 o{ [o,1] lw}

K,(Xk{ 1 forxinl;
o o+l-\e.rwtse, .

Then s

i-a) 5 Xos(Sm)=n(a,6)
By E Ko 6% dx = g-a',
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iy f forevery f whichis a characteristic

function of a subinterval of [0,1] 1115 true

that lim %ﬁﬂ f(Sm) = f:f (ydx then {5,315
umfor'rnhj Jis'l'ribu'\'ed',

ity the converse of(ﬁ') is alse frue .

‘De.fmmhcm : W‘ﬂm 1']19, Jiri 4 Q,X}')\‘E,SSiOh n
*1(#i) holds we write f(5p)~ ;’f

2, bet f be Rizmann tn'lw:“ra‘:le and SUppose
+hat fot' weh €30 there are Riemann thﬁqu‘qblz
f.unc'hons 9 ond h such that qs f FL
os{(ﬁ(x) -g(x)) ydx<e, 1(sﬂj~'h, E(s,,)vfﬁ

Then f(s )msf

3 If {sn] 15 umf‘ormluj distributed +hen
for avery Rigmann mﬂcjrablz funchon fﬂ- S
true that f(sn)~{Tf.
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4. ) By Treating real and cornjolu parts se.?ara?dﬂ
we st that the result of 73 remamnsvalid for f a
Riemann m-reqmblz com?hx valued func'hon of a

real variable
i) 1f {sa} s umfcrmlsj distributed and
f(ﬂ ) ezmﬁx’ ka Posrth, m'l'eﬂc-,ﬂwm f(sn)""““’ .

5, Lot P bethe Pro?osﬁ'ion “ c‘“‘ﬁ’" ~30 for
oll Rzo” and let T be an arbﬂ'r'anj +rtcjonomc‘l'rtc
P°l‘j“°m‘°l with zare constant +erm 3 1
T(x)= éi (agcos 2mwhkx + Egsm 2mkx); then:

) |f.'P'l'l'1m T(S,)~0 3
i) 1f for all such T as described T(s )0
then P ;
wy P lfand on|\1 tf'r(s,,) ~Q for all trigon~
ometric Pol»jnom:als with zero constant ferm !
W) +he Pro]:osﬁ-lon in (i) 18 True aen 1fon
the l'lcjl'\“l' we diminate +the condition “with zero

wonstant term’;
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) 1f P then f(sn)m gf for oWl contnuous f;
viy lfP then {5,315 unifermly distributed ;
Vi) (wc.xj"s 'rheorq,m)
{s,‘} is umfor-m\uj distributed lfancl Oh‘tj |f
Jt_n:j—ilemiﬁs“‘zo for all k2o .
6. 1) If X 15 irrational and Sp 1S the ’f;'achonq‘
part of n&, 1e. $, = nex-[ne = (na), then
{S ,.,} s umf‘m-ml\ﬁ Jistributed ;
#) \f & 15 irrational and B1s arlarl-rar\j and

$ =(no:+p)-rhen [s,& 15 umferm\\j dts'\-mbu‘l-d.

7.4 The sequence fsng IS un ormluj disteibuted

f and on\u] |f foralla,osas1, limnel=q
iy let {s‘sn} be. umerrnhj distributed and

suppose |on-Ba] <% for all ny then {o,31s

umform |\j distributed %



4O

iy let S be o countable subset of [e,17
then S 18 dense 1n [0,1) lfancl onlsj 1f some
umeration of S s umforml‘j clts'l'm buted .

8. Lot oy, -, Oq be, com?\e,x num‘:c.rs ancJ
st g =0 for- 6150 omc' for cItvCL.
Then for 1sHsQ ,

i H :q,sq q,‘u?gﬂ-»q{ofzrcﬂo‘?"'} )

O¢E;+Q o‘?-r o‘?.‘ )
oer.:JJ’-( Jos8<H

H I St E (- E)ﬁ;q (0% Eigu &g 000

9. ket oxy,ee,Xq be com]:h,x aumbers and
deftnz &y f'or j'so y j»Q asn¥8 ., Further,
su]:jaosz 1sHsQ ., Then:

HY| X
1543Q
(J-Hq-i)fH Z |o¢1|2+z EJH | ¢

o:1|’s

u«IsQ F.“q “‘Vﬁ‘g'

j0.0iy IF ofTHUmR o for o“})osﬁwe,m‘l'eﬂers
Athon ™% a0
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) If- fsmﬁ- sﬂ} IS unnfermluj distributed
for cach pos rhve inteqer h then { 5,1 1s
unlformlj distributed.

" (Wujl) If f(x): a,x ¢t a, and for-
sOMe ]', as 1S 1rra+|onq|, then 'I'|w, fracflonq|

Parfs (f(*n}) offare umfcrmM distributed.

Remarks
The work of this chapter follows the exposttions
qiven blj Hards& [1949) and Cassels f19s1]. vmogmdoﬂ:
Pr-oved 11937 that if one replaces n by P, the
nib prime, in Fe (1) then the rzsulfmcl sequence
{ (u?njg 1S umfor-m\uj distributed . B\j using
\hnoaradoﬁ' 's method Rhin hos recmflxj Proqu
*1y with n mylaw] l:tj P .The mterested reader
should consult +he review of Rhin's paper :
MR u8 (1974) ¥ 2087.
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Tor a ?roof of ¥6 (i) not da])q.ndm1' on Wujl’s
theorem but mahmﬁ use cf continued fractions
one msgh‘t‘ consult Niven's Trrational Numbers.
Wyl omgma”uj Jarovzd his theorem m 1916 and
it has long been considered an ou+s+andmcj con-
+ribution to the 1'|1¢.or\j . The result mn 7 74)
15 G very stal case of a a_‘emral theorem
?rovccl btj Tohn von Neumann [19257, The
reader mmjh-l- consult Koksma [1936] for +his
and many other aspects of the material of
this chq]:‘l'et'.



xxit Mabius Functions

1o bet f(x) = XexTex e and cle,fmz Oy, g, O,
to be that sequence o‘f integers for which
X3 a,fmmzf(x‘) LR ICHIRE
when one carries out The o?er'ahons on +he
r‘lgh'l' N a purd\j for-mal manner . Then :
f=a) a,%1, F @420 for'm %1
by |f (s,4) = 1 Then A2 0504 3
1 fof ﬁ:’o ,
Q) 447y 1 for k=1
0 for E >, whese P 1saPr|m¢;
1 fov* nsy ,
C[) a,= (--1.)"'z ’for- n +|'\Q, 'Pr'oc]uci' of
kR distinet primes ,
o fcr- n clwssd‘)‘z b‘j a 9c1uare, 713
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by Lat - L - _1__ 1
6 * 9 T 83 ~ 399 ~ 39999

1 1 1 - auy *
¥7999999 ~ 9399999 * 9999999999 )
E 1

Q) wErtarthT -

1 - 1 LL K]
it T i Y

(ﬂns func'hoh a, was fu-s'l- introduced b\j
A.F. Msbius [1834] 1 }us'\' this way . Nowao\m]s
one writes p (n) rather than a, and defines
the, func'i'lon b»j (i-cf) above . Quite re.c.e_n'rhj
Gian-Carlo Rota [1963-4] has shown howthe
M&bius func‘hon arises quite na-l-umllu] n a
consderalal\j wider sq..++mck and with many
aPPhcaﬁons in combinatorial anal»jss .Rota's
work has been extended and ngahmd na
qrwﬁ' ?rollfua-hon of]aa]:ers nthe last 12 Ljears.)

De.ftmt-.on. Defme +he f'unc.hon N -bu} :
sfor ne1y

P(n)s A fer nthe prociucl' of R distinct primes ;
o for ndwisible bya square 51 ;
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1e. d@ftnz N btg Nnysa, for nzl, a,05n",

2.1) N5 @ mu|+1P||ca‘hvc funchon y 12 1f

(s,t)=1 then N(st)= Nisy(EY 5
#) lf fls mu\h})hw‘hvz +hen
J, pudifidy= T (a-fipy),
where }3 i +|w, mde,x denotes a -Prumz number i
a) 1'. p(cf) 20 for' ney1
By g: NIz T (-9
O F A2em (1ef) =k Pimy= LR
cf) Jliﬂp(cf) et ,whem t 1s+|ne,numberc\‘

dws-l'mci' prime fadot-s of n.

3 1) (Mc’:’btus InVRrsion)

f(m zgl.'ﬂo](cf) 1fan&on\v.5 ‘fﬂ(n)’dﬁ p(d)j’(ﬁ ;

a) define A(my o be Inp when s a power
of the prime number p and+obe o otherwise §
'r\‘\en

1) Inan =£n/\(cf) ;

245
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) AMz-E dyind;
( A{n) s called the Mamjofd-t fvmctwn . )
By n=F 9(d);
e) T(n)= R‘f(cf) tfahcl on‘v‘ ;{
f(m -7 r(%)ﬁwﬁ;
d) F,(x)= T x2-1 )9 whare T (%3 15
0s 1N XIV¥ 17 3
¢) &bflm F(n) \Dv.s :
=1, N(m=T 9 (dy for*nvi ;
o 1‘{ nis dwisible 5\1 acube y1 ;
than T(nys § (-2 tf n s mbq.frm and the
squarcfree part of 1 1s
dinisible Ltj u:ad'M t
dlffu'mf primes |
) (Shc\?nr‘o)
\f Y 15 a real func'\'lon c[efme.d on[0,1] +hen
f fm=Z, ¥ (F), gy 5 WiF) then
B (CES ACHIC R
@) piny= LR

{rnis
rEn
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By let S¢imy be the sumof the Et‘r’?owers
of the posrtive mfusu-s Pr'lme- *on ;then
Sam=niE () el
NS, (Mzangn), no;
2) S (n)-in*\?(n)+%n L (1-p)  not g
3 S (n)-—in’?(n)-t- At TT (1-p), nv1y
4y 1Ry 2f4 e nk 11 iﬁ—‘g‘— ﬁ J“Sﬁ d;))
<) letr w(n) be the Procluc-l' of rhose
inteqers prime o n and not excaeding 1 ; then
win)= n“""‘n ( d| )Jv(ﬁ) .
i) ( Prachar )
et Ry, &, be N humbers ofw\-nc\'\ & are
u‘ual to 1 and suppose { 1s dzfqu for cach
5.13 1'|'\Qn
f 54-15 f (k) then T pid)sy=orf (1)
a) ed' g (%, Y) beﬂw Aumber ofm-l'ujers
not e,xcuclmc] x which are dmsublg \:uj no prime
not excecdm% Y and let ‘RJ ¥ T|' P yhen

Pix)= g N )[%1
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1) I oM [R] =1
2y | LSt s 1

3 ﬂ(x)'w(ﬂ)*i ['K] t”[,‘_P.( ‘Egi Pi}:j]
whare Pay ) Pr O the primes not ucmc\mcs \/‘

4.4y For ha func'hon of'l'wo vqrtal:lq.s
i NV R(x,mn) = ﬁ(x,i) ;

i) (Sha]mro) let P be com]:lcl'duj multpheatie;
e, P(abye P(a)P(E) foraua + +hen
§(x)2 L Py () if aﬂdonkj f f(x)zr PP,

) qwmm'g’J f(mnxy| =§J‘C(v)| f (V¥ we
have °](ﬂ=§ f(mx) 1fandon|u.1 f

fixy= £ ,Nmqng);
here T(n) 15 the number of divisors of "

#) ( Halberstam and Roth)
ot & e dwisor closed’s e, B 15 o set such that
& contamms all m‘l'wlr-a] divisors ofamj ofﬁ"s
o.hnw.n‘l*s then T(d’) l} G(é) l'fandonlbj 1f

a&-Zpuww&



XXl Some Analxjhc Methods

Inthe fol\owmo) we shall of-l-c.n write grpressions
hke ©(f(x)), where fls 0 ]Josﬁ'w@ m\funci'lor\.
whanever we write this we intend i+ +o s'l’andfor
an uns?wﬁul comjalex valued funchon of a real
vamal:le,, say g(x) ,Wl"”‘) +he fcllowm‘] ]oro]mfj;

there grist constants x, A such+hat
9ix) and f(x) are dcfme& forall x2x,
and , for such values of x|

1g(%)1 = Af ().

1 Let f bea complcx valued funchon of a
real variable and SUppose M, N are m+uj¢rs with
M< N . Further , Pu'l' F(m) =i'gﬂf(ﬁ) JF(M)=o,
Then , for 4 any real function

iy ( Abel ]oqr"l'la| summation f-ormu\a)
B fmyqm) = F(N)g(Nw1)z Tmy(qman)- gom)
= F(NYG(NY = £, Fim)(q(man-gom)) ;
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( 1+ will be nated that this for'mula 150 fvm‘l'e
analocjue, of the m‘rujr‘ahoh b\j parts formulq
g u'y suvL {uv
Tndeed ) 1f we put B ﬁ(n) ﬁ(n) Ft(‘h-l) , We may
write the formu|a mgm(b F(my)q(m) =
J'—(m)j('m) l:'m:EM“F(m)(bg(mﬂ)) )

#) tf q1s monotonic and honmeqah%,
4 e, [Fem | of
| mf(m)c;(m)l q1s dwwstnq ;
meMer 24(N) max | Femy|of
q 15 ncreasing ;
) 1’[‘43 Tends mono‘\'omcantj downward 1o o
as 1 ~» 00, and th 1s bounded ,'l'lwen
a) n?! f(n)c:j(n) converqes ;
B 5, fmgmy = £ femqmy+ o(q(0x));
W) \f Ny Nz, 15 an unboundedhj increasing
sequance of real numbers and q has a continuous
dervative for XN, +hen ,
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putting Fix)s L f(M),wz have

Ashyex

T fimig(am s Fongon - ] Feg iy dt

Mt %mf‘x

vifaisa positive inteqer ancicj has a
continuous derivative for x 2a then
whax§ M2
(qeerde s {(e-[dyerde 4 q(a)-(x-x1) 4005

i) |f Alsa ?osﬁ'wz mﬂ.‘:jer cmc]cj IS O Moo ~
rong Tunction wt‘ﬂ'\ a contimuous Aq,rwa't'm for %24
then

WL 3tm) = (Tqdeso(igl+iqon)
~if) 1f aisa :POSI"'H’@ m'l'a.ﬂe.r andaj 15
COn'I-muoushj duf-fe.rm‘!'lable func,'hon for x20

and tf-cj tends mono+omca||tj Tooas X =00
+hen

WL gm s (Tgrdt e+ 0 (130m1),
where c= ro( t-[t]) cj‘ (t)cft 1S chePe.ncleni'ofx.
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2. ( APPhcahcns)

1- 8§

- 1
0 E;}—,=1-s x

-~
RS +C+O(Xx"7),5%0,8%1,

where € 15 a suitable constant ;
#) I b= Inx 4 ¥+ O(x7"), where ¥ is Euler’s
constant (aPProxnmahhj q.qual +0 0.57721)and

¥=i- g £=Ct] ft o hm{{'—*—-\nni ;

n=soe { me1 M

( T+ 15 not nown whether ornot ¥ 1s r-ahona‘.j
Wy T Inm = xlnx-x-rO(lnx) )
#) T In&= 0(x);
In
YW Eopr O 3%‘}% ‘“P{[%l*[j";" seer]
7‘“’x[_?i]/\ :%“Exlh'n=ln1¢+0(1))
whare P 15 a prime and Anyis © unless nis a
power ofa]arimq, P when 115 In P
(se XXWF 3(1-a))
\*l’)? x'—;ﬁ =lnx + Q(s) = ;’x Al om

n

vﬁ)N%‘N,'—';f- (" n(t)‘“f Ldt+0(1).
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3, (Ch@b\jshw’s +heorem ofisqq )
Suppose Jm XY exists and q,o,uals @ .Then
i) if B<t then

hNeo(sy =, £, 2 s (Tt Mt dt e o)

N<psN? P
N‘l.
<%51SN (+ =) dt+o() <22In N+ 0(1) .
which 1s fa\se, 3
W) 1f g then a similar contradiction 1o
that n (i) arises

) tf bim ﬂi:lexm's then +hat vt as 1,
X400 -

( This result was Proved btj d\ebujshe» in 849
but 1+ was not unti| 1896 that it was ]:mwed rhe
limit ¢xists, Inthat year the Belc]mn , de lavValleg
Poussin  and the Frenchman, Jacques Hadamard |
mcia.]aq.ndq,n-rltj Publlshe.cj pr‘oofs that the limt
does exist, The result

WX

,llm. x/inx> 1

has come +o be known as +he Prime Number Thorem,
The first proofs made hw\uj use of the fhwrvj of

253
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functions of a comjole,x variable and it was
hot until 19us that the 1% so called “demeni‘artj"
Proofs - thats ,1"105@ not using complc;c varsable
fhwn& - Were given b\j the Swedish mathemahaian
Atle Selberg and the Hungarian mathematician
Paul Erdss . For furfher mformahon with resycd
to this theorem and 1ts ramnflcahons the reader
mujh‘l' consult Harduj ertgh'l' [1962], Trost [19¢8],
Sfmch'i' [1456] ,'Pracl‘uar (19571, Landau [1953], or
Levinson [1969]. )

4. 1) } n -‘[(—“L +0(1))

#) 1f N* 1s the number of Posl‘rm proper
irreductble fractions with denominator not
excaeding N then

NE=E 5D 5 n
ity N*, as 1n (i), sa'{'lsfws
""z_(m; F) + N ﬂ(N) ’
for some function GiN) which tends t0 0 as N+oo ;



XX

) f N'1s the Toral number of- positive
Pro:fw' fl‘ac‘l'tcms with devaminator no?mcudmcj
N +hen

v) The ]3"'050‘31\1‘1'\/3 of 2 mnciom\\j chosen

inteqers \mncj mlcd'we,\uj Prime s 7

. (Infim‘t'o, Procluds)
The mf'lmi'q, Produc:r ji a1s said +o comverqe
to & Hf x#0 and “l_m fi“s"“' when such a
non~zero & exists we sav the Produd' comwerdes
and in the con‘l'r-ar-\j case that 1+ c{.wcrjes.
iy xelngips T Seox for 0sxst;
W) of os X< 1 forall I'rlwen
:’:. In 32 converqes if and only if
21 x§ COMNEYes ;
iy lf 08 K (<1 fora" i +hen

00
1
j’lﬁi COh\’Ql'qu lfdl‘\C, Onh/] if j§1 ‘X.s COn\JQJ“%QS .

255
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6. Suppose fisa comple:hz\»] mu\h]ohca-rwq,
(realor c.om]:lzx valued § number theorehic funchon;
L. f(abye f(a}f( by for all 1n+ujers a and b.Then
1{: jf, f () is abso|u+dl.5 converqent we have :

| f(]’jls 1 for'a” {5
9 155G - Bl fipr) « Tl
) T (1-f(p))’= g,f(j) ,

7. In (i-a) boow we show ¥ s converaes for
s51; we denote the sumof this series, nthis
case b\j 2(s) . In (B)~(f) sistobe lar-cjer

than 1 .
1-a) j:‘ s converqes for syt s
B) sir< $(s)< 1+ ir;
¢) (s-1) Fis)+10as s 1t ¢
d) %)= (1-p7)"
¢) In ¥(s)= ‘1}; ﬂflw%; ;
f) ozln ?(S)-g—f‘gﬂ ;
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ii=a) one con use (i-¢) and (J) o prove
the existence of mftm-l'd\j many primes. ;
5) ONe CON Use (i-f) +o show ;; ?};
conVerges for sv1 and cJuw.r-cje.s fors=1.

(T‘wz Pr-oof N (1-a) of rhe mﬁm-l-uclq, of primes
qoes back +o Euler and this Proofalrmd\j
contains the qerm of the 1dea Jevelo?u:l E»}
mmk\u- to prove the theorem onwrmng
the mf‘nm-l'ucle of primes In an arithmetic
ProT'essmn. Tn the next +we Pro\alems we
extend these notions a little further and
obtain some s]awa| cases of the Dirichlet theorem.)

8 Defme K1+ {0,1,-1} by
0 |f‘nso(modz)3
Xy =4 1 fnzi (modu) ;
-1 nf-n'-zz(modq).
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'F'ur?h@r,]:u# L(s)= fil‘;—“) .
Thm:
i-a) L (s) exists for $90;
5) o< L(s)<1 for- S0 ahc{ %<L(s) for $21,
Q) L(s) 15 continuous ot 1 ;
d) $(sHIL(SY>o0 as s >1* ;
) I Tt PV st
£y $(s)s ‘1; (1- P-s)-iz-

ﬁa?pg(medqiu-P-s)dpgimedq)“-jys y! )
and L(s)= T (1 -%’)'1 z
PH&mAa) PP‘S)’!P*J&TmAu)( “?-s)d )
) there are Ihflhﬂ'q,lt.j many primes of
Q.OC"\ of +|-\¢ fOrms 4£+1 4E+‘5 :
iiy one, can derve the result of (i-9) a|oncj
the To“owmci lines s
a) InL(sy=

;1;5?}1-1'0(1.))
By n ﬁ(S)‘-'?%;'I- (1) 3
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¢y Ingsy+ X (ayInLis)=
{ 2,8 ety 3t OC1) for a=whet ;

_1_ = *
ZPEEM” ?,+0(1) J{"c'.sr'a. qﬁn)

cf) '!'l\ero, are mflm‘l’d\ﬁ many primes of
cach o{‘- the forms 4E+1 , wkes.

9. D@ftm the {our sumber theoretic funcﬂons
Xy, 05123, by the condrtion
Ki(ny= N(“) when nza (mo& s)}os}ss,
ancl ‘1'1‘\@ +able
1
o

290 1 2 3 4

I 1 1 1

1 1 { -1 -1

0

0
2| @ 1 -1 -1 1
Mo 1-4 4
The i1 st V1. Thus, for' e.xamPIc,

7&1([1) = N, (2) =1 y Xz(q‘5)'7§z(3) -1,
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i-a) Each Xy IS comp|a,+z\\j mu\hPhca-\wc;
6y forazo (mod 5),

Y17 asn mod ) ;

% XX = {o j‘l‘lw.rw&i@. 3 ;

&) of Lw= A L(xye § Anlhn
rhan, for %% %o, The two series converge to

NON~Zero sums 3
dy for X#%Xsy LAD= L(X)+ O(%)
and T Xdan, (x)»,o(‘ﬂ* )3

nex

Q) fO!' X* XO)“,,( ”(ﬂzl ™ 0(1') )

fy for X#x,,
s LSO Lozl o0

nEx

ii-a) 'For' X# Xe
n i
:ﬁﬂ_ll ;sl‘m 1:2 ;QSM 0( ) )

?Sf
6) for ag o (mod s)
1 . { )Ih =
f‘i’iajv’ﬂ— 1’&{@‘;‘”1_1»?_;& Hnx 4001y 5
PR vhere are mfmrl-e‘bj many primes of

wcl\ 0{" ‘I'l'\e, f'orms

Snel SN+, 5N+3 Sney




xxiv Numerical Characters and the Dirichlet Theorem

In ProHcms ¥3,9 of XX we met funchons
X, Ko,y Kt » These funchons are s]awa| cases
of a class of funcﬂons called characters . The X
of *8 15 a mod 4 character and the Xy of’q are
mod § characters . Tn this cha]rl'er we introduce
the notien of- mod k characters For- arbt'h-aﬂj
positive inteqers k and will use them , much as
WOS c'one, in¥s,o ofxxul,fo]amuhebmchlef

-rhwre,m on ]:r'lme,s in arithmetic Pr-oc]mss 1ons.,

De,ﬁm’cwn . A comPIful'e\‘j mu|1'1]p|1ca+wq,
Com]alex valued number theoretic
fUnchon of }m-tocl k wlwuc."s 18 Z2rQ
?rwszhg on those nteqrs not prime
to k15 called a (numemca[') mod k

character .
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1. ( Elementary properties)
i) The function X, defined l:ws
x,m,{ L NCLISE
o otherwise
s a mod k character ; this character X, 1s
called +he }erct}aar mod k character
i) X (1)1 for' oll mod k characters 4
i) lf X 15 & mod k character ond (a,ﬁjz 1
then X(ayis a ﬁf’(ﬁ)“5 root of.um'l'vj ;
W) the func-hon X clefmed NXXM¥ S 15
mod 4 character ;
v) the funchom X4, 05153, chfmuJ "
XXM *9 are mod 5 characters
vi) there are onluj fnm-l-ehj many mod k
characters ; N Tact, no more than ¥ Q)‘P(E’
( we shall see i #3(iiy that this bound 1s much

too ‘arﬂe Y



XX

vii) 1f %15 6 mod d character and R=dn
then X* defined by x*(n)s {Xm’ for (n,R)=1;
o otherwise y
15 @ mod k& character 1 x* 15 called the
mod k extension ofx ;
Vild) E X(’n) o for X any noml:rmcl]oa|
mod k clﬂar'ac'l'cr
i 1f X, and X, are mod ﬁol«aracms $0
also are XX, and K., where X (a)s X (a9,
the bar onthe ﬂch' Jmo‘l'mcj the, com]:le,x
conjurjafe, funchon ;
x) X X, runs over all med k characters

as X does .

2. (Properties |wdm:3 toa c'e.e.]w- result )
iy Let P be an odd prime, @ be a ]Josvh%
nfeqer, and q be a Pr'lmrhue root of :P? ;def;ne. X

X(nY Or (1, P“) 13
bol 1ﬂ£?\/‘|’(?¢3 ‘fOl" n:gjh(mod PF) 05\« ‘P(Pp)}

263



264

then a) X 15 a mod PP character ;

by of (cf,ys’)ﬂ and d'§1 (mod ]35’)

then X(dy#1 ;

<) lf(J,E}"l y d}l (mod??), and ]9?

divides k& then there 15 a mod & character X*
such that x*(dy# 1 ;
4y lot 4 be +he hlgl'\ut power ofz which
divides kR and et %* be the mod k extension of
the mad 4 character X dzfmd I Xxi? 8 < +hen
f dx-1 (modu)then X*(d)# 1

i) lot 2% 23 bethe highest power of 2

which CINICJ@S Q ancJ clefme» X b"j
{o for n even |

KM=y et n-4 o )

Y for na ()7 +5¥(med 2 ), o8t
then

a) X1s amod 2% character 3

By 1f (d,ky=1 and d# £1 (mod 2%) +hen
there 15 6 mod k& character X* suchthot

() s
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wy f (d,RY=1and d41 (mod k) then there
s a med R character such that x(dy#1 .

3. i) Let o be the number of mod R charch-s;
< sfosi (mod RY ;
o 11: a;1(modl§);

iy there, are exactly 9(kY) mod &k characters ;

+hen E X{a)= i

iah')wl‘se.h (a,ﬁ)n, :
t?(ﬁ) for a!n(moclﬁ);

zxmfmm=5
X o otherwise ;

W) lf (G,E)z 3 then
- _ \P(ﬁ) fora!h(moclﬁ);
E Rarkin) -{ o otherwise |
4, ( Miscellancous )
Let (a,ﬁ) =1 and Ie;t' m be.-l-l-ne. exponm-l' of
& module k. Then for' each mod R character
K 1t 15 true +hat X(a) = X(a™) = R(1) =3 3
thus X(a) 1s an m*® oot of um'l'us.l'n this

r{]
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]oroUe.m we see that as X runs over the mod &
characters none of the m mtf roots ofumhj
s Sllql'ﬁ'ecl in t+s number ofaPPwr'anus - 1.2.
1'|w5 each appear —‘;,E'LE’ fimes . Let w bean
arbﬁ'mmﬁ mtl root of um-hj and suppose 1
q]ajowrs N +imes . T\'\e.n

- - m N(o)y s w
o ¥ (l—u‘f’)“g R

=1 o oflw.rwtse. ;

i Nma g 1§1 (X927« Q(RY .

Tn the next six Jarons -H'\e, Dirichlet
'rlﬁeore.m IS j:r'ow.d .

5. Each of The three series
(n) I
§ Am ] E, Ay I $ L

nr1 n ) 1
onverges when X 1so non-]armm}:al mocJ k

character 3dmo+lnol +he sums ‘D\j Lo{XY, L, (X)

L,(X) r'e.s?ec'!'mlbs we have
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S AT L (R0 (F)
LRI | (K) e 0 (15E)

nax

nEar 1(1“"1'2(%)* 0(71?) )

6. Su??ose X 15 any real hon-yrmapal
mod k ckamcﬂr.Defam Fand G 5\3
Finyz £ x(d),  G(x)7 I =
Then :
iIVF s mulﬁ'n]ahca'l'we and
Fgrep= B 5 R 5
i) for' a||11 Finyzo, F(n¥) 21
) G(x)>00 as X ~» o0
W G(x)yz T X M z
(cﬁ L 1 «)
%2_59 &ﬁ"sﬁ‘[{ss%

") G(xY=s 2yT LX)+ QO (1) ;

Vi) |f X 1S any t'ea| non-]ar-mcu]:a| mod k

ckamcﬂr 'I'I‘\e,n
Lo(x) * :Z:, _X‘H‘E’¢ ° .
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T LX) 2R 0@ for X ¥ X,
(the X here need not be real y 5
i) suppose X 1sa non-real character and

that L,(X)= 0 35 then putting qi)= I X(mEInd
We “\04\’6

a) q(x)# =% Ly(X)*# O(lnx) ;

by xInx= -x Li(x)ﬂ%-ﬂ‘,{"—"‘% 0(x) 3

i) for any X # Xe

-lnx £ O(1) for' L(X)z 0,

Ny Xy |
L’(’onz:x n ) { O(1) for LX) % 0.

8. For ‘X#‘){,,
¢ Xpinp {'lﬂ**om it Lo(R)=0
pr ¥ oy 1f LX)¥o.

9. Let N be the humber of non-PrmclPal
med R cl'\arac:‘l'q.rs For which Lo{X)=0. Then ;
iy of N#o then N22 s
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#f Q= @(RY T B9 the
?:1{moc|5)

0% Q(X)s { pEx @l_“?;, (1-N}|n7€+0(1) ;
W-a) 0sNs1 )
By if %% %o then L(X)#0;
o £, MPINP 2 01y when X% X,
(note +hat LG) tells us +he suﬂoosmon made
F(#y1sn fac'i' not r'e.alt,zalale, ; ne.that +he
numbaer N of non~]arsnctj)a| characters for'

which L(X)=o 15 1+se|f o).

10. ( The Dirichlet Theorem )

Yor (a, £)=1
@ (k) 1;, Jﬁ = § K@y :&ﬂ'ﬂﬁ Inx +0(1)
pa( E

und 'r"\emﬁam 'l'lw'e, ore mTlm'!'e.‘\j mamj ]cmme.s
" 'rtw, ar-l-l-‘-\mq_,-l-;c. ?rocj ress ion

a, G+£ a+zg G+3k
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Remarks.

1. The theory of numerical characters 1s
but a small part of the c}mem\ fkwrsj of
characters 1h the flw.orsj of Abchian o}r-ou?s.
1t 15 for this reason we have used the word

“numerical .

2. The interested reader Mt%h'l' wondes 1{
each residue class modulo k cje'l's tts "faw share”
ofPrlmws Since there are ¢ ﬁ)jaossMe
restdue classes for the primes this would mean
that each class 301' q(ﬁ)tﬁ of- rhe primmes. .The
assjmjrl-ohc ‘Dumchlm theorem says

( ,,:’:g 1 X5 -’W as X =09,

pa(modin)

Using this one may immediately deduce the
prime number theorem T (x)(13;) +1asx900
and then conclude ( o 3 XY Sfgas X000,

aim

Thus cach class does e.quq‘ Y well.



Tor an demen-\'ar\j,-rkouc)\w quite imvolved ,
Proof of the asymprotic Dirichlet theorem
rhe reader mucil-v\- consult Specht [1956].

3. Our Proofoffhe Dirichlet theorem
follows Skajowo [1950] and also makes use
of ideas of‘Rac‘lemacln@r [1964],Hasse [1950],

and Prachar [ 1957].
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SOLUTIONS






I The Game of Euchd ¢ +he Euchidean A\gom?hm

~ Solutrions ~

1. 4,4y  The derved s¢ts are
{m,n-m], {m,n2m}, o, {mymetmd,

where tmen<(te)m;

Wy since we are asSUMING MmN we must
have {a,6 = {m n- sm} for some positive
nfeger s 3 now any common dwisor of nandm
clear iy dwides m and n-sm and conversely ;

thus (n,m)=(m,n-smy=(a,b);

W) since neqative inteqers are not permitted
and each move reduces one of the two eddements
it must happen, ofter a finite number of
steps | that one of the dements s reduced
o 05 the other, by (i), must then be (m,n).
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2. 4) This s dear s

%) 1f a player starting with {2,5] moves
to +he mimimal derved set 2,13 thenthe
other “plage.r will immediatady win by moving

Yo {o,13;

i) 1f +here 1s butone derived set +he
proposition is true; orherwise,since we
are assunung there Is a winning S'h-a-l'u}»j
for A and since one of A or B must ultim~
ately make the move from the minimal
darived set the advan+a¢3q, must be i uther
making or not making this move, and for
A to do amjfhmg othar +han asserted
enables B 1o decide who will move from
+he minimal derived set and Thus fransfers

+o B the winning strateqy ;



s

W) since m<ca<mT<c2m the only
?osstb\e move from {a,m3sto {a-m,m3;

hence , = a-m and

m_ m - 1 1 .
r F a-m ..Tﬁ“i >'t’-'1 <.

3. 1) Since one 1snot ableto win in one
move from a posihion {m,n}, 1<H<T,
it 15 enough +o show that when A starsfrom
{mn}, > T, then he may ather win in
one Mmove or leave o B o posiion with
1< < T, from which, by *2 (w), B's
sole move is Yo a posihion with raho>T
from which the prowss 15 repeated
when &5 2 there are at east thetwo mowes

fmn3 <{m i
{m, msr3

where r 15 he ramainder obtained when

,05T<m

ong divides n by m 5 if =0, A may win
1N one move by moving to {m,r]; otherwnse,
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since ( by anademantary caleulation) T s

strictly berween 7 and 57, A moves +o that

posttion for which+he ratio hies strictly

between 1 and T 3 when z< <2 A moves to fm,r -
iy this follows from (1).

4. By *1(illyweknow (1o, )= (7,1 ) =

(n,nb s (T, Y5 (Th, Q)T

5. In "4 cach 1y, j22 15 a hincar combination
of 73.4,7j-2 ; thus sfartingat the bottom of
the Euchidean alﬂorﬁ-hm and solving for r,,
first interms of r,_,, 7., andthen interms
of *h-z,rn-3 efc. we ultimately find vy
expressed m the form cr,+dr, , where ¢ and
d oremteqers; since o< 7, s min {1, 7, §
wactly one of c,d1s s0;



f cyo,d=0 orc=o0,dv0
thanr,=r, =7, son, =21, -t-1, ;
f eyo,d<o then r, =er, -|d|r,
if e<o,d 0 then r =(sr, ~[c|)n+(d-51)n
and we may sedect s s0 tha+t

sr,=¢)vo,d-s1m, <0

6. 1) The proof 1s by induction; since
Ug= 13 710 iistrue for n=1; supposing
 To be Frue for n we have

Usinanyes® Yanas* Ugnay S2UG 4 Y Ugpnys
T30y, P2 UL, S5UL,, $3UL,,, =

8U gpyr ot SUL Y B U, 42 (Ug, YU ) 10U

n+1

Sn+1

> 10™*! and thus i+ 15 alsotrue for n+1 4

%) reading the Euchdean ql%ow\"nm from
bottom +o Top we see

55
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Pros 2 Tp # Ty 2Tt t 2 U,
Th-22TnatT™n 2 U 41 S U,

L ]

W) f the numbaer of dimsionsn s 1+his
15 ddear ; otherwise suppose o<1, <1, and
the first step has 1, as divisor and r, has
t base 10 dagﬂ's s then ,b\j (Y, r, 2u,
and, 1f m 1s such+hat

Smersn<g s(M+1)
then r 2uU, 2 U, 010" sotzmet2 £ n

and nsst ;
w) direct caleulation

v) by (if), b 2 uy and since b hast base 10
digits u e has t or fewer base 10 digits ;
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vl by nduction |ul- U, =1 for alln and
_”'L*J.ls <T(>T)H when n 1s even (odd) i hence
| Yo~ Tf < [ M.uul u,‘u,.“( _‘ ) for' fur"l'her'

detasls see I *3,5 ;

vii) for n=u4 we have u, =55 >10-5 =10u, ;
assuming rue for n we have
Unes™ Slhst Iy = U, f5TH3 45 (YaioT) 3
> Uy (43 -£) > 10u, for 2y (usingei);

viil) for t=4, U,=10946 > 10% ;
assuming +rue fbr t, 1'|'\¢n, b\j (vit) ,

Ugipm® Wspas ? 10Ug ¥ 10-10% = 104

ix) b\j (wiif) when t 15 ot lcasi'AI, Uy has |
more than t base 10 digits while, by (v, if |
the process starting withaand b,asb,
b hqvmﬂ t base 10 dlcjrl's takes st steps
then u, has no more than t base 10 digyts

the conclusion 'Fo"ows .



¥ The Golden Maan ~ Solutions

Lt Pex s thonxz ek so ¥2ax et
and, therefore , ¥ = 252 since x 0 we

must have Z=x=z.

2. By the above TP=T+1;dividingby
and then subtracting T from both sides
Yidds T2 T -1 finally since TT/=-1the

last relations hip follows .

1f F< T then

maer 1 2 _Ta_ .,
m ‘1+m/,.>1'+‘c' T "t"t:

Slmﬂqr“vj of sz then 21T

f & 15 berween - and L then

2
-‘clélm_ml= lmrn- -m?|
IO( mor mr

Lremoemyt
4N )

r

T5—<T . Tinally,




now since we may select infeqers m andrso

that Ih1s as close as we like +o T we seethat

|ot=| 15 smaller +han every posiive number,
hence =%,

4. 1) The nequality 1s True for +he 1% +wo
Tarms ; supposing it +o be true up foand
mc\uqu the n +erm we have B2 (n-1)¢,
x2nc whm p are The n-1% and ntb
tarms re,syu,hvdtj s now the n+ ¥ term
has a numerator o+ (3 which s

2 (n-1)e+nC 2 (n+1)C ;
the remainder of +he assertion follows from
this and the fact that ?he.‘hjpnm\ denominator

s the provious humerator ;

b
#) let heterms be T, “;B ,%‘,

then direct calculation yidds The result ;
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W) This follows tmm@dla‘fd\j from (i);

W) f any two consesutive terms of the
sequence are equal then , by #1, all +erms
are equal 1o T and the sequence convergesto
T ; otharwise b-j *3, T hes strictly between
each consecutive pair of terms and hence,
using (Mand (i) , The sequence converges to T,

5. 1) Immediate from the definvhion of
the sequence n*4

) thws follows b\j induction from (i)and
the truthfor n=o; from (1) we see that
ony divisor of Uy, and U,,, 15 also a div-

isor of Uy, ond Uy ( = Uy -Uy,, )

W) this follows from #4 (i) and the fact

I
that ul-u u, = t-2=s-12(~1) ;



w) This follows from *4 (i) since ¢= 1 ;

2

V) Ium;_‘c I < | Ynes _ Unez | o |u’m1'unun+2'
Yn =| Un Unaz|™ Uy, Usna1
1 i
= < 3

Wy thaas Wy 3

vi) this follows from () and (v) or from
T (i) g

6. 1-a) This istrue forn=1 by "2 ; suppose
true for njthen (AT & A T(U,h-, 44, T)
=, < +un‘cz =(u,,-,+u,,)t+u,,=un+um,’c

and the mduction 1s com]:\e;\'e, ;

by for n=1wehave T =T sawhich
follows alsofrom 72 SUPPose truefor n; then
(-L)nﬂt- (n+2) . 1(_ 1)""(.- ‘”“’: - L(untd'unq)
= -u,,,‘c’z-t-u,,,,;c"'='un(‘c"-1)+u,‘_,t'1= U, T -u,

and the induction 1s complete ;

(1}
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) for nzothis s dear ; for n2 1 we add
the ¢xpressions in (v-a) and (b) +o obtain
Uy (THT ) = T (1) T

SINCE T+T '=T =T = V5 oand T iz’

we have
Uns r{tnn tﬂ‘b-ﬂ.}.

7. 1) Equality of the areas implies
(uevIr=mv=(m+riu

and , +herefore
=Tl and BV oy 4 Y 240 TUT

wtr "TTm T »
where we have used #1 for the last equality.

#Y mthiscase m=u+v so
m mEy _ m4+r

—— -

T Tm Tuav ©©

and the conclusion follows .
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§. Consider the r‘e.oju\ar })em'\'acjon shown;
then, sucm,sswel\j, W SQQ ¢
(6+c)z+(alz)z =D’ ;

bec .
aj2 T

b'+d’zal;
zd+a=D;
d=e; thuswe conclude :

a __a
DzaT, d+e=g, a'==%z1, D =% ;

when a=1 This \jse,\ds D=T.

9. Considering the proof as gven in the
solution +o *§ we see that
the hines are as marked %
at the ruah‘\'. This sjselds

the result as stated. The

continuation 1s clear .
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10, For any m+e,g3m| valug of m the
dissections indicated balow are correct.

m+1 m
by _d -~
,Pm-I-l ,,_,mn
- -
I
me2 a1
of b
" 174 m
1)

They are correct since (T™*2) = T™ (T4 T)

n. The model seams o form a 13 by 34
rectangle ; but the area of the square 1s
21 = 441 and the area of the rectangle 1s
1334 = 442 ; the model does not ndicate
this discrepancy since the extra unit of
area 1s distributed along the mam diagonal
and it would require an e;:'h'emd\j accurate

model to reveal +he difficu Iy,

12.4) T=1+- SR T =1+T and
succe.sswdtj rejalac,tng T onthe t’l%\‘ﬂ' b\j



+ = wdds the string of equalities 5 f
the preces tjtdd T up '\'o the n¥ ‘l'u'm then

- Unaz
unn Unes

the next farm s }us‘t L+ lin.u. i+

so the expression for fhe, qeneral tarm is
correct

b) by *5 (viy we know 12— T 50

+the 1mplnad hrmhnrj process does \jwjd <.

13. 1) This 1s immediate forn=1,2 and
all m ; suppose true foreachofna n ond all
m; then Ume(nery T Umen- Y Umen =
U Wpep + Wil gt U Uy g+ Uy Uy =

oo Wy g U )+ um(u neat W) Ui Uy U U,

1) dear for m=1 so assume true form;
+hm u"l‘l(m'l' 1y-17 Youman-1™ Unm-2Un. st unmuﬂ-i
and , Therefore, sINCR Uan., IVIAeS Uy .y
We may conclude u,., dwides Uy, y-13

§§
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W) noting (n,m)dindes eachof n,m
part (#) shows w (., _, dwides (Un-s ,Um.);
now there are nteqers x and Y such that
(MM)snXx-my so U, = U g m)e my -1 =
U iyt Wmy-z W mp oy -3 and , since
(Un-syUm-s) dwrdes each of U, and upy .
 divides U, o U gy, 00d 15 primeto Unyy-2 5
Thus (U Up-) dides U, o, 0nd the

proof 1s complete.

2
4. For n=2 we have (i é) = (% 1Y oand
the result 1s correct ;

suppose true for n, then
n+ 1
(a) =0 o), )= (S ).

15. 1) The contributors to ﬂ(“) not contam-
ing n are Prwsdtj the contributors +o ﬂ[tw)

while those containing n are precisely the
contributors to g(n-2) with n adjoned ;
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#) this 15 Yrue for n=1,2 by direct
caleulation and $he recurrence of (1) shows
that the e,qua\t'l'\j continues since 1t is the

same as the Fibonaca recurrence ;

i) each R ddement subset of {1,2,.--,n}
Corres?onds umqud\j +oa markmg of
kR dements of {1,2,---,n] withaiand
the remaining n-k dements witha o 3
such a subset will contributeto f(n, k)
precisely when nofwo consecutive 1°s

GJDPQCH’ 1

) n (i) the n-k o's may bc'l'houﬁh'r
+o define n-k+1 boxes ; the number of
ways of putting k 1's nto these boxes
as described is qust the number of strings
of o's and 1’s discussed in (W) 4 e, 1t s

equal +o fin,k);
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v) by () 1115 qust the number of ways
of d‘\oosmc_‘ R of n-k+1 objectsand this
1S (“'E” ) when n-k+12k and 1s 0

k
otharwise

) Uy = q(n-ﬂ = :g-: ]C (n-1jﬁ) =:§:(néﬁ)3
viiy s follows ummedna'\'ele from (viy.

16. 1) By the ratio test the series

onverges for him x| < 13 sincethe
it s T x| we see that +he series
converges for | x| <—= ; calculation shows
U-xU-%x*U=1 50 U= '1-T1-7<" when

1% < = ;

) let reax,s=T'; thanres=12-rs

1 T fr-s) S fir-s)
Clnd 1-):-7:"-' 1-rX T 1-8X
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) e,xpandmcj%x-and T onthe
right of () \jle,lds
1 1 ‘f(rn-v-: -'S“'H) x"
s

1'7"‘"‘.‘3: TS 0
)
_ 1 NP3 (TN x™
= 2L (T

and comparison with U \]ldds the conclusion;

W) put ¥ =.01 in U, making use of ()3

V) bvs induction .



m Prime Factorizations &~ Primes

~ Solutions ~

1. For the inteqer n=2 the inteqer 2 15 tiself
a prime diwsor of n. 1{ the proposition 1s
false let N be The smallest positive nteqer
>1 for which it 1s false . Than Nis not prime
so N=ab,where 1<a<N,1<b<N. This
implies a has a prime factor whichis then
a Pr'tmq,fad‘or' of N. This contradicts our
assumphion that the proposition is false.

2. True for n=2. 1f false for some nteqer
lot ¥ be the smallest inteqer for which itis
false. Then N1s not prime so N=ab, 1<as<h,
1<b<N . Thuscachof a,b have prime factor-
1Zations. Putting the factorizations of a and
b foqether gives a prime, factorization for N,
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This 1s a contradiction sothe ?roPosw‘on

must betrue .

3. Suppose p1sa prime dwtdtnq ab s f
p doesnot dwide a then (p,a)=1 so, by

1*5, rhere are nteqers x and y such that
L=px-ay ; multiplying This Lquation by
b yields b= pxb-aby ; nowif plab then
p dwides the right and  therefore the left
side of this last equation.

(Alternate proof)

Let S be the set of posthve nteqers 1
for which,fora gien prime p,there exists
a b satisfying

p dwides nb and P divides nesther nnor b.
We show § 15 ampty by an mduchion argument.
CQ,r"t'am\v.j 115notin S. Suppose nom-\-ujqr
<nasin$. let p dwide nb and SUPPOse
nzpteq,02q<p, b=pser, osr<p.
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Then nb 2p(pts+tresg)eqrsop divides

qr. Since g<n, ather P dwtdesq orPdwudes

r. Tn ather avent P divides one ofn, b so

nis notn . Thus S 1s empty and the
propos 1Hion 1s ]oroved.

4. For n=2 this 1s clear. Suj:j:osq,‘rrue, for
all Posl‘l‘we ln'w:}ers 1 and < n,ny2. Let
neP o Pezq s where the P and 9
are primes. Then b\j the fmﬂ'e xtension of
*3, p, divides one of'cl,,m,q, and hence
aquals one of‘rlw.m . Su}:}:ose, without loss
o{ aenemh'hj ) Pr= 9 .Then 2: 15 an m-l-’ujq,r-
smaller than n. If %: 1 then, since h 1s
prime the propestion is true for n.
Otherwise 2 £%s‘1‘l so the PPOPOSH"IOh 1S
true for %; h&o Pyy e, P Ore ]us1' the
q,,-*-, ds some order. Thus Pq_,m,]oﬁ
are qust the, q1s7"y s 10 SOME order
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and the proposition is +rue for n. By
nduction the propositionistrue for
alnzz.

5. By "2 there s a prime p which
dinmides 1+nl . Sinwe no prme dwsc\mcj
n! may dwide 1+n! and since all primes
£n dwide nl ¥ must bethe case that
PN Hence since thare con be no \ar‘ge.s*
prime there must be mf\m-\-d\j many of them.

6. Since L4 PacePi must have a prime
factor dlffermcj fromeachof py,e-v, p¢
and sincethe same arqumaent shows that
wary finrte wllection of primes fails +o
exhaust all primes the number of primes

1s not fimte .
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7. Such a string 15 afforded by
(Re1)laz o (Ret)la(Re1),

8. Since the ]orodud'of any finke number
of sk+1 primes is againa 4k+1 number and
SN 4P« Py -1 15 not of the form 4R +1
we conclude that among the prime factors
o’f 4P Pt there must bea 4R+ 3 prime.
Since, by the arqument of #¢ above , no
finrte set of primes can exhaust all 4R+ 3
primes +here must be mfmd‘dtj many

of +ham,

% F, s2te1z47ET (mod 10) ;
SUPPOse 22"+1 R (mod 10) ;
then 22" =6 (med 10 and , therefore |
Frea =22M1+ 1= (Zzn)2 +12 674127 (mod 10)

and the conclusion follows by induction.




6y if m=ab, where b 1s an odd number
\qrqer than 1 -rhm
2" 2 (2° ) #12 0 (mod (2%+1))
and, bcung dwisible b\j 2%+1 15 not prime ;

) sIneR e4i=5+2"41 = 542" we see that
5.275-1 (mod e41)and 55 -2% (mod eut) |
raising the first congruence o +he 416
power and using the second congruence
we find 57.2°%2-2%% 2 1 (mod 641) and the

desired conclusion follows ;

w-a) since F, =¥, -2 H‘\@Joro?osﬁlon 1S
frue for mz1 su]oPose,'i-ruo,form +hen
F 2 (Fn-2)Fm = (22 -1)(22 #1)

M4
=2 -1= Tmﬂ" 2

oM< M4l

and the proposition is frue btj mcluc:l'ton;

%S
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b) without loss of gnerality led n<m ;
then any common factor of ¥, and F,, would
diide oeTlm Fi = Fn -2 and therefore, would
dvide 2 5 but F, and T, are odd so sucha

common factor may onlybe 1;

v) since each F, contomns a prime factor
the conclusion of (v-b) 1s mc,om]oa'\'lble
with the existence of only fintdy many

primes .

10. Wrthout loss of qenaraliry let P be
an ntegral polynomial with posrhive leading
coefficiant ; since P(n)—>o00 with n we
may choose an m such thot P(m)>1,
now we note that for all n, P(m) divides
P(m+nP(m)) and,consq.qumﬂ\j , Tor
mfmﬂ'd\j many m'\'q.c‘jt*al values of x, P(x)

IS composrl-e, .



7S

W (S Luthar[19697)
1) Ps= 1159 =2:441 50 the assertion
s Frue for n=4 5 i true for n then

PrarZPnt2>2n+i+2 =2(n+t)+1;

#y +he asserfion 1s ¥rue b\j d‘\e.c-hmg for
nx1,2,3,4;1f truefor n (nz4) +hen

x‘I"l+'|'1= 7cn +Pﬂ+1 >n2+zn+1 = (11«‘.’1.)2 ;

i) (a) follows from (i) ; for (b) we have,
when 05 {<m) P (S Projui=2 $ Pyg,m2°2
508 Po-t(fri)sa(ne RYy+1-2(f+1)

=z(n+ﬁ)-(zj+1)5
for (c) note X,z pyarecarp, s
2n(naR)-(1434 5+--~+(2n-1))=n’+znﬁ<(n+ﬁ)2;

w) follows immediately from (1) ;
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) b\j (), for cach nthere 1s a non~negative
inteqer k such that (n+k ) 5%, < (naRas) s
when k=0 we have n2< x, < (n+1) < %y,
while when k%0 we have | b\j (WY,

p I3 (n+£+ 1)2 = (n+ﬁ)2+z(n+ﬁ)+ 1<K PrgsKinas

12, ( See Grimm [1969])

i) When %:E ysince ksn we have
clﬁ\nhﬁ y when g 15 a prime dwisor of
-'ﬂ-EL-H 1+ w+am\\j dwides nlsk= ﬁ(lgl-p 1) ;

W) cose 1:3<ksn ond k prime ; then
9 =k and since q¢ dwides each of n!+3’
and n! r+also dwides j;bu+ 241 sn<ik,

S0 ﬁ:} ;
case 2 i gg 15 0 prime dwsdmg ﬁ-s’
since k- =k (F+1)-(nls{) ; suppose now

that qgenjthen qilf, f=(ntef)-nl,
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and qg|ﬁ-j 50 qﬁ|ﬁ; If Es—"% +his means
%Izﬁ and 2k ]L' which lm]th,s

‘1‘1|( 4-1) —f; or clﬁ]z :
thus 3<k s n and y SINCQ W are 1IN Cose 2, kR s

composite ; agan each prime factor of k,

mcludma Tk s dwides -’%—! and hence would have

to dwide 1 5 thus qe>n and | since LR
and k and 3 are positwe infegers, not

c,xuedmc} n, k= {

e W) these fo"ow 1mme.dta+z|tj f-rom

(i) (4),



v Square Brockeds ~ Solurions

1. Clearly [} s o 1f [ox]s -1 then
[«]<[x]+1 2 & contradicting the definihion

of []

2. Adding the inequalities
x+n-1<[oxen]sosn, ~xg-[x]<-x+1
yiedds n-1<fxan]-[x]<n+s
ond , therefore,
[x+n]-{x])=n.

3. m=[F]n+r,0srcn; hance

m+1 _[Mm Y41 m
T'[ﬂ]* " .‘.[n]+1 .

i, [E:‘J'-\ £ [gﬂs g‘ < [arllus[j%_]]ﬂ’

whare we used *3 gt the last me.quah'l'\j.
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5. ~4=z(x+g3)-1-x <o+ F] ~
s (X4g)-& = 5.

6. Trom -cx-1<[-oc].s-o< W SR

X £ -[-x]<ax+1 and the conclusion follows.

7 (o] +(p] =[{]+P]) s [+ P2 x4 3

<[x]+[B]+2 and the conclustonfollows.

8. [orepYafa]+[p]) s 2]+ 2[fP]+1
s [eax)+[2p] s
v both inequalities were equalities Then
(x4 p] = ()4 3]+,
(2a]=2{a], [2p])=2[p],
but then 2[a+p] s[2a]+[2p] +1
> [2(x+p)]=[ (ot P+ (ovap)] 2 2[ex43]
which 1s a contradiction ; hance at least
one of the mequalifies 1sastrict nequality
and +he conclusion follows.
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9. Let x=mre,P=n+V; then
[«]1{A] s mns[xp]=mns[mVene+en]

ﬁmn+m+n+[w]=mn+m+n

=[] p]+[«]+[p] -

0. 1§ o(=clﬁ+r, osr<k , then q s the
number of positive inteqral multiples of
kR not exc,u,dtnﬂ 3 but [—%] =q 30 +he,

conclusion follows .

1 By 710, (] -[ @] 15 the number of
posttive inteqers < o and not = 3.

12. (] +for) =[x}~ o]
_{o i o 1s on inteqer ;
= | -1 otherwise,

13, In ¥ 7 let & and 3 both be 5+ to
obton 2[§] s{x] s[§]+[ )41,

hance 0<fox]-2[-] =1 .
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#s

w.From F-1<[3])sF oand Zs-[-F]<F e
wefind n-1<[F]-[-F]<n+es and,

therefore, [#)-[-2] =

15, &= <-E"n—°‘]5 & and The condusion follows,

6. Lot mig [x]sax< (m+1)ﬁ; then

[E/&];-m:[f‘/[?‘]] .

17, Lt ocs[ot].\—-%—, 0£(3<n, 50

[n] =[n{o]+p)e ne]+[B) and

[o)+foct ] oo 2] = ’f[wf—‘ll

= n[o:]-r"f’[ ﬂ’-] n[a]+ ["—"J ]

z n[o‘]*rs: 1 = nlx]+[8].

18, Put L for & 1n #17.

19. Z[mou—l—] T.iw[ow N
-E[no&-\—m'] SInCe
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"'L' [owﬁ-rl] [mu+L] and
}:a[“""_"'ﬂ] [noc-n- x ] l‘)\j”l?
20. Put f(xys -1y

g =07 (e ) 5
then one of £, q 15 skjmmzh"lc +he other
arrhs mmetric about x = ¥ 3 * hence

Sfa -(*f3+(.f3- (59 (3=

20 Let ¥=Tn-[Tn]y Since T'=T+1,
F=Tn-[Tn]; hence --fg—=;3’(1-‘c)
=(T'n-[TNn])-(Tn-T[Tn])
=T [Tn]-[Tn] ;
sINCe 0K J<IKT ‘rahmg squore brackets
\juzlcls ‘I"wc desired result,

( I'.mc]
(mx) (

22. Write n = Ci\/_-l-ot, 0<X<JZ,
1n+e<3rq| then
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a) [(14v2)n]=n+2q+[xyz] and
by [VZ[(r+5)n+z]]
=n+7.c1+[ot (ﬁ-i)-&-ﬁ[%q-—i—]] .
c.a”mci the last term on the mght in (B) ¢
W S [o‘ﬁ]=[%+—;—]
. {[a(ﬁ-i)]::: for °<°‘<71'£'} ot
[o‘wi-i)»fﬁ]:: for—}zso«ﬂ ’
whare 1o the second case,we use
1< 1 -7 +yZ s X(JZ-1)+/2
<\E(\f§-1)+ 2 =2,

23, We know from O %6 (i) that
u;%(t"’”-‘:’"“); further TT'=2-1 50

1A

SINCL - N

1
BT

24, Among 1,2, there are [%] dwisible bﬂ [
and,of these,thereare [I-?] z [%‘, | diisible by

:Pz e ;'rhus‘\'ht\'\'-%h%*' powaer of}) wn ntisas stated.

35S
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25.4) (M)= (111_-1%‘7? so The htghtsi’
powuof pm (7)o
E T30 2o
since, by *7, cachtarmis 20 sincethis is

true for every prime p the conclusion follows ;

i) +his follows exactly as does (1) 1§ one
uses the obvious extension of #7 ;

i) this follows ina similar way using *s.

26. [%] -[1111-1_‘4.] = {1 vf m dwides n

o otherwise ;
Thus The sum is 2 +he number of positve
inteqger divisors of n and +his numbes 1s 2

pwwsd»_\ whan n 1s prime.

27, ¥ [%%J] 22 for nz2,n hO‘l’Prtm;

he2

for n primethis sum s 1 ;



thus for wch compostte n the summand s o

while for each prime n the summand 1s 1.,

28. For x irrational [cos*mlmx]=o while
for x rational, say %, all ¥erms wth met

‘10\’@ valuz 1.

29, Xy sn s Qquwalmf, under the conditions
of'l'lw, system, to ‘xs%‘f and, for Fmed Y,
the number of such %15 [$] ; now allow y
to vary over 1,2,++,n; this \jlt‘C‘lS the lefr

c.qualt'hﬁ ; for the r'lcjl-rl' _—
q,quah-hj hote That +he number

| e verteal (LR 60
of attice Pom-}'s on+the vertica A4

line ?lwrouﬂh k and beneath mok

the curve 1s [£] 5 the number inthe shaded

reqion is +wice the number inthe doubltj shaded

reqion diminished btj the number nthe 1'r-|Plnj
shaded reqion .

s
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10. Suppose zx=q5+r, osr<b ;

i) 1f qs wan, say q =25, then
osx-sb=F<&  whieif 0sx-sb<E-then

[£] [2s+4])=25 1 evan ;

7y q 15 0dd, say q = 2541, then
os%-(s+1)band - £<x - (s+1)b<o while if
- £ex-(se1)bcothen ~1<2E ~25-2<0 50
o<2E-25-1<1 and [F] 15 0dd.

a1, 1) [%‘-] 1s the number @ ¢
of lattice pornts on the
half open segment (A,B] 6 -

inthe diagram ; when d=1 there are no such
lattice pownts on 0C and, in guneral, there are
d-1 such points on OC ; thus the ndicated
sum 15 half +he number of lattice points
inside +he rec'l'oncjle, obcq ]olus & ;
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#y the left hand side

e
18 exactly the number of a1 p

lat+ice _pom-l-s n +he

indicated rectangle. 5 g,

32, 1) From ax+51j=fi=aﬁx,+5ﬁxjo we
see that a(x-Rx,)=b(kye-y) ;
sine (a,b) =1 this means rhere1s a t such

that x-kx,=th , Etjc-tjs‘ba. ;

i) from (1) tf x,tj IS nona-nu}a-twe we,

must have kx,+bt 20 and fzv_‘o-af 20
k

12, - —Eg—"ﬁ t s —2* 50 The number of such

solutions is 1,4.[-&_;-‘&] .,,[Eéﬁ_e] ;

iy 1f & has the stated form then
x Ry,
[5g o[] »

14 [ - ryor sx,-ax, ] [§ - 5K+ Ty, byo) = 0;

98



on The other hand , 1f (x) has no non-~neqative

solution, then for suitable rs, 0srr< b, 0s s<a,
_rhx, Kk k k
o (] s[Foade]en 4[] 4[] -

which can ha})}:w on\\j whaen R=ars+bs- aB}

) the, 2% asser tion follows from if) by
observing that ab-a-bea(b-1)+b(a-1)-ab;
when k> ab -a-b we observethot

Rx1, (k401 - Erab-ar-Bs_ zab-a{1+7)-b(1es)
v+ [=22] 4| je] = mraddroh, 2]

50 and the conclusion follows from (i) ;

v) we need +o count the number of distinct
non-neqative ar+bs - ab,o0sr<b,osscaif
ar+bs-ab=ar'+bs’-ab
than a(r-r'Y=b(s'-s)and,since (a,b) =1,
this means rsr’, 525 ; thus+hay are all
distinct so we need cm\»j datarming how many
are non-neqative |



put 1'=5-£,s=a.-3’, 15i%b, 1s{%a
ond examing

a(B-i)-rB(a-j)z ab
or,whatis thesame, abzai+bj; for
fixed i we have [a-£1] values of { so
altogether we have
7% [a-¢i] =a5+£1[-%i]ms-a-v%j(-l-[%i])

=1 i=

=ab-a- (6_1), (a-ﬂz(B-l) = (a-a;(B-:),

where we have used #31(1).
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v Kronecker Theorams ~ Solutions

1. ) By Iv¥L 0sna-[nx]<1 and,simnce

& 15 irrational , The 12 ineguialidy 1s strict ;

#) Py =P = (n-m)ax-[na]+[mod and,f
+his were ©, & would be rational con*rar\j tofact;

W) Py )oes) Pmsy are pasr wise distinct numbers
betwean o and 1 ; +hus some, paw of +hem
must be within & of cach other; taking
# < € Yadds the desired result

0 Pz B, <P+ [nasra]-[na]-[ro] ;
conse.quq,n‘\'\\j whaen | Por-Pr \ < € Then sine
0<P. <1 and Paswithin P -2 of an integer,

nsLr

uther Poyt-¢or Pce;




43§

o) for * as in (W) '\'he,_pom‘i's PPy Per
where 554, constitute an e-dense set of
pownts (1.¢. every point in +he umit interval
is within ¢ of one of these pownts ) the
union of such sets for ¢= 1,4 4, -+« s
contained n {Pi P, } and , Therefore this

set1s dense.

2.4 W Pu#Pn, n#m,+hen
(nx)s(ma)and (n)=(m)

which contradicts 1 (1) ;

i) let Q= (qs,9.) ;then PuQ 2Py Py
u'n]ahe,s qe* {moc - [mo‘]i +

{noc-t-rcx -[nawo&]] - { no-[no] .i

and a similar expression for q. ; thus

f(Q)=(((mar)es), (marIP))= Prar ;
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) lef Q=(q4,9:); then the given
equality implies
q.® o<-[o(]-»m{owroc-[ocwo:]-ou[a]}
n {ouso‘-[owsu]-o&-b[o:] }
and a similar expression for g, ; thus
f(o\)z ((ox+ mra+nsx),(B+ mrp+ns_[3))

= Piomrans )

W) as m and n runover the non- hegotive
integers the points Q such that
P.Q ’mpiﬂ.+r+npip1+s
have, f 1imades that are [ - dense inthe
unit square ; but these f(a) are ustthe

P1+mr+‘ns .

3.4) 1f o= then box+o-B-a=o for
ab 0 5 similarly for (3



#) b\j "2 (1) all B, are distinct; smc.e,+he.\5
oll hie i the unit square they must possess
an accumulation point ; consequantly ythere
are pomts of the set arbitrarily dosetoqether;

i) There 1s some vector P, Q =P, R,r with
| PaPrarl< € 5 thus we know o 1snthe unit
square 5 using *2 (i), f(QY= P = f(Par)
and we are done since. T 15 one +o one onthe

unit $qUare |

w) This follows tmme.dtaﬂ.ltj from (e (ji)

V) tf P.Pisr 18 jaara“d to P, P,s thanthe
'h"lﬂf\%\q.a d@"'@'mlﬂ@d b‘*} P;l ,P1+r ,P-u-s hﬂs
ZUr0 area 5O Q=

() (pY 1 & P )
(x4 7o) (p-&-rﬁ) 1 [=([o-[or+rar] [p]-[pwp] -t
(ox+sx) (p+sp) 1| [fo)-[oese] [p]-[p#sp] -5

45'S
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in the expansion on the right the coeffrcient

of xmustbe 0, 1.e.
(p1-LR+7R) _ [p)-[3+sP]
-t T )

if this hajoqu,ned for infinitely many s, then
since as s - 0o the r‘u3|1+ sidetends fo P,

LE]'[!E"’ Tﬂ] = p
=
which contradicts (i) ;
vi) b\j (W), (v) and #2(w) thereisan e-dense

set of P for cach ¢>0 ‘therefore the P,

are de,ns@ .



vi Beatty, Skolem Theorems ~ Solutions

1. f o<ox<1then given nthere1s anm
such that moc -1 <n ¢ mex 5

hence [ma]=n.

2. Each ofA(ot) and A(s}) contains mf]mhij
many positive inteqers ; if ocostoroc@st
then A(X)NVA(B)1s Alx) or A(@) and, 'rlwcrafm,
18 not empty ; thus cach of o, @15 > 1.

3. [nx)=[nm&].

4. 11810 A(ﬁ)bun Isnot In A(1+2) ;
that A(1+J2)c A(VZ) is the confenfoflv’zz .

5. l'fotz—‘é— and P= then
[nbcax]=[nda@]foralln.
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6. SN &1 and Po1 ceach of S(a),S(p)isa
sequence of distinct terms ; the fotal number
of rms not qcc.eq,qu n taken 'l'oae‘\'her 15
[&]+[ 8] ; from 0<Z-[Z]<1 and o<g-[#]«1
we have o<n-[F]-[F]<2 and , therefore,
2]+ [%] = n-1 ; hance the total number of
torms not mcu.dmos nn S(oyand S(RY s
n-1; since this 15 true for each n21 each
intarval n to n+1 contamns exactly one such
ferm 5 4+his lm?\ms

A(X)VA(p)=Z and A()NA(R) &
which \11dds the desired condJusion.

7. This follows 1mm¢dio+d\j from ¥& sihce

—1-1-1:1
vz L r¥vZo

8. This follows 1mmed atdly from *6 since

1,1
rrTi= 1.
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9. As n runs over the Joosrhve lh'l'cgers the
sequences § Tnl and {t’n] run dnsjomﬂtj ower
these ntegers 5 thus the sequences { T[Tn]],
{t[’czn]} run dlSjomﬂ\j over all positivg
m‘t’u&:‘a\ mu\'\'iPlu of T, Thq,ro_,fore the 13¢
two sequences yield {[‘Cn]} and This with
{[’Czn]} dls]omﬂ\j exhausts The positive

m+¢c3¢.rs .

0. Put Bz {[T'n]| nez} , Bz { (TN lneB,%
for m2o; then B,..C B, for mz2o ond b\j 8,
AUB,xZ and A, UB,,,,=B; thus each A4<Bm
for m<q; thus ANAn=d for m<| smce,for such
m, AN Bys & 5 now A,,.# B Bryyy 50
M AEY (BnB()=B, and Y A= A UB,= 2
a picture fo 90 wrth+he argumen‘\' IS 3

{[en)}, {12 (en]1Y, (LR LR [en]03,
(o], {(= e )], { (=P (= (20

498
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. The proof 15 The same as that gwen for 10,

1. Since A(x)NA(R)Is fimibe [&] ;HH -1
buk, by v #15, this quantity tends to G+

13, Immediate from ¥5,.6and 12,

14, From ¥¢ and 12 .

15, 1) Since 1 15 1 eractly one of the sequences,
it must be in S(x,) ; thus since o, 31 (net all
positive integers aren $(or;)) we must have

xr14d, 0<T<1
#) this follows from
[(Rasye,]-[ ko) & (Res)ex, - (Rox,-1)=ox#1724dc3;

iir) suppose (§-1)J<1 515 sthenfor i < 1 Wwe
have [io1=i+4[id]=1 so 71510 S(o,) and
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[30‘1]=S+[j¢5]zj+1 $0 {15 not in S(ax4)

W) SINCL &, < *+-< Ny 1+ 15 dear that if
m# [&,] then [x,] s an wvfeqer smaller +han
m and must then be in (o) in violation of
the disjointness of S(or) and S, ) thus

X;Tmie, 0OSE<t ;

V) since X 15 not in (X, ) there1sa R such
that x= [koy]+1 and (N EARITARY
this imphies [(R+1)I Y 5[ RI Jandthe exsstence
of an m‘\'eger t suchthat RF<t < (R+1)d ;
since I<1, [kRI)=t-10nd x:ﬁ+1+[£5]=ﬁ*t;
further, RS <t s (k+1)I< - c(ham-1)d

<RI+1< (Rem)T < (Rems1) I
and t+1 ather s, Case 1, between the 3%
last and 2 last +erms o, Case 2, between

the last +wo terms ;

58
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Case1: te12 (Rem)d : Then
[(Rem)or,] 7 kemats1 and
[(Re+m-1)o,)=hemet-1;

thus Remat 1s not in S(oty) ;

Casez: t+1>(kRem)J 2 +hen
[(ﬁ+m+1)u1]=ﬁ+m+b+1
and [ (Rem)or,) = Ramat;

thus Remats11s not n S(o,) ;
sincg [ (Ref)os) = Rafa[(Re{)T ] = Refat
for 15 {«m-1 we conclude that +he next
fum qfﬂ.r X MISSING -fr-om S (o) 1s uther

K+m Or Xem+1 |

vi) X=mee 5o [nax,}=nm+ne] and
[(net)or,] = (ne1Yma[(ne1)e]
z[na)+m+[(n+1)e]-[me]

and this last quant ity 1s ather [neg]em

or [noo]+me1
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vit) the 1% inteqer missing from $(xx,) is
m which 1s also the 1% element of S(;);
SUppose oW that +he, proposition 13 true up
fo R thus \f Xe 15 the R Posrth, wteqer
missing from §(e,) than x¢ s also the R
dement of $(x,Y; by earher results

R, 2 X 4M OF X+m+i
and [(Re1Yer,] 5[ Rax]+mor [Rex,]+me1
SINCR [Eo‘z] = x; This means
[(En)uz]: K 4™ Or Xp+ma |
whicheer value x¢,, assumes, the other, \3\1
(#y, must be 1n (o) and thus not ben Sy,
consequently xg,,=[(Ry1)e,] andthe
induction 1s com]:\eﬂ,;

i) b‘j (vity all |n+uiers are n uther S{«,)
or S(x,) 50 S(x3)=d con+rar\1’ro assum]ahon.
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6. 1) [anp]e[-bnex] ;

Wy the Pom? (1,1} 1s0n the line ax+511-a+5
and the s\ope of +his line 15 - 4 and +his
quantity 15 30 § ewery line of positive s\o]n
passing -\-hroucjh (1,1) qoes +hrouc3h S 5

i) siee a(1--&—)+5(1-%]< a+b-1<a+b
the points (1-4 1 -ﬁ) and (1,1) are on
oppostte sides of ax-vEtj =a+b-1 and, therefory
this line must pass +hroucih S.

. 4) By 1%5 there are positive nteqers %, y
such that ax -511 =d consequantlythere are
m+o.cs<zrs u,v suchthat ausbv=z-cd s +his
yolds ausbv=-a - —g— ;

) —g:(w- %) is irrational so the Wy O
dense n the unit interval (see ¥ 1(v)); thus
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the %, are dense in the mterval [0, 57, the

Y Ore danse in the interval [0,-47  andthe

(%ny Yo all lie on the line with s\o]az -&

passing +hroucjh +he origin; the conclusion
follows ;

iy This fé”ows tmme.dna'l-dus from the facts
that (c,J}:(a,B,chw(-},%} ;

) immediate upon substitution and +he
use of &+ % =C a\oma with +he o,quahhu in
() and +he values of x, Yn GVan 0 (@) 3

v) by (), for each fixed m the points
(e, Yrum ) a1 dense onthe line segment
joming ( Igﬁ-l- RS IEl AR

and (mepbyy 43 M0y o )
varying m over oll +he m'\'ec)e,rs \th‘dS the

desired result 5

55§
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v) taking g =a+b and q=a+ b-1, res]:zchvdtj,
+his follows fr-om WY and *16 (i) in the 15 case
and from (v} and ie (W) in +he, ?."5 COSe ;

vii) 1f B<o,c=o0 this was Prow.d n Ty
otherwise , b\j (V) mﬁnr\'d\.j mam] (xm,bﬁnm) he
mns |f (x,,m,tjm) is 1 the interor of s then
1-3< xﬂ+’-‘§.§+ Ut Sz nuernde gs['—'g-‘r( u-r—od‘:)] U+ S

3 "i*s-l- U,<1
1-—;« Yo~ TE Y g—s-ﬂg(u-rg)q-gr[ls{(mg)]w,f Pi

=ﬂ%ﬁ+v, <1,
where u,,v, are mncjers and we have used (i)
af the last o,quolml nthe 2 ine ;-r\rnsc mequah-he.s
b]lQ.H nd+s< (t-udx<nd+s+1

nd+s < (1-\1,)‘3 <nd+s *1
from which we conclude
[(1-u)a] =ndes=[(1-v,)p]

an&,'\'hq.mf-ore, )“I'l'\cﬂ' Alx) N A(@) % @ .
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8. By Kronecker's theorem in 2 dimensions,
sea ¥ #3 (vi), there are inteqers n such that
o<%-[&l<&, o<f-[Fl<t;
thus o< n-[F]oct ond o<n-[ 4] p<iso

[[83 <[[318] -

19, If%tt%ﬂ then bus Bwﬁ\j‘s Thcomm,

%o, A(F)NA(R) =4 5 since, by 73,
A)SA(F)and A(p)s A(£)
we conclude A(x)n A(B)=¢ and ﬁesuffaumuj
of the stated conditions 1s Prow.d ;
on the other hand f A(c)NA(3)= ¢ thenby
¥|g it 1s not frue +hat 1,&,% are r‘ahonans.l
tnd@Pmdm\' while from # 17 i 1sclear that
-rlwﬂ cannot be do.,]awdq,n‘l' unless
av0,bs0,c51 .

57§
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20, If the theorem were false then by #10 there
are ]Josrhve m'\-eﬂus a,E,c,cf,e,,f such that

%“'Fg’ia & 'z}i'”') %""{_’13
+hus %%4-%.-.@ i%?—-s—;ir- e -ch

5—;*%5.5 ﬁo‘f;+%@=ae

ag _ bf

=% =z¢-b &%ﬂ“:ae-mq-cfm

rhis means that ¥, and , therefore | also o
are rational  but then , by #5

AINA(PY$$ .

21, The ling Passmcj ﬂ\rouc.}h the 2 groen
Pomfs s 24 %: 13 +the conclusion now
follows from7is



vit The Gome of W\p’hoﬁ‘ ~ Solutions

1. Direct caleulation shows this for the 1%

ir and also shows that any B3 move fr’Om
any other paw enables A 1o follaw with a
move to an earher pair or toan immediate

w‘h -

2. Assume {a,B; s hot n +he list amcl
a<h y 4 €12 5 NOW G OKUrs in SOme patr
n*1 and ether {a,5],a<s isthere or
{s.03,5<a,sthere ; when {a,s] ,a<s,
is +here Then

1f Bvs ‘l'lm cle,swec’ move 1S i‘a,gg—»fa,ss )

f B<s the desired move 15 {a,E;—v{c,cfS)
where b-g =d-¢

when {s,ai ,$<a, 18 'r|w'e. +he stnre&

move Is {a,BS’-—»{a,s;.
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3. By *1 s clear that {m,n} must not
be in the st f A can force a win for him-~
seff 5 note now that there s alwoxjs a Mmove,
A can make which leaves o B one of the

sets on the hist.

4, The nth q,\mq,n-r o{f\'\tz, deswe.d [ist+ 1s
{a,Bf va<h, where b-a=n ondaisthe
smallest posrtive inteqer not appearing in
the 1% n-1 sets ; now fo“ow the Pr-oofs

qiven 1n 2,3,

T
occurs Prwsd\j oNce among +he numbers

[nT],[nT*],n21, as was proved in

VI*8 as o consequence of Beatty’s theorem

(seev1%); further,
[nT*]-[nT]=[n(E+)]-[nT]=n.

5. Sincet 43z =1 each ]:osrhve. m+e,3e,r-



v T,0,¢9 ~ Solutions

1, 1) Each dwisor of ab 1s of the ’form dJ,
where d divides @ and J dwdes b ; further
f zﬁ'her d#d,or § #J, then dJ%dJ since

(a,b) =1 ; thus since the numbsu'of ossible
cf 5 1S t(a) and the number of ossd:\e, d'sis
T(b) the number of diisors of ab s just
T(a) 'C(B) one may write the above.
arc}umen-t' as fo“ows ‘c(aE) 42;5 z

Fafist = (Jat X Fg V) t@T);

) lf olay=a,+- +a,,c'(5 54- -rQ
then o(ab) = Z aE = (a4-aag ) Byteevby)
= o(a)o (b)Y, whem no divisor of ab 1s
counted twice becouse (a,bys1 ;

W) a humber m 1s prime 1o 06 lf and onl\j
f s prime o each of a and b ( recall



s

(a,5)=1 ) ; thus st 15s<a, 1st<5,1s
Pmmq,h ab ohluj sf (s,a)=1 and (‘L',B)zl;
thus the number oﬁ)atrs 15 ]usf Q@YY (h)

2. 1) The divisors of ?‘" are e,x-oc+\\j

1,}9’})2,..-'}3“ 50 ‘C(P“)=Qu’+1 ;

1 b‘j (1) we see that
o+l

o(p*)= 14 pies +]o u

iy oll numbers except the multiples of p
are prime +o P 5O

P(p*) = p-Frpa-3).

3. B»} an nduction omjumen-l- each o‘f the
results of *1 may be extended o a Proclucr
of k parwise relahvdxj prime factors . Thus :

) T(n)= TP - T p%k)
2 (41 e (Xp+ 1)
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9 ot e(per-opons f 5

) P(n)= 9P, PpiRy = - 5)
4. If T(ny1s odd and n 1s as in #3 then ol

are even § consequw-l»j n 15 4 square .

5. As d runs over the divisors of n so also

doesﬁ-,-rhus;l d = ﬂﬂ’ ‘t(n)n- + and,

tharefore, | JlTncf )2 = N {rom whtch the

desired result 15‘1mm¢.dla+z .

6. If J |n then 29 -1] 2% -1 and the result

follows .

7. 1f 315 an odd dwisor of n then 29 )21y

howaver the disor 1 of 2%+1 does not corre~

spond 1o any divisor of n.

63S
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8. qu'nsn’...'nﬁ ,W“\Qx‘e n]'})ja' ,1515& 3
3 3
then I ‘c‘(d') Mn” - T(a,)- T ag)
-j’1¢jﬂj (a )' (1% (o nY)

-(ﬁ(u- +(ocj+1))) (‘{‘Z‘i:(r.f))2

9. For cach | there are T({) pows %,y such
+hat mjsj’. Hence thare are T(1)+-+T(Nn)

ars X,y such that xysn, For cach i there
are [—’H values of x such that X {sn. Hence
there are [4] +--+[ 2] pairs x,y such that
xysn. Now +his last sum
18 fust the numlw'of lattice,
ponts inthe first quadrant

xy=n

Wit

unda-'rhe, Urve XIj =N,

That number 1s +wice the
numbe,r N 1'"\9, shode,cl ruiton dimtms\'\cd B\J‘Hne
numbe,r in 1'|'\¢z, c{ouH\j shodcd rullor\ .
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TR The araumznﬁ' s '1"1@, some as +that %wen for' ¥3 ().

1N O'(a)B <7 (aB) since 1 contributes to the
m}lﬂ' but net to the |¢.f+ hence ol ¢ NEE) ;
dwr-ltj 0'(05)4 T(a)T( B) SINCL em.r'uj clwisor' of
ab will appear on the ru}h‘l- and some of £ rhem

mavs aPPe,ar- more 'rl'aan oneR ¢ COhSQ.G‘UUﬂ'I -rl'te

m}h'r mq.o‘ualthj To"ows

2, Ifa- & S-P"*P then (a, E) ]3°‘ and
pNOPQ‘I- S
U'(a)O'(B)zP -1, . ndd“aﬁ,d'o'(:[ ) =

1 . -4 , onu-p z]+1_1 .
Eo(peton- g Pl,‘ P i
Ne+1 u-j_“ ! ' ?“‘ ‘-1-
p-t {? * 1?;* 3'}':° } p-1  p-1
o (a)a(b) ;
lfa = p e ps, E-P + pef% rhen o(a)0(B)=

Tl' U(P;‘3)O(P1?i’ ¥ (MP—)

3
= S 1p ??i

..d%' Bd‘c(as)



3. 0(1)+-~~+0’(n)=£1c{% 1 =£1 d{F].
Rd=n

4, Direct vmfica'hon.

5. %) §(n*) =0 a3y #n' T (3-5)
=nPn);

Wsnenzz,n does not contribute to
Pnyso Pny<n |

i) Q)+ P((na %) = 1 PnIr(nan)Plnen)
snin-1}+(n+y1)ns= 2n? y with c.c\uc.lﬁkﬁ onl\j 1{'
n and ns1 are primes, which cannot happen
with n23. (For queralizotions see the
solution to Luthar [1972] . )

16. This follows from the fact that

(mn)z(n-m,n).
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7. Let n=pie. P,;“ﬂ and Suppose Pmyin;
+hen (Pi-n.”(PE -1) | Pi...Pﬁ ) SINCe Pi."Pﬁ

has at most one 2 There cannot be as many

as 2 odd primes in 15 +hus n = 2“‘]9"" and
X,

P(n})= 2“"1.]0 "1(}3-1) X o P#s then p-t
ould not dimde 2p 3 hence p=3; i =0
+haen p connot be 3 since otherwise aqom
p- could not divide n 3 +he onl\j Coses |ef1'
are those enumarated 1n the Pr'olblem and

-l-ke,\,] all work .

18, ‘P(QB’ 205?1;!'“6(1--‘%) =

pla PIG

19, Let ¢ g be the number of numbers among

1,2, havmc] a ic,d of d with n ; then
e e 9815900

aJ (-3 6T (1-%)P@;._@=~p(a)~?(6)fm—, :

678



¢ = ¢ - ninviy,
0. F 9cdi{z)=f 1 qudr= £ g anipn

a|+erna+we,|\3 +his may be done l:\j mauction
with the induction step: E:‘f(d) [P =

d
Eadi[2p]+ @ (net)
=J§1‘?(d)[%] -%ﬁ(cf) $Q(na1) z 0D 4y 4y

(nsx1X(n+2)
3————’—2 .

21. ( Sw Pélya ) $3e45 T ¥69 p.130)
¥ ox™, n. § k

ns 1-%XM

22. 1f there were only fimtely many primes
and ther :pr'o&ucf was P then, for all &,
1= Q(kPy=k?P T(1-3),
where M- $)sa fixed posifive constant.

23, If n’Pi .ﬂPﬁ-ﬁPi"‘PG Thm
genyen (132 poepa (- 5) -
g;;. Pi fe1 P
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24.4) If max, (mnYe1then m contributes 3
to the 1% term and o 1o all other terms ; on
the other hand l{msw and m 1s divisible "fj
zx‘ac-rlxj ] of the Prume fac-l-ors of n then m
contributes 1 to the 1% term , } tothe 224
rarm, (1) to the 3‘:5r‘|'erm,~-- s allm
contributes 1-3-&(2)-(%)4--" t(§)=

(1-1)3; Q) hence the result ;

i) +a|amﬂ RN wWe fmd Yn)=g(n,m)=
n L O ,5 n = I I
ER SRR e e T RS

iif) tf an infeqer falls between y% and %
and 15 hot dvisible b\j any prime smaller
than % then 1t 15 a prime ; since
ﬁ?(x,P,mP,,) enumerates These aswell as 1

-rl-ae. r-e.suH' fo“ows .

25. 1) 'Bv‘\ direct calw'a‘l'ton ;
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§y (2" (M -1)) = o (2O (2 - 1)

2" n_ LS R
st =2 {2 ) 5

) lef n= 2" m  where m 1 odd and 225
then Ty =07 (25 yo(m) = (2-)o(my= 28 m
SINCR (2‘;-1,2E Y=1we have o(m)=2t y
me (zﬁ-z)t 3 hence ¢(my= zﬁt =(zﬁ-1)’c +t
zmat 5 therefore t=1 and m is prime; o
k were not prime then 2%-1 =m would not

be, prime (see the proof of #6) ;

#) sink 2* ends 0 6 we seg that 2% ,
¥t oq [ 290V M3 ond ,re.s]bec‘lwd\j,
N 6,1, 4,7 thus 2%%(2"11y 212 (R
and, res]aed'wel\j,m 6,8 ; This proves the first
assertion § noting that for n=13,17 we have

a+3

consecutive even ]mfw numbers (see 2. q.
the ramarks ot the end of the cho}:‘t‘e,r) and
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observing that each of 13,1715 of the form
4a+1 we see that the 5% and 6 consecutive

wen perfect numbers end n 6 ;

- - - 1
v) sincg O(n)= d)}ﬂcf d}]'.’ﬁ- n}l'n %
+he conclusion is obwvious ;

pMie qP'lg

205 'f n,P"‘c[f-" then 0'(1‘1): P-1 *Tg-1

<Pomq',3+1 . npq i} n__
(p-D(q-1)  (p-Nq-D " -ENEE) C 8

, T
26.1) H(n)w = = H—t‘“’ e oy the

mul‘l'tj:\lcahwhs mof H fo“ows from ¥hat of
oll of n,TMy,oMn)

iy when n>1, om) 1s smaller than nTn)

since NT(n) may be obtained from o(n) by
mplaung each cormtributor +o o) b\j n;

s15n,

7S
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now (p and q are distinct primes )

o (41)(P-1)  (X+1I(1=%)
H(?“)Bppdr&_i}’ = —

PR
?34'1
23(1-$)23(1- ) =2
,(q.ﬂ)(‘;-%’-) fO‘I"]:) Odd and AZT2
24(1-2)=2 'F:r}a.-.-z and %23 ;

H(PG[) T (prtag ) 2 Geryarn) TSN %

is strictly monotone ncreasing ; further,m

this last expression we have strict inequality

except for pr2,q=3; these results and

muthlucahvﬁ-us of H %uaran-l-m H{n)»2 mw]o‘l-

for]anmes and 1,2.4,6 ; c.lwukm% these we find
H{n)s2 for a“of-\-‘wem ;

o -mt(m)- m-ﬂ.-z - -
wi) H{m)= Ty Fam o E N

W) H(n)zH (2" yH (2" ™1 2
PHINY -2 Hin) Y (zH(ﬂ.ﬁ_i) )'%'H (n’ H (zl-l(‘m. 1 ) ,

21-1(11')_1
f!'om which the conclusion follows ;
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v) bv} () ey odd com]oo&m number m has
Himy>2 5 since 2"™-11s odd and H(2"M-1) <2

we conclude 27-1 15 prime ; thus n s perfact.

27. 1) ﬂ(as) =d§5f(d) =dﬁdzlﬁj-'(dd)

=L f(d) 2 = q@qeby;

#) these are all dear except ]oos&b\\j ‘fOr-
0°; ler am2®a’, b 2°6  where a',b'are odd ;
then 0%ab) = 0°(a'b'y= 0(a'bY 2000 ()

= 0%a'}0% b= oa)0%h).



X Fermat, Wilson, chovalley ~ solutions

1. 1) Since (?) F;’?Tﬂ— it 15 clear that

pI(%) when 157<p; consequentiy
(man )P o (mPenPy= %1[3:)1'11311?1

S dl\HSIHQ Ib\j ? )

i) btj (1), P dwides (m+1)?-(m5’+1),
hence the concluston fol\ows from
(mn)p-(mn) =((m+1)?-(m?+1))+(m1’-m) ;

1y btj irduction onm; c’earluj this 1s true
for mz1 and () 1s ]uS‘t‘ +he induction 51'e.}:>.

2. Use 1'|1¢. mul'\'momlal 'tlwwrw n exacﬂuj
+he same way +he binomial theorem was used
n (i) to deduce Fermat 's theorem Puf Rem

G\hd Cl” mj= 1.



3. By *1() and +he hypothesis we see +hat
PI (man)’ so ms=n+ pt for some t ; thus
mPenPa (-n+?’c)5’+h5’=§:(§) (-n)i(]ot)?'j
and this sum is divisi He B\j ]32 since each

summand 1s divisible bsj ]o".

4. 1) C|¢.qr|uj there are n? s+rmcjs of |en¢3+|1
p a|+or3e;|'k¢r ond of +hese Qxacﬂ'lkj nof them

are monocoloru‘ ;

i) each clishmauls\mbh necklace has
¢xac1"k3 P rotations

i) +he number ofnuh\aces in (1) 1s

clearltj an inteqer ;

) since p divides the even number n? -n
and since P and 2 are I’G[O‘h\?e'lj prime, the
result fo”ows.

75§



5, 4 All primes sn divide N and hence do not
dwide N+ 15 also 2 cannot divide N+1 since
N+elis odd‘,

B) N o1 2 (N (NN P -N 41 Y
when misodd ;

iy ff & 4R+315 @ prime factor of N+1
then, since N+ 1] .N'ZE“-:*. P alse dwides
N e N Tas e (nlf 0 ;
but b\j Termat’s theorem P divides
(Y -n! (= n!{(nl)”"-i});
since p does not divide N (1t does dwide N+1)
i cannot divide n! thus pl iy’ -1 and

P | (n!Y¥ 741 which 1m]3lses PI 2] but P odd

50 we have a contradichion;

iv) b‘j (4i8) all prime fad-crs of (n‘.)zn are
of the form uR+1 ; further 1fp| (1Y 41 then



718

p does not divide (miYe1 for m>p sowe

can csznq,mﬂ, mftmh\\j many 4R+1 primes.

e.1) na s nE (mod ]9) \m}a\tcs ]Jln(a-ﬂ) )
s (n,p)=1 the result fo“ows from m#3;

i) b\j (), ny 20,0, (p-1)n are congruent;

in SOMe or'clc.r,'ro 1,2 ,m,P-i ! mu‘h}a\tjmcj
these congruences \Tdds +he stated congruence;

iy using (1) ofter noting that ((p-! p)= 1
we have the desired conclusion .

7. 1= Some arcjume,n‘\' as cyvm N "6(1',)-(ﬁ£)5
) when m s aprime, P(m)=m-1 .

8. i) Let a=2R+1 ;+h¢n a% -1 = uk (k+1) and
sincg one of R, R+1 1s een, the conclusion follows;



|
|
|
|

oy

98s

it) b‘ﬁ nduction ',‘1'\'\@ case =315 (1)

suppose frue for o ; then
)-2 -2 - -2
az(“+1 = (azo( )2-1 - (azd 1-1)(azd *1) 3

now 2% dinides the 1% factor onthe right

and 2 dwides the 2 factor on the riqht; hence
2™ dwides the product and the induction

18 c.om}ﬂeﬂ'e, .

9. 1 For p an odd prime, or p=2 ond 0 x5 2,
a* % 7P (mod ™, b\j 77, and for
Pzz y 92, q’m“’= az“.zsi (mod XY, bbj ’B;
thus for all p and &, p™ dwides P4 which,
ntuen, dvides ¢¥™1, when p¥|m ; this yilds

the desired result

%) for m prime YMmysm-1

i) +his 1s clear because X (myis a dwisor
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i) since m1s 0dd, (2,m)=1, 50 2™z 1 (modm) ;

but 2¥™-1 | 2™ -1 when X(m)|m-1;

V) 5612311417, Y(561)7 21016 = 320,
X(561)= lom {2,10,163 =80, fuﬁhe.r 80\560
but 320 does not diwde 560 3

34i= 1031, X (341 = lem {10,303 230
G(3u1) =300 3 2°P=1 (mod 3u1) |
222" 21 (mod 31 so 221 (mod 341) 5
but %(341) = 30 does not dwide 340,

10, This 1s clear since P divides 2P %1 =

(235‘1-1)(2?“5'1“) .

n.9)a) b2n-3mples n=abz 2 (n-3)=
2n-6 2N+ (n-6)>n;
2
5 of 20 2 n-3then neza? y Dot

so (n-1¥+850, con-i-mr\j to foct ;
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#) frue for nr6 by direct checking; otherwise,
f a<b, ab(n-3)n-2)|(n-2)!,whie f a»b,
266 (n-2)1 ;5 in any ewent the conclusion fellows.

12.4) This follows from #e(iy 5

i) f % 5a (modm)then ax = x* 21 (modm)
O XE? (modm) :

iy by 1y and () the numbers 2.+, p-2
sPlﬁ' nto das]om-r poirs with the Produc‘l' of
+he numbers i each pair 21 (mod Y5
muthl\Jmc} +hese CoNqruRnces \.Jidds the result

w) rnuh't]a\»j +he concjrumnce, i (fly) b»j the
CONGruence p-i = -1 (mod p);

V) 1fn 'S prime then nf(n-1yl4y b‘j ()
lf n| (11,-1)141 'I'ho.n, bsj #y N maus not bg, a



X
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composrte inteqer y 4 5 but 4 does not divide
3141 50 the conclusion follows .

3. Ifjg-.-uﬁﬂ-rhen
-1 5}3-1 y -zsy-z ,-**,-2& szEH (mod}:) ;
muh‘uPI\jmcj these congruences we find

(zE) |z (zE+1)m(]3-1) (mod:p);
mul'h];lnjmr} both sides b»j (2k)! and using
wilson's +heorem we obtain

(2kY!? = (P-ﬂ! £-1 (mod P,
from which +he result follows .

1%, 1) The number of dtffwm‘\' Pq-l-hs,
starting froma gven vertex Traversing
rhe ]g-cjons 1S de\j (P-1)l ; but each
P-gon corr«z,s]:onds o two Pa'l'hs from the
starting vertex since each wertex 1s on 2
sides ; conse.quen'!'M T= 5?';—’!5



’azs

#Y a rq.gular P-cson 1S dc;\'ermmed oNnee TWo
consecutive vertices are s]aec.tf ted 3 from any
vertex there are p-s other Possub\z “next”
vertices but aqan the +wo @die's ona cyven
vertex Couses p-1 +o be twice the, number of

Y‘G,Cju 10J" P'C‘Oﬁs 3

i let & <0, 1,0+, p-1) be apolygon i
T of the view of the P°l‘ﬂ°“ 15 +he some from
cach verfex of the par o, | then the same will
be true of-fha, par a, a-\vj for all m*w.jqrs a
(modulo p) ; taking a successively equal +o
s’ ,2]' LN (Ja-z)]‘ WR $&R 'i'hc,mewfrom vertices
Oyfy 2,y (p-1)] s alwa\js the some ; 1.e. o
is re.ciular ; conse,quenﬂtj wch dement of’l’ -R
CYW'S 15 1O q,xac:rhj ]3 such eJements btj ro+a+ton3

i) this follows 1mmo.dao‘\'d\j from () .




X

&8s

15,1y (m+n-1)! = (man-1)- (myn-n}m-1)l

# (-17"n! (m-1)] (medman);

i) noting that ms «n (mod m+n) reduce
the, left side to the right s1de by subs+u+u+mc}
on the left in accordance with (4) ;

iy that (P,E)r-l and R 15 even s deor-,now
n (6) put nrﬁ,m--]a and use Wilson's theoremto
obtan +he result ;

) wrth p=13, =22 we have (P,E)z 1,
k even, and the congruence in (i) holds ;
howaever P k=15 is not prime ;

v} med ]3, +he concjmq,nce. of () lm?\tes
(Pn)‘.ﬂ £ 0 (mod p) so +the ana\ﬁ-uj of]g
follows from ® 2 (v) , mod ]:HE, sInce pz- R
+he conc}ruo.noe of () \1ldds
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k1 (ﬁl(]s-n!H) 50 (mod ]o+ﬁ) d
but by (19,
ﬁ'.(]:-i')!‘.'-.(-nﬁ(ﬁa']a-t)l (mod]o-rfa-.) ;
thus (recall R 1s even)
E‘.(E'.(Jo-nln}s-E!((ﬁi&}:-ﬂ!“)ﬁo(‘“OdP‘fE)

and P-&-ﬁ 15 }:rumq,, aciam usmci F12.(v) ;

vi) -\-ohmcﬁ pEn, k=2 This result fo“ows

from (ﬁn,(v),

6. Write nzgs+r, 0sr<s then
a"=z(a*Va"za" g1 (modm) 4
hance if #0 we would have a contradiction
with the deftnrl'ion of S .

7. 1) This 'fo“ows -From the Pmo{ cf' *9(V);

) |f a 15 as described and s 1s the smallest

power of a which is c.on%ruqr\'l"ro 1modulom



X

then b\j Mo s|m-1ands|Qm); b‘j h\ﬂaoﬂ'\eﬁs

this means s=m-1 so m-1] Q(m) 5 but
&P(m)=mj;|;l (1--—) <m-1

when m 15 composite ; hemo. ™M 15 prime under
the conditions stated .

18, ( See Guy[1967] forthe fol\owmcj solutions . )
For p=1093 we have | where all the congruences
are modulo Pz: 2°=1024 7 p-69 s0
2= 16p = 104 = 15 - 1} 2 ~10T8p- il ==11 (1498p);
thus wP=1331 = pre3s,

s WP +2618 713432z 432-1oso}a=2’-3’(z-s]:)5
3" 22187 = 2Pt ;
Usmc] these we fmd
2e ) (H%J’) z{z 3 (z-sP)}7(1+z744]J)
g2 9% (2725 5. -rP)(nsss}))
"(z]a-n)’(z-zsp)(u 558 )
= 2"(14ep)(2-12p) 2 2%

92=28
s0 3% 23 3 )‘_, 1

858
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For pe 351 we have , where aqain all congruences
are modulo P
2513520 = 34p 237 -(p-1)p= 3*(1 -390p)
Pzor" = 656132p-uel
3%z 18P - 4149 1Tp-638 |
1% 2187p-7018 = 185 p+4 2 4+3696p= 2% (14 99p);
3% ( 1-390p)2 2tosen (14924p)
2%.523% (1-13p), s"=325 3 p-1386
5Tx25p - 9650 = 22p + 883
5°a S50 +22075 = 556p+1009 ;
s'= 13900 p +25225 = 1390T P + 648 7648-36u48p
=2%.3(3%- 52p) £2°-3(3°~ 3663) = 2%3%3-407p)
2°.3(3-3018p)= 231 - 1306p),
2atas (14 1306p) ond 2% 24096 =p+585
so 2.3 6P +3510 TP -1 now
1155' 3|32. 5“’ (28'5)“ 23.34(213'3)1?.8
L L™ { 1%(1- 1314 p)}" " (1+l!06P)(1P.1)1zsj
(3=131p)" (141306 ]:)(L-TP)'”sl-lsmoP-ajs-s%j:
= 1= 14044 p= l-q]fs 1 and 23 =1,

2

sO 2 1755 3 i3

znss =
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9. iy This was shown for 341 1h Fo(v) and for'
561 10 *17(1) 3 for- Nn=161038=2:73 1103,
n-123.29.617, 2712773, 2"9.12233.103-2089;
since 9 and 29 dide n-1 we seethat 27-1 and
2221 dwide 2""*-1 : fhus,usmq 73]2° -1 and
Ho3|2"%-1 we fmd 2" *-115 divisible b»j T3
and l)lj 103 5 since 2™ -2 15 even and dwisible
by 73 and b\j 103 we are done .

(This even Pswdo])rtm Was founcl B\j Lehmer
and +|'\e,v¢ruftca+1on 15 due o SWJ‘PI“SI‘-’.&. )

i) we need to show T | 27n -2 5 this would
follow from 'F'ﬂl 2Tty 5 this, m fuen,
fo”ows from

f menthen 22" -1 = (22" T

) B (#h);

i) since n 1s odd and dwides the even 27 -2
there 1s a k suchthat 2M-2 2 2kn s hence
z‘"'z-u(z“)’ﬁ'-l and ,since 2"-1 |(2“)2ﬁ- 1,
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bis n
we conclude 27«1 | 2% “*-1; thus 2"-1]2® "1 -2,
and , since n 15 0dd | 2" -1 15 composite ;

The.mforz .15 0 ]osc,udopmmz ;

W) n-1x4(2Pt41)(2F0-1) /3 and 2P -1 s
divisible b\.j each ofP and 3 and hence Etj 3p;
thus tpn-1; since n|2'P-1, which, in turn,

divdes 2™ +1 we see that n | "hat g
V) immediate from ather ity or ().

20.1-a) Because one can add y sub-l-rac‘t',qnd
mulhjaltj congruences term btj torm, |f respective
mfﬁcum'l's inFandG are congruent modu |o]o ,
then W“'alnllj F(cy,cn)E G (CoyrmyCa) (mocl J’)}

by l:nj Fermat’s theorem cFsc (moc]j:)for
all ¢ so 1f-}'(x)=xf’, G(¥)zx then F~G (modP) ;
<) |f X", n 2p, appears write n s qper,
osrep, and then ro,quce x"(= %P buj x";
this 15 permitted since btj Fermat's theorem,
X3P e (xP)Vx" 5 %" (mod p) ;



d.') |f P(X)z ot X+ e, x™ and
P(¢)s0 (mod]:) +hen

P(x)-P(c) = (x-Y Lyt dyx o eeead x™1Y
30 P(x)7 P(e) + (X~ X ot oo + iy x™ ) 4
rhus f dy4 et d x™ has no more than n-1
A0S (mod :p) then P has nomorethan n )
sincg 4 hnq,ar Po\\jhomml kas Q,xqc,ﬂ\j 1 ALO
mod p, we know a polynomial of degree 1 has
no more +han n zeros mod p sthus f F~ G
(mod p) then  smewe F- G | of deﬂru p-t ,has
p Awos F~G must be tde.nhcalhi Q10 § 112,

F=@ (modP) ;

e) b‘j nduchion ; le |

F(%Kayor, Xnas) # ;E:“Fj(‘f‘ oK) Xo ;

G (%, "”xnn)‘;i:q (K“'",Kn)ﬂiﬂ 3
qven CyyeeyCy et Fies o ca®Y 2 F (g0 0 %)Y,
Go,re®Y 2 G(Cy o0 ,CyX ) Ond nOte thot
Fiey oy cnth©) 2 G, e 06 ) (0 p) for all ¢ ; thus

8§



Fiey,oestnd™ Gicyorcny (M0d p) and, therefore, by
oy, FierymrentE Gy e (mod P) s +his means
Fj(ci 1773l )’Gl](cn‘“:c'n) (mod]:) 0 5]%5M;
since this 1s truefor all netuples ¢, o jc, the
induction hypothesis quarantees F 2§ (modp),
0% {sp-1, and the result follows ;

N=a (1) clq,ar ;

(2) 1 this case one of the terms in rhe
product 1s congruant to o modulo psothe
entire product 1s congruent 40 o ;

b)Y G(a.,~,an) =1 (mod 2 and |f
(%5, Xn) F (Gy,0,a,) Then T”‘(r,,»-,x,,)sl(modp)
$0 G (X, %) 50 (mod p) sthus F~G (modp) ;

¢) H 15 reduced so this follows from

(6) and (i-2) ;
dy clear ;



i) 1f the asserfion were not frue The
hypothesss of () would be satistied ond this
would lead To the contradiction ns den] ¥

(see (i~d));

W) SN o form q\wauss has +he trwial
(all JJERY solution +his result follows from
che»anuj‘s-\-hq,orm (6

v-a) equivalent reduced forms are dentical ;
B) +his 15 clear from +he LXPressIon in(a);
¢) f p doesnot dinde s then

n(p-1) =da] H*s de.ci H=r(p-1)
and nsr  contrary o fact ;
d) immediate from )

vty dq.cj Fén-1s0 dui\ Hs (n-n(p-n ; now
B G- xgma Py e " B (-0
where de.a} QXY <M (p-1)= (p-1) = (n-1)(p-1)

s



so that
H (R X w £ Qumye el £ 7 B, (ry-ayPt
$INCQ d H*s dc.c] g (n- N(p- 1) all terms inthe
g’!é'l-q.rm on the rlc}h'l' of dc.cir& > (n-1)p- 1) must
have coefficients dirsible by p j +his 24 yerm

oquals
ié ostzgs .‘( ) ( )( am)p-a t ltﬂ t; x:'"

1448
_apen-ttee 4*.‘) -1 -1 inp-3-t
’D‘t,’ﬁr"( 1) ?. ( ti )ton(?tu) igl (a:ﬂ) s
1115”

@y Pi-te t
(Gn ’)P' X, 1...xﬂtn ;

thus all coefficients of +erms for which

t,r 4t (n-1)p-1) are dvsible b»j P this 1m]a||¢s
f (aim )?"‘tt... (autﬂ)?“‘tn!i o (mod _P) for'

ix1
gyt > (N13(p-1) 3 fahmﬂ all 5= p-1 weept
for 4y which 15 +aken 3 1 ,xsndcls t et o(ne 1)(}: -1)

and {g‘ “’) 10 (mod p) for o:.ﬁc]; -2
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vi) put K (% k) 2 B (8- B0 e k)
and show H* (Xyy0eyXn)? iilj T (1- “Kj-ai“”?‘l )’
(O,

where (a9 0,9 , 15155, arcall +he

solutions of 1-|mz, system 5 now

do.q ﬂ’sdccj H = (p-1)(rudee e ) § (n-3)(p-1)
50 deg H*<n(p-1) so the hghest degrae erm
n H* must have a coeffiaent dwsible b"j Pi
this coefficient 1s s so pls .



X ‘Dwtsﬁm\thj Criterio - Solutions

toieri) Let n=aso™e-4a,, 05a,<10
for all i sthen n-S M2 A (10™1) 44 G, (10-1)
and , since both 3 and 9 dwide 10* -1 for {r1,,m,

the conclusions follow;

i) lo¥ neg,R e 4a, ,'355‘:(‘E f"" all } )
then n-S. ()= ap(R™-1) 4ot a,(R-1)
since d dvides E-ijw\'\ich nturn dwides E.j -1,

=t m, +he conclusion fo“ows as before .

2. 1) B‘j Fa(iliy amj common divisor ofG
and S7(p) would have to diwide p since
(blj TL(W)) 6 divdes p- S.,(P) s hence

(6,S¢(p)=1;



) the smallest S+{ P) which 1s c,om?osﬁ-q,
must be 25 since b\j (1) we know 515 +he

smollest ?oss\\a\z prime divisor of S1(P); now
the smallest n with S (ny=25 15 (16666),

and this number in base 10 15
6(14 74747 Y47 54801,

which s g prime. ;

i the next larger composite valug for
Si(p) 15 5-7735 and +he smallest nteqe n
with $;(n)235 15 (566666)7 , which1s

0(14747+7°+7%)+5.7°y 100 000.

3. 1) This follows from the fact that i diwides
10%*1 and 10" 1 for oll non-negate m'\'uir'q‘ s ;

%) asn (), R+1 dwides k-1 and R*7 4y

for all non-neqatve 1n+ujr-a\ 53 hence d also
dwides +hese quantities .



| 4. 1) olwr*,
| iy 7+ 113 71001 and Q(NY-R(n)=1001QNY-n j
| thus ¢j QM -Rin) if and on\\j sfc\n ;

iy we illustrate bui MeaNs of on q,xamP\q, 5

o shows 14 824 07 659 to0 4 824 O7 659
be divistble b‘j i but hoﬂ:\} M—m-:Ts:
uther 7or 13 since -48) 3%
15 divisible b\j n but not by Lizs e
| ~ or 13 +he obove asserhon - 45l

‘ 15 correct.

‘ 5.14) This 15 a consq,quqnm of *1 (i) ;

‘ #) lf‘nz a,+a£+-~-+a,§s+h¢n the h\ﬂh@s-{-
| powerofkmnbis [2]4[fa]s- o[ B] =
| (ay m-ra,Es-i)d-(az-!-"-'rasﬁs'z)-i--»--l- Gg =

‘ al+az(E+1)+a3(Ez+£+1)+--~+ as(E"’.;....“) s

k-1 R:-1 E,-l Es-l .
‘ al ﬁ"l +Gz E-i "'as E‘i +”’+ as E‘i -

| ﬁ{(aiﬁq-a,ﬁh...-msﬁ!)_(al,,....,,asﬂ,
‘ gr{n-Smf=Tem




W) 5\3 (i) the htcj\'\esf power of 2innls
T,(n) s n=S,(nyand Synys ust the
quon‘nh} v described }

W) this s Pr'ovo.d b"j mduction s vhis cear
fov n=1 sowe will assume it o beﬁ'ruq,forN;
Case1 ¢ R does not divide N+ 1 then
N+1 = 504-515 \w-~+l§,ﬁt :

Ns= (5,-1)+51E+--~+5tﬁt ] hence
Sa(N+1)= SUNYe1 Te(N+1) = T(N) | and
R dwides N#1-bg 5 therefore ,

{—%-5,! Et!}e

CRyTae
B {20 bs)1 BBt ] (mod ),
and , since by the induction h%]ooﬂ-\zsxs the
and bracketed LR Pression 1s divisible 5&3 k y

the mduction 1s com]alzﬂ 3

o<bosk-1, and

s




Case 2 : k dwides N+t 5 then
N+t 2bR s B RS 0By, 155, and
Ns= (E-ﬂ-km-s-(5-1)?44-(6,-1)554»«-1- Byatk™"t
hence Sg(N#+s) # SR(N)-S(E-Q‘\':{ \
TE(N’H)a Te(N)+s
and & dwdes 221-6,; therefore, since by
Wilson's '\'l'\zor'q.m Rk also dwides (R-9) %y

we hove

‘éN:l’!i BI Ent E

2y (_ﬁ)%m (135 R-1y1"6,) - by, ¢! =
(-1’ b { .,.W-(E 1)'(5 1)l e By ! }(modﬁ),
$IhCR b») the mduction \'u.j?o#lwesls R divides
the 379 exprassion, the conclusion follows .



X1 Squares ~ Solutions

L Put N=n(an+t); then
N (N1 e 4 (Nen)s (Nana s (Ne2n)
as 18 QOSi'kj vq,rtflqd 3 the qrven Q_c‘uo\r’m.s are
ol speciol cases of +his dantity .

2. 1) Direct vmftca-l-aon \y@\ds the result ;
iy surtable addrtions of one or more of
32 2% 4% 4o the fo\lowmcl Q,quahhq,s suffice
‘+o ]ar'ova, t+his :
129 = 10%4+ 52422 155 = 472452
130= 9+ 72 166 = 924 T2+ 67

2= 9%+ 5%4u2423%41% 11 = 24 7P+ 5%yt

n3= P refey? 173 = 102 8% 3°
ng= 8% 47%5° T4 = 10% T4 5°
4l = 10% 554y 2 182 = 9%+ 724624 42
9= 102472 189 = 10°+8%+ 5% |

1522 10%4 6% 4 42




ﬁ{’ 12*000'?‘02’ 10 ‘6“ 2

= 385 y S0 -rhz numbo.r's
from 193 +0 256 are the “com?\mzn'l'ans” Sums
Tothose from Rato 192 3

W) 256-1290+1 =128 v11? 50 adqu i o
the sums j\e\dtncs 129 o 256 axtendsthe range
1O 2564121 =377 )

N) same arcjumm‘r asthat C}NU‘\ o (i) ;

vi) this follows from the fact that
256+ 1124tk w1204y y (k1Y for Rz i,
which 1s 205y +o prow b"] nduchon,

3, 1) SO!WMJ X'-njzﬂ , 1j=7\(x+1) stmul‘tamousk)
for x »Ye,lds 14 N Y x2e 2N %+ ( 73 1) =0 50 x= ML
and, since % # -1 ,we find w=45% 1"j N1z 20
c,le.ar'lu} dvery rationa| point on ¢/ coms]:onds o

a hne Ly with rational 5



X

Mfrom X +x1 s3’ we ha% ) +(31) =1 $0
(%1% ) 15 arational powt on C'and corresponds
o a rational A ) S0Y A =5, (1)1, then

X 1-‘»’\".r s2.12 Yo 2N 2rs
BT INET STy A T enIT §Tar2 )

f + and s are of opposite parity then

(s r? sar)a(2rs, Y= 1
and we may put t=r,v5s Qving the ndicated
expressions forx.y,% 5 f rand s are of the
SAM, quﬁ'\j -'rhus must be odd ond inthis case

we put e 23 v=E3E cSwmc]'fhzmdscai'ed

axprassions for XY,3 with x andms m-!-u-c,honio.d

4. Evary odd number leaves o remamnder of
or 3 when divided by 4 and, therefore ,+he
square of an odd number leaves a remainder of
1+ whan dwided Bvs 43 conseque.m'H the, sum of
TwWo ocld numbo.r's squore.d a\wq%s \Qa\!e,s a rgmain-
der of 2 whendwidad by 4 but a square never

leaves a remander other than o or 1.

01 s
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5. 1) The number of aman with m,n) ¢ A s
([vp1+ 1) 9p sothere must be two of them
which are, cont]ruq,n'\' modulo ]9 ;

#) without loss of cie.no.ralrhj assume in (i)
that mym’ (m may not be Qqua\ +o m'since
then n=n' and (m,n)=(m',n’) con‘rr'anj 1o
fact ) and note a(m-m’yzn'-n (modp);

put H-m-m'and xz|n'-n|.

6. %) There are ef Pau’s (s,£) with 0ss<e ,
0 st <f ;thusthere are of numbers at+s ;
since m<ef thare must be two of these of
numbaers which are congruent modulo m

Procud as in F5 (7Y

t) take ¢sf = [Vpl+t ym=p.



X 03§

7. We know oy = 1% (mod p)so a*y*zx *(mod 12
+hus (a‘-\-n\f; x"-nf 20 (mod P);sine o< x<J]'a,
0<Y<Vp wefmd 0< XY 1P 5INCe P\ Xy

we must have p* x4 132 :

8. 1) Ser the ?roofof *y ;
#) b‘j (i and #7.

9.1y (au+bvys(av-buys (a4BY(1i )
20 (mod P) ;

) since (a, by =1 we know there are u,v
such that gv-bu=1 y choosm% such U In (1)

usndds the desnr@d t'e.su\‘l';

) suppose an odd prime p divdes ¢ b°
where (a,6) =1 then by 8y p dwides a
number of the form x*1 so,by 77, pisa sum
of Two squares ,w\\tch y bvs #8 ,means Pis of



the form uke1 1 thus all odd divisors ofa sum

of re,\a‘rwd\s prime squares , bang products

of 4ke1 primes, are themselves of ¥he form
4hes .

10, 1y Let Pn be a prime fac‘\'orof (nlyes
ne1;then, since pyon ,the sequence
Psy Py contomns mfmr\'d\s many dtﬁum‘f
primes and | bxj #9 (1), -\-ho.j are all o‘f the

form 4R 41 ;

#) sincR Fy ® 2*"y1 = (221-.-;)2 £1 ,+|'w, rime
factors of Fn, all odd, are of the form ket ;
since the Fermat numbers are m\q"rwd\j Prtmq,
N POIrs - SR =9 (iv-b)- o saqumcq,of primes
whose nth ferm 15 a factor of F;, 1sa SequeNCe

of pairwise distinct uR+1 primes.




i, 1} See the Proof of 91y
W) Pu'\' as-uand bz v inthe \dq,n't'rhs
given in +he Proof of (1) .

2. 1) Bt& Fo (ity no ukez ]::ﬂme,ma\s diwide
a sum of 2 re.\a-\'wdks prime squares and sice
onlxﬁ Quan powers of such primes may divide
a sum of 2 hon -rq,\a-hvd\-s prime squares

the result fo"ows )
i) 2= 1%+1% all Ps are sums of 2 squares,
cif x cif-r 0% and the result now fo“ows from"mﬁ;

'y mmmediate from (@yand (iy .
1. This 1s me.r'q,lus an o\cidam\c ver 1fica+1on .

4. 1) The total number of such numbaers in
AUB s pri 5o +he result 1s immediate



e §

Ay n*z-1-m’ (mod]:) leads to

scsprmemerteale (B o (221 < gy

#) the nteqers £, -3s <t s s constriuke
a com?\w, system of residues modulo s, sowe
may choose the A as indicated ; from
T A:i‘s T ajzs o (mod s) we know there isan
suchthat A;= st and osT=iY A;ss 1 f
20 or T=s then all Ao or all A= 350
sp=Taso (mod 5% ) which implies

pro (mods),contrary to 1<s<p;

Wy rsz]: = [4] fo\\ows fs‘om 133 fur-r\'w.r,
cachof the mc}h-r hand Paren-\'he;\-mca\ QX prass-
ons (52 *13) is c\wr\\j congruant o ©
modulo 85 hence 52 dwdes both sides and

rp= Bl ;



LY

%) by (@) each 591 for which sp=[d] leads
toan T, 0<ST<S, r}as ; rq,]oemhon \eads
Yo ]3= :

~i) tmmediate from (v) and # 13,

5. 1f werujar'd XY,z ond Y, %% as the
same triple +hen by *3ii) all Pythagorean
'rm]:lc,s are obtained fr'om the equations

xEvi-ut, vr2vu, Rt

where u and v are t‘e,la+lv¢|lj prime tn+uj¢rs
of o]a]oom‘l'z Pamhj ] fur'l'ha.r,a“ sucl-\'t'raP\.es
are indeed P\jﬂ-\chore,an 'h-a]alc,s a5 one may eas;\tj
check 5 we first show that any single appheation
ofone of 1']'\@ matrices U,A, D Toa Prtmrl'wq,,
Pv}‘r"\qaorwn Truj:h. \Qads'acjam't'o a primitive
'P\frkacjoman 'I'r'u}alo. s this fo“ows from
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¢ 2¢ 2¢
(VEeul 2vu,vieut )l 2y v 2w
- S

2 (vhutavu, vty
where v'= 3 ((1-e+2v)u+ (340 ),
ws I((1-elu+ (3+e)V)

n each of the +hree cases

€z~¥s1, €zV=E1, gs-vm-1}
also i each of these cases w',v'are relatively
prime Inteqers of oPPosrl'z Parvh.] : WL now
need to show that evary such '\'Pl]:le IS of'l'lwe
form (3,4,5)4 ; i the three cases abovewe

have
(2v-u,v)

(v, 42 4 (2veu,v)
(2u+v,u)
let v, u’ be qien mlahvel\j prime m‘re,ajmrsof
opposite parity and suppose v u' ; there are
three cases

(@) u'<v'<2u’, (b 2uV'<3u’, (€ 3u <’ ;



X

in thase three cases the triple corresPondmﬂ
to u', v/ comes b\l aPJohjm%,res?u‘!'wd\j ,
U,A, D tothe 1-r1}9|e, corrq.,s?ondmo] touN
where

(a) v=su' ,uz2u'-v';

By veu, uzv-2u

(¢) w=v'-2u’, usu'
in each case u,v are rc,la'rwe,\t.] prime, oF
opposite parity, and ¥ > u ; further we
note that v< v and u sv'; rhe process must
stop when vz2 ,m which case uz1 and the

triple (3,4,5) = (2% -1 2-2-1,7+") s reached.



X4 Sums of Powers ~solutions

1, 1) Usmcj the, binomial +heorem we fmcl
5,t+ ey Eﬂt-t- (c1+ﬁ.)t+ e (C.ni-ﬁ)tf-
E,&--wﬁ,fni(%) Et'f;‘cti ,
AR | b,+ AY4 e (Bnq- Rf‘ =
c.fa-m'rc.nta-j};oq) Al E,B{j ;
for ot sm these are equal since
By BaB ey,

or t=m+1 the twe LRPressions become
me M

6:’“:....4. ) +1';° (m;a)ﬁm“’if ci{ ' ‘; Ctmﬂ

i
M a go ("‘; 3 ﬁm4t-j§15ij+ 3;5,"“‘;

agamn, for the same reason ,Theszare equal ;

) (BexYs et (BT s |
go{(“n X b ]} x?

izl

(Cpe XY ot (S )

go{(?) gtc‘ lj}xi )

tf By v, Bu By, G 1f 15 clear that these wo



ms

expressions are q,qua\for' all x ; on the other

hand | lf 14'\4».3 are c.c‘uo\ for oll % ?\r\q.\‘ must have

identical coefficients which proves the other
direction 3

Wy +his fo“ows tmme.dm‘\'d\j fmm (1) sfar‘\'inq
with 122

2. TI‘\@ four' nstonces are c|ear su})]oosc, 't'ha'l'
fx-n

,?:1 (10,0 = E Apa® for ostsk
?ko.n by "1y, ]
f (38N +§ G (n+zﬁ“) Zo,“n +£ 1 ,)m{")
for 05t ¢ Re1 5 noting that

zﬁﬂ flez
Z an 1(“*25“)t-n§a "*n. 1-2%1 ﬂ't '

Eli-ap ey R NCELARLY
0 Gn-1%1
ond a,_, 6 { f ans we seR that the
11§ 3?0
E+z
above 1s equwa\qm' 1o & (1=dy )= ‘Z O
for' ostskyz and the mclucﬁ-tor\ s+q,? 18 comPld'e.

t



ws

3.1) Ex?anqu (rn+s)® using +he binomial
theorem and mfuchancjmcl sums leads +othe
result by wefficient B»)wefftctenﬁ' aP]:hcahon

i) fo”ows as does (1Y 'I"woucsh usmci the

multinomial +heorem.

4, 1Y Put rez,se-1 n?3 (i) anduse ® 1 (£)

with msg ,‘nszﬁ 3

iy sincethe d; may be chosen os \ar%@ as
we ?\wsz this s clear

)y bv.ﬁ iy, with x m (i) rq,]alacq.d 5\1 x+d;,
we see that L =R, for each i ; thus since for
each two ?rocluc'l's U, - Ug the factors are
r'e,sPec‘rwdtj equal 5o also are the Producl's ;
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#) the 1% part of the assertion s cleor ;
since the d;+5; are all distinet, 1f we choose x
lqrclq,r than the \qt'cie,si' of +he d:i *Bi thenthe
7('+c{i+53- wil hmssaml\j be cltshhd;‘\'hqﬁ' '\'\'\2\1
are odd fo”ows from H—w,fac,f that x and the
d; are even while the by are odd ;

9) this 1s immediate ft‘om (i) e (W)
since all of the Produc\'s U, Ug q.qua\ s.

§.9) ts= S 445 and cach S 15 such asum ;

W) Bv} (1) each t;5 15 osumof E’E powers ;
consqquq.n-l-l\.s 50 also 15 1, 52™ and ;therefore, ms

i) since all the summands nthe ;s +erms
are odd and distimnct and since for different
these are multiphed by distinct powers of 2
none of the ferms arising can equol any other

n3s
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W) this fo\\ews from (1Y~ ) and the
Possubt\rl'\ﬁ ,Cjuaran‘!'u.d \3&5 *y(v), that the
hsﬁ?oﬂ-\ws of (i1yare reahzable,

6. Each (is+1)4(s-1)s+41 55 5 hence
Sp< g2het ; the S, exhaust the residue classes

2k+1 are

modulo s so w-rom\us all intequrs s
wru-t'q,ql:\e., " +\-\e, form ms+S, ;
the conclusion now follows from the fact
that ms is the sum of distinct R# powers
all smqner +han rhe smallest Etﬁ power

makmci u}) S, .



XM Continued Fractions ~ Solutions

1. 1) This follows immediately fromthe
definsrion of £(x,,- - FAY

1) the summands of E (X, +++, Xne) Uther
contam Xy, or they do not; those containe
NG Koy Ore precisely the summands of
E(Xo,*+*%n Y¥ney While those not corﬂ'ammcj

Rnay O those of E(%,, =, %) 3

iyforn=z, E(x, X, %,)E(%,) - E(%,,%,)E(x, X,)
= (KX K 4 Ko 4%, )X, — (K %, + 1) (X X, 41} =~1
=(-1)""" s assume true for n, then
E(Xgyee, Ko JE( Xy, oo X))~ E(Xo, v K)E (X, X
2 (Ko E (Ko yoos Xa) 4 E(Xoye oo, X)) E (X, 000 %)

= E (%o o, XY (K E(Ryy X0 ) 4 E (K00, X )
== (E (Ko, Ka)E (X, 50 XY= E (Ko o, Xn Y E (X2 %)

T L



s

vy for nsy,
E(Xo,%1,X2,%3sYE{%,) =~ E{x,, %, JE(%,,%,,%,) =
(R X, 5,5, 4,5, 4%, %, 4K, %4 1Y%, = (X%, 41X, X,X,4%,4%,)
= =%y =(-1) X, 3 assumetrucfor nn, then
E(X,,m,x“,.)s(x“m,x,..,)-E(x,,-n,xn.,)E(xi,m,x,,.,)
= (K £ (Koo, X Y4 E(G 0 Xn JE (X, 027, Kins )

= E( Koy, X ) Fumi (Ko, Ko )4 E (X370, %00} )
= Knasl € (Koy** Kn) E (%30 Xu) ~E (Kopo XndE (X, Xn} )

Kl =1 X,

v) for s=1 ,n=3 wemust have t=2 and | in
this case
E (%o, %, %:,%5)E (%,,%,)= E(%,,%X,, X2 YE(X:, X, X )=
(XX XK, + KX, 4K, K, ¥ X, %, +1 )%, %, + 1)
= (XX, X, 4 Ko 4%, J(X, %, X, 4%, 4 %,) =
= (-1Y " E(x_)E(%,); assume okfors=1,n=n;
then

£ ( Koy*t ixﬂ"‘l)E (x“"',Xt)"E(X,,“‘,X{-)E( j"':xm-l)



X

= (Xnas B (Rays oo, XY E (Koo X E (X, 000, Xy)
=E(Xqyr >y Xe N Xnas E(X5,0 - X0 Y E( %, 2, %,20) )
2 Ry (1)  E(Xpozy X ) # (= 1) E(Xpuzy o+, Kines)
=) E (K X = (- 1) E(R)E(Kuy o+ ¥
This proves the result for s=1 n23
similarly one shows ok for s=2,n=4 and
that of true for s 32, n=n then +rue for
s=2 n—on+i ;thustrue fors=2 ,nz4;
assume now that the formula 1s correct
forssq,n2q+2; then
E(Xoy =y Xn) E{Xqoryes X }=E (Koo X)E (Xgosp" **Kn)
=E (Xa,"',xn)( E (xq-i,"',xt)' Kq-1 E (,;q’. -, X¢) )
-E(Xe,"'.xg)(E(Xq.,,-",xﬂ)- E (Xq,“',x,,) )
= E(N,,'",Xn)E(X1.;,'-',xt)-E(X,,"',Xt)E ("1-1:"‘17‘:1)
= Kyl E(Kopee KuYE(Xqyr++ X} =E Koy KE (Ko %))
= (1) TME (R, oy K43 ) E (Xug ooy )

-x‘{-t (_l)t-q,ﬂg( xﬂ...'xr:) E (Xﬁz;‘ .."xu)

4
={-1) q(E (xﬂ;' ‘ 'qu-a)"' xq-tE (xc)‘ ) xg-z) JE (xm,‘",xn)

~(q+1} »
=("1)t ? HE (xoy'" :x(‘lﬂ)-z) E (xt,n)"' rx‘n) )

s
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The above arqument is sketched as follows -
verify The assertion for s=1,m=3 ands=1,n=y;
Then showif +he assertion 1s true for s=1, nsk
then 1415 also frue for s=1 naksy repeat
for sz2,m=u 1§32, n=5; ss2 nsk ‘m:phe.s
sz2,n=k+1; the above shows forsx1or2
and nz3 or 4 that the assertion 1s correct;
suppose how Frue for ssq and nag+2;then
this leads to the truth for S£q+1,M2q+3 ]
this imphies the fruth for s>0 n2s+2 .

vi) 'Pu-H-ch szEm,t=m+1,nzzm in (v)
yalds | after using (i), ond noting N Fony > Ky ¥ XK
E(Koy " Kan) E (Ko Koma) = E (Ko, XonedE (Ko 00 %)
= { R (Fos o X+ E(Xe, X | +E (Royovs X
= (K2 E Ko Xyt £ (Xayoor, Xomd) 1 E2(Koy X

= L BB (Koo Kn) = 2K E (Ko Xom) E (KooK

+ X2 EH(Koyreey Kime) }
= (Kt 1) { E*(%oy **) Xum) + Ez(xa,‘ * xm-t).; )



X

SINCR E( X, Xmed = KXot £ = KXo # 1, caneell~
ation of +his factor yields the desired result.

Vi) Put semas temez n=2met n ) o
obtain
E( %oy * XmyXmasy Km y* ** 1 X 0 YE ( Xinagy Kimez)
= E{Xy) ", Xmy Xmasy Xmez) E { Koty Xmy*** 1 X0 )
& g'(x”... ,xm-i’E (xm“,... ,xo)
2 XmarE (Ko y o 1 Xmy Kema) ¥ E(Xoye K E (X, 200 Ximad)
4 E(x”...’xm_ng (xo,...,xm_z)
= RKea| Kot (Ko 90y Kom E (K00, X YE (X, %, Xom, o)
#E (Koo KmY E (XKoo Xmad ¥ E(Koy o Kored E (Ko 70t Kooz
= (xmﬂxmzq- 1 )E (xm...,xm) g(xo,...’xm,-xm“)
% E (Ko K Y%, (Koy o K 4 E (Ko gt Koo )
+ E(xo,... |Xm-1) E (xo,. . ’xm_z)
= (KpoXmedt 1) E (X000 X (E (Xoy22 4, X, Ko o)
+E(Xy, o, X ) 5
cancalling the factor E (%, Xm2)= X Xy o+ 1
yidds the desired result .

9§
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2. En=E(1,-+,1), where there are n places;

i) d%l"l\j E=E(1)=1 ond , f’ro‘“ 1 (4),

Enva” Enot By
i) from 5y and the definrtion of u, ;

) the 1% equah-hj S b\j inductionon n
and the 2% follows from +he 1% using the

binemial theorem ;

W-a) 1 () reads, when one puts all x 51,
EnvsEnesmEp = (-1)"
50 the result follows from (i) ;

By this follows from *1 (i) almost
1denhca“\j +o the arcjume.r\'r groen 1n (*),
exeept that +he index needs ¥o be changed

by unrty
<) fo\ lows from ¥1(v) asin (a)b-(ﬁ) above,;
d) follows from *1(vi} as n (a)e- () above ;
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¢y follows from *4 (vit) as in (a) e~ (bYabove ;

£ Uy U ¥ U W ¥ Ui U Wy U U2
= unz-i F Wy U Uy Uy S U+ Uy Uy, = u: !

‘p W3 Uny g Uy s Uy Uy s ¥ U iU 3 Uy Uy

2 _ 2,
Z Uy Uyt Uy Ugogt Uyl SU Wy (P U U U,

v) for n=2,3 +he assertion s correct ;
suppose I¥ $0 be correct for n n+t; then
Rrez® Cpygd Gy = (U, a+u, D)+ (U, a+u,. b)Y

TU,A ¥ u,mB

and the assertion 1s also+rue forn+vz.

i
3+ a) [ oy, A= o+ Tar v, @nT

i
- E%a;'“.‘ u!
-a°+ Az, l:n,
- Ao Ela,,an)rE(dss :au‘ E{Ros",0.) _L
=TT E@en)  C E(@ Y G )

) [ Gmy+, ] = ElRnamdd)

- E‘a‘l. Ja‘l‘1 = & Ll
E(Gy e, 0y-s) Qs |




) Pi= E(agr,ag)= agE(ay a'ﬁ-)"'s(aw"';ai-f)

S A% Pt Pi-as
a simtlar arqument works for q¢

1:1:{) [ ae’ '”’ann.l’ a-n+ %] = [af,’"', a’ﬂ] 5 ]
- Egﬂgz""a&uﬁj_ EE(aGI."!E!‘*E(aei".!anﬂ‘

E(ah'“ua"-lﬁ) “ bt (ay,-+, anY+E(a, 1’":‘1»-1‘

- 621;"' Pn-1
T bqntqu-t

3

w-a ) this follows from *1 (i) b\j +ahmc5
X(=dy for all {5

B) this follows from # (iv) b\j +akm3
*i=aq for all } ;

v) from (i) we haw,g"',: f;’;f:, '% E%: :;‘ G

and +he inequalities not mvolving & follow by

eramIning the cases with n even (odd ) for the
mequalrfics mvolving & note that if

xs{a;,- -, a.,q--t] than

X=In = bprPu.s _ Pn . &“ FVudn_ ) M
An  bGu+qu-1  n Qu(ﬁq.,*‘l“\ 4 BGu+ 1)’
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vi) this follows from the fact that g ::v[

always lies betwean f-and %

vif) 1 the arqument above for (vywe found

\°‘ ""fihn‘ = Qn(5{n+qu-:\)
where am,<5 < Apetd 3 Thus
Gres™ Gonss i+ Gy < Bcini-(in i (Bt )t s G
and the result follows ; (note that a,, < b
since it 1s assumed that s wists )
alterngtive ¢ the Yast four +erms inthe
SLquRNC given in (vi) are Lnet X, PurstPu P,

In+1? 7 Pnas*Qu? G ?
+hus
2«41*&
dn ‘hﬂ*‘{nl < l ul
<l - Pus | = .
Gnes ‘In‘iua-: )

2 L . :
wiif~a) lO("T’L‘ ‘l,‘q-ru-l = qn(au+;qn+%-ﬂ

= 2]

= ‘i»'l(?n 149

- = 1
B) ‘°‘qn P"l < an Ans1gdn +qn-1

< W< |°‘qn-1'}9w-1| )




R4 §

ix) the Yimit @aists since bounded monotone
sequences always converge ; the imsts are

equal +f and onlv_‘ of

Pras —
\‘Iun q,,qm,i —> 0 asn Sl

x) immadiate from (ix) ;

x{) for' n=~.,-%s[a,,,a,]=a,+ = A+ M’
suppose, ok for n ,then using (iv-a) withn
replaced b\j n+1 ond havmq dwided btj Ingnes

we have

Ban Poy GO gyt b 7
Dras t Talnn ‘{n‘!nﬂ a’°+‘lo‘[s Q;‘h.l. *‘in 1%* Qn‘l:m’

xii-a) +hus {ollows trnmzdtcﬁ'd\j from (iv-a);
6 gn =E(a,,+,80) 2 E,, > 00
since —% has a hmit and ¢, — 00 rFmustbe
True that | p | —> 00



X 128 §

¢) for n=2,3 we hawe
2"1

"z'E(au“z) A, d,+t 22 22
L
9> =E(ay,az,45)=a,a,a,+a,+a;,2322 %

assume ok up o and mc\udmcj n,+then

G Gne G 2 G s 2t 3

-z'f(;p—)n 7 '-

a4y by (1) $INCL 4G =2 00 AS N—> 00 ;

X Py s ¥ Pssn
xii-8) suppose ocm Gy, Ay 4] « SEEBEL

-1

P’[“’O:'"!“ﬂ-f";] M
et &= ap+ox” p’zﬁn-rp",whwc o< X<t
o< p'<1jthen pl-xx’= (b,-a,)+ pl-x”
21+p-X">0 5 now

_&'& BPuost Pz (B“XHPr-2 901" Pu-19ne2)
X~ = &g irpz™ e 17z = (X e? A2 K B e s

= (B=o/H-1""" <o f niseven;
(. T Gn2X PG+ In-2) {>o £ n s odd '

BY pust 8 =[dy,d,,d;,0e0 ], where
6= C oy ey = bty 5 f &< then, W5ihg
(@) , we see that if 115 the first place where
d and o differ then




diyagforfoven, di<a for{odd;
butthanf {=2k, c,c> a4, andf = 2k-1,
by ¢ 834., 5 since these wiolate the hxj‘j:o-rhests,
we must have S5 o 5 the right inequality
15 proved n The same way 3
¢) fake all cy=1and all by=2; then
B =(12,0,20]sxs[2,1,2,1,-] = 14V3.

4. Let o= ond suppose

a=a.b+rs osr,<b

b=a,r+r, OLT <1y
h=a,r+7, Ogr, <1,
7E AyT, 4T, 0P <T,

%-3™ %% ey s rﬁ.q( L

’a_z= aﬁ rg_l‘l" o ;



X

Then
a Ye D S —_
T=a°+—E’_-a°+ _b -a°+ a+_1-‘_
rc b} ‘rg
1
=do* a,+ 1&
(s
1
=t 1T Lo, y0g)
3T g,
z T, _1_
+ d&

if ag=1,+then +his equals [ao, e ag #17 5
from x=[as,a,,d:, ", an) =[E»,,B,,-~,E,J=j3
we conclude ,unless n=1 and oneof a,, b
15 1, that a, =[] =[ B =6, ; continue by

nduction to c}d‘ unIGuUeNTss .

5. Put a,s{«], a,= [Ot"avo] “z’[“_a "“1]*
Ay= [é?:—-_.a o5 el define o, oy, o,
b‘j X F tagy K= ; aj,"ﬂ‘\m a,f=[0(1'] )
uniqueness follows frcom rhefact that of
X=[ag,dy, ] then a,=[x], e,

2y s



(11- 3

6-1) Such a schume 15 1Mustrated by the diaqram:

RI2l-1lo| 1 2 seols=s| | s+1 .o
Gq a4, 4, @,
Paf| O] 1| %| e+ B (A #1400 1, 0 B P 4P, |
9elt(C|t| % a,a.+1 Qs-1195 |Fsi: s *s-1
11y
-2 =} O 1 2 3 &4 5 & 7T
2 2 1 3 4+ 1 4 3
o 1 2 & T 26 33 5% 269 866
i Q1 2 3 11 14 258 114 37

50 the conw.rgqni's are

2 5 71 Ze 33 59 269 868,
19 23441 y14y25)114, 367

1 o w)
2227 1
s =% 47 1
2+ 1
41
1+ ‘1
i+

since



xin

2227 =
9911 =
2227 =
1003 =

221

119 =

102

9911 4+ 2227
2227 & 1003

1003 + 221

£ ™ £ O©

« 221 ¥ 119
1+ 119 + 102
1+ 102 + 17

6 17 + QO

- ¥

4 2 4 1 1 é

1 2 9 11 20 131

4 9 40 49 B89 583

2227

13}

= 333 (canced17)

10349 3.'._?-1.g

SINCR
34453 = 3 + 10349 + 3406
10349 = 3+ 3406 + 131
3406 = 26+ 131 + O

129 s
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? 3 26

o 1 3 10 263

1 [~ 1 3 719

+hus %%=—Z%% (canced 131)

vy w=[3,7,15,1,292,1,--] so
3 7 15 1 292 1
O 1 3 22 %33 355 103993 104348

1 0 1 7 106 113 33102 33215

103993 1
l“' 113 l |113 ~"33102 | ® 11333102

_ 10~ T
= 3740526 * 310

viy one obtains the sequence

325 AT 69 91 113 335 157 113 203
1, 8 y 15, 22,29, 36,43,50,51,64,

223 24F 207 .
71 + T8 » 85 ’_982_‘!'35% ] one knows'l'o

stop since the next farm 15-}-{{- which 1s onthe
orher side of ™ and 15, inaidentally  the next

convergent after 33
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vif)
=[1’1’1,1’...] :

1 _atroate2arx

A+ o Arrxa e+

hence
iz atr2 ond = Ja'+2 ;

-

)t -2sa-1+(Ja’-2-(a-1))=a- 14+ @ a1
2a-3
yar24a-1 _ 4, JoR2-(a-2) - g, 1
2a-3 2a-3 vai-2 +a-2
2

______,\‘a"z;a.z =a-2+ va’-?. -z(a'ﬂ =a_,?_+ 1

;Cbi- 2 +ad-2

2a-3

Ja*t-z2+a-2 =14 Jat-2-(a-1) =14 1

2a-3 7 2a-3 T Jart.z va-1

JOE-2 +a-1=2(a-1)+(JaF-2 - (a-1)) ;
thus

vat-z ={a-1,1,a-2,1,2(a-1) ] ;

1;15 J5 -1 1 1

s
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puthing a=5wehave v23 s[4,7,3,1,8];
the expansion for Va%-z was originally gen
by Euler ,see Perron T, p 99 [1954] .

%) (see Brousseau [1971])

using The schama of () we find
n-3 1's n-z 1's
et
2 e 1 3 7T e 1

o 1 2 3 s un‘d- 314”,1'?11“.2 xrew a

where o, B are the respective n¥ rerms
of sequences constructed as in *2 (v) where
the a,b are as follows :

for &, A =Un., , D=3u, +u,.,

for B, a=uns , b=3uUs tUn.y,
using the results of #2(v) and ®2(w-f, 9)

we have the desired conclusion .

T40) 96% Qe G2 = Gl 14 36) * Rz ™ Ghcs
< qpaq(it Agtagte)s %ﬁ' when 44 ,<qe 5



X

and 9% = Fe9h-1* 9e-2 § (aﬁn)q;‘_z( :l_ic'l: R

when Qa2 2 G k-1 5
§Y for suﬂ‘ab\\ﬂ \an}@ Ro The converqence

of ;fj Ay, quarantees that ag<1 for R2R,;
Now s+u-a'\'we.\\3 using (4) we obtan
-1 -1
9e<gs(t-a,) »(1-as)

where 5 < ﬁ, ond R=1,9-%i, % ﬁ, 3

¢) from (b)Y we seethat qq 's bounded
$INCL eﬁ,( 1 - a,i)" ConveLrqes ; wnsq.qumﬂ\j
959 s:90es not tend to 00 and *3(x) quaran~
Teas the dwergence of [as,a5, 47 ;

ii-4) oz min{q,,q.} = ¢ ,and,similarly,
q:2 € 5 1f gg2¢ for Rsn then
Qi Anunt Gu-s 2 €
b) this follows from g = Ok kst Gz,
the posthivity of agand q¢ 2 ¢ 5

Y e+ 9512 arst at C a5 for Rz2 ;
l+e.ra‘|'ms3 Fhis we 'Fmd

133 §
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e * 9612 Go+ Gurt cng Ap ¥CL Ay 5
d) gea2C, qa2€, 50
95+9¢.s ¢ .
qede: © T 2T L A )
3 b\j *3(x), 4g ks 1 =>00 a5 R—>00 ;

fif) this meredy combines (43 &~ (i1) ;

o
W) the sories I ay, alwatjs dwu-o_‘ts under
The qven conditions .

8.1-a) There are positive m‘\'u)trs €,v such
that Bx-mre , dx- vz ;
so\\smc" These Lquations \jtdds

Ja+ec arc bred bed .

X = fe—ad 2 Becad s Y= bead 2 Torad)

be-ad %0 since < r ok
by every fraction \"5‘"(3 between —‘g-and%
has a denominator which 1s 2 b+ d 5 1f one of

4,£s doser To o then that fractienisa
BA1 10 & (the other fraction may oF maynot



W

be o BAL in this case)

i) \c\'%‘be o convergent o & ; then ather

_Pi-1 P Pi Pi-1
Ay <<>c<--—-’—qj or —gl-<x< —5—% !

ond, since \P]‘]j-r’f-’j.x‘lﬂ = 1 ,we conclude
from (i-b) +hat —%— 1s & BAL T0 &

54 bvj Prob\em *o(v) :

3 22 333 355 103993
1, 7, 106 , 113 , 33102

W) b~j problem ¥ e (vif

145 _ Ewas HBnsg,
A48 =1 1,0 = him B2 2 him B

V) rf <2< :.l—j‘%-l-he.n yusing (ii- a)e 3 (1-b)

no+tnc5 +ha+ i must be odd,
B > Gi-st Qe _ “ju.q,j"'z‘[i-l .
Q- 1Pp1-9fea Pt e qi )
f‘lr <-4 <£’—+h¢n using (ii-a) & * 3 (iv- by,

noting that 4 must be wven,

52 114’1*‘11'1’ - “”"113,*ij" >q .
VjeiPrs Psr jos A Y

135 §
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9§, = {%,%1 ;
§,= {'%,'é','i“ )
és = {%,_;_,_i_,%,_it-l )
§,= ['%,‘3',“},";',‘5',%, } )
b= (S 4433+ 33445
b (S 44444110214

—
—
™

i) ddear s

ya) (a,b)=1 sothe congruence

ay = -1 (mod b) 15 solvable ; choose that
residue class for y so that n-6 ysn;

b) with x, and y, as specifred suppose
(¢,d)=1 and -F<-5<F2;then ad+r £ be
and cyot1 s dxe = d - 242225 s imphies
Ecujo-\-B g acf1j,+d and , therefore ,

n <1:|,+6 < (Bc-ad')vj,-n-ﬁ sd j+his

means <—1s not in ¢, Whl\t-%‘-:—ls nd,



X

¢) put az79, b= 101, n=101; then
19y, % -1 (mod 101) and o<y, 5101 are satisfied
by Yo =23 5 thus X, =18 and 55 15 vhe desired
fractionin §,,,; since only 1-he, nequality
changes to work i §ao0, and then because
99< Y £ 200 W SR Yo = 23+301= 124 nthe
second case ; thus %297 and 3¢ 15 the
next frachor\ after 152 P00

dy let m=max {B,d} s then since

ad = -1(mod b) and m-b<d<m we

conclude 35[5*—1 _ad+s  bc _ ¢
— 4  bd T bd T d

15 The ddement next a‘f‘\'er —“6'— n %m )

w-a) f b+rd =n then the fraction %:—&

would bein &, and then 1,5 would not
be consecutive in ¢,

6) by (), 'Tf: and , +herefore,

be- acf- Exo-mj,,-ai ;

137 S
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¢) ymmediate from (b) ;
d) from (B), f b=d then b=d =1 and,
since ,—E’- are consecutive damants only 1n

$,,n=1; burthisviolatesnry
v) +his follows from (iv-5) and *5 (¢-6) ;

vi-ayby (v-b), Ex-cu:'n and caj-cfxn ;

thus x = 22 and Y= f—“‘a‘};‘r ysince (X y)=1

rhis implies (a+c, 5+c[) be -ad ;

) from (a) 7— ers s

iy cear from (vi) ;

-a) all fractionsin Fn.~ $n are Taruj
mediants of fractions in §, by (vii) ;



X

consaquently the only fraction n §,., \ 8,
lying betwean & and £ 1s g ;5 since no
fraction of $..\d, not ‘vsma between —"’6—
and < can be as Jose +o o as cach of & and
< the wonclusion follows ;

6) 5\3 (v) ot least one of 2-and & s
a BAL to o 4 consequantly all fractions with

denominators <n are further from o +han
a+<

bed 17 émt\ ¢
and 15 doser +o o than the nearer of 4

the doserof 4,5 5 of
-5 then dearly 15 nearer o & than all
other elements of &, \d, and,therefore,

|saBA1+oo<°,

x) the double undertined t+erms are The

12 3 4 6
requisite fractions for W-3: % 5 %% 2 %8
18 9 10 m 2 3 14 15§16 1 311 41
50 57 6 71 T8 BF 92 99 TOE{N3 T 6 5 4 3 21

hence the desired fractions for T are :
) T 16 19 22 179 201 223 245 257 279 30t 323 35%

! 4?5)

6,1’,5’“64,1! R 18,85,92, 29, 106,113.

39S
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10. 1) In the contrary case

o e |a- B = |o-F e |x-F 2 e o
50 (E:-':{)2 = b'-2bd+d s 0, whichis impossible

unless b=d , which does not happenfor n>1;

i) ler Fsx< g, where §and § are
nuqhbomncj dements of 9, ;
1 1
i'f |0(-'g'|> B(ma1) and |o<--§r|> Limr) W
asohawe gr=g-% = |- |+ |- 7|
2EET 2 BT
since , by ¥9 (w-a), bed >m 5 thus , uther
1 [
| - & l‘-‘ Bmay OF l°" Tl % Zomad ;
sinie bsmoand dsm we may choose + Yo
be £ the 1# case and - i the 2% case,

m 4y Ser ¥4,

1) b\j (1) we moy gepand each of the numbers
-tp—, 1stss, ntoa scf sothat a,%1,a,51 ;
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E (0o, 3y}
Eal! ?a'\i’

doing so wields s

i) b\j F3(xii~a), p=E(G -, au) for each of
the numbers £ in (i) 5 if , on+he other hand,
P=E(a,,~~-,a") ond a,>1,a,>1 , then
2= Lol 15 one of the above expan-
sions with 1 stss;+he last condusion follows

from o (1)

) by (iii) 1f p=E(ac, -, a.) also
p= E(ay, ko) ; Thus these sequances may
be jomrzd and , since, p= E(]g),'l'\‘\«b squUeNR
p 13 pawed with rself ; nowthe evenness of
the number of sequences means that one of
the other sequences must bethe same fors
wards and backwards j1.e. ag=a, ;;
V) b\j #1(‘Vﬁ) ' E(“o"“iama amnamr".ta’o’

15 nota prime when agv1

i s
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thus P=E(Go, ", Ay Gy, Ro) 08 10 (i), and
b\j #1(\’{)1?’Ez("»‘oa"';am)"’Ez(ao;“‘,am-t) >

, 3 13 1 E(62)
W) s=[F]s6,132E(19), T =6+ 7T=¢0),
E(4,3) 13 1 E(34)
T“""T-sm y F T3Y YT ="Em)
13 1 . E(2,1.1,2) 33 . 1 E(28),
FELH L _FTE(,,0 6 - Fee) )
1
145

13 13
'!'he,})o\t‘s are 1 F O F T T,

136513 B > L rhus

13 =E(2,1,1,2) = E(2,1)+E*(2) = 3%+22

i) |5 -] s Ty < T
and o<tz [JB] 4 VB ;thus
o<(at-bs)+t* <%2+ b =2b
by from (a},
o<(at-bs)+t?=(at+1)t*~2abst+b"s°< 2b
and , since b divides a®+1 , 1t also dindes the

middie XPression which \mphe.s
(a%+1)t*-2abst+b’s" = b



X

or, what 15 the same , S5t -2ast-bs? = 1 ;
f (at-bs,t) = then § divides T and at-bs
so 5| bs ; since (5,t)=1 erther S=10rJ|6;
inthe latter case J divides The left side of the
above equation and +herefore diwidesthe right
side of the equation and thisimplies =1 ;
¢)this was shown inthe proof of (a) 5

it) et b dwvide a’+1 ; then (a,b)=1 and
we moy take o= -+ i (1)} the conclusion
(at-bs)’+t%= b derwedinthe proof of (i-a)
wiedds the desired result since by (b)
(a’c-—Bs,ﬂ =1,

i1y Whlson's +heorem feils us
(p-1)i= (6RY =-1 (modaR+1);
now (4R = (1.2.--(2R))((2R+1) -+ (4R))
=(1'2“'(2ﬁﬂ(p-—7—5)*" (?_1) |
Z(1-2.-(2 Ii))z(-n“ﬁ’= a® (modp);

3 s



Le.taking a= (2R)!, p dwides atas;

+he conclusion follows from (i) ;

W) if (b,c)=J +hen 3la® so5=1; thus
there 1s a u suchthot cus 1 (mod b);thus
(a4 ul= (au)+15 0 (mod b) and we
are done ;

v) +his follows immediately from (e (i9).
5.4 |o=g] 2| o= | for d£b imphes
d|xb-al2b|xd-c]

which in tuen imphies
|oxb~a | z—f—]ucf—c,lz |xd-c|;

i1y 5 15 a BAL but nota BA2 ‘ha-é';

iti-a) l‘f—g'<‘r%= Ry then [—g' - I >
50§ would notbe a BAL Yo  ;

a
T"-fx|
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’S5'S

6Y if £ > rhen o<<q—<—5-so
P
|soox-ao|sar =42 6-7g 2 b|F -4
<5|o<--5-|-|60< al
s04 would not be a BA2 to  ;
) b9 gfo“ows from ¥a(vy 5 clearly

| x T| lﬁ ""11%‘: "l—wlj}{;“ﬁ*‘lz E;EH;

loo- Bk | - 58 V=gt
d) from (cy we c.onc\udz,

|bx-a |25 |9e0c-pel
and This violates our supposition that % T
o BA2 T0 & 3
¢) we have shownin (ay~(d) +hat =
may not hie between consecutwe c,onwcy.ni's
and also may not he to +he left or right of
all convergents ; consc.quenﬂ\j must be

o convex*ge,n-\- to o

w-a) we use ™ 3 (vit) Yo derve

HnO( -P ﬂl < q:“"'z am‘%ﬁ*‘iﬂdﬁ Iu "]'.‘[ﬂ-1< | ‘iu-:.o"yu-tl Y




wos

b) sinck o 1s batween -a% and We
know o~ E24 |+ | x - 22 | = Wo_i__ and
mul'hjghjmﬂ by 9nqn-1 \jlelds +he result

¢) no matter how 4, o ,% are,
arranqu onthe, line

qunq $ g:: -%lﬂ% - l"'lo"%li

now multiply by Bc[,m :
d) immediate since the lef+ side 1s

obwiously less than or equal to the left
side of the inequality in (b)Y ;

2) follows by a comparison of the
negualities n (¢ and (d) ;

f) 1mmediate from (o)

¥) this 15 merely a restatement of (iif-2)

and (w-f) .

Pr Pes
ek rvey and

deduce e %J £0.

4, Assume the contrary for



X
5.4) If = thanax'=o § otherwise

P 1 1 _| Pses _ Ps

IOC- Tl%l( qs% < %‘is-i-l-'% ‘l:l

so ather
5t
(n even) -g--q’ s %_:.
or (n odd) P ;
Ps-1 (e ay
qs-1 6" 9s
Ps

n uther went &'z 5— o Ten

new, by ¥3 (i, 1 oot
T Ps+Ps-

oy, Rsd X' | =
[ -3 [t ] éq,ﬁ""q;-l

, 1 451 Pso1 =X Gs1 s
) x T ‘[’5 = Xqs- Ps g
- ('1)’ p— 1 )
P S A Y25

1
thus ?) 2- q

259150 '< 1 also we know

47 §

20 by ()5 since X < 1 and Xe[g, -, ds+ex’]

by (4} the final conclusion follows from iy ;

#) this 1s an immediate consequence of (#);



48 §

#) this follows from the fact that the
rerval (- 25, £+ 757 ) contains
uncountably many real numbars for cach of

which —g— 15 0 convergent ;

V) (see Gessd [1972])  suppose nisa
Fibonace number ; +hen for some positve
L 1adENE [ a-vE \RT .
nteqer Ky on e g { (A55) - (258
s sn? = (-1-*—‘3-)"94- 2 (-1)5‘"-&-(_1;2\‘1)2';

z
ond therefore ’
{( ;JE)Q ( _ )g}z. ?'Sn’-m whan k15 even;

the converse istruefor n=1 solet nzz2 and

snZ-4 when ks odd;

suppose sn°ty =m? ; then R= 1325 an
integer since m and n havgthe some ?ar'ﬂ‘\j ;
further mi=zunen?ty24n? so m22n;
substituting 2R -n for min our equation

\jsdds sn2ty = uk*~-4Rkn+n? or

e = (- = (o)),



it Mo s

1443 , 1-43
T, hww

where T =

R 1 1
‘T-t I T ntlh-T] < ont S
i-’c’z-é-(-’;?"rﬂ)-t’ >3 -25%5 214852,
therefore b\j (#11) , 4 15 a convergentto T, say
K = —u*:—‘, and n = ug as desired .

6. {-a) ‘151&15 1= I% ‘ls-al"'|°‘ T:'I"'lo‘-‘ls 3
(gt

BbYeach ofq;-f: ond 5‘{;‘- whan substtuted

for x w %%~V x + 1 makes this quantiiy <0

thus these rational numbars must lie strictly

between the irrational zeros ‘G; Lof +hus

quadratic ;

¢)each o %’“ and q’ 115 between it

and L sothar dns+anoz, apart s less
than¥Btt _J5-1 _ 4 .

- H

d) by (), 0 +he contrary case , a g,
would be a positive integer smaller than 1;
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¢) This follows tmmedm#d\j from (d) since
there exist infinvkdy many disjont +riplets

of consecutve convergents to  ;

o by f 155 ¢k e
then -E-= ﬁ for some n 3 hene

|[44B 0y, -u,|< 7;%—”_1 and , tharefore, using

2, (52 (B - (12) 5 (5B)

ST ‘{3 1-y5 \"
(2 )'(25)

or

|([2L1)m-1+(%)2m1: \f? |< 9\/3 ;
sincg P<1 and +he left side tendsto (s ths
ha:pjoe,ns onhﬁ for fmr\'dtj many valuesof n ;

(alternate arqumaent )
Suppose 7\<71;and|%-%|< -—%r ;
then 1545 . T<g < AevE -%f $0
3%5"%_( a-%<f5—£
Thnstm})hes —’g;-\@?uaz -ab-b? "E’;* Vs A
ond , therefore, for large enough b



Xl

1518

-1<a*-ab-6"<1; henceat-ab-b’ =0
- 145
and &=1%

which s impossible ;

fii-a) as i (i-b), cach ofﬂ“—‘ and '}4‘3- lies in

3 - ? - = %1
(Jm+: m ’Jm +:4m)’ lwnce s,y " qs’ 1 Yot em

6) 1f no such s, extsts then there are

mflnrl'dqj many disgoint 1'r|5:n|es 5-1,5,5+1
for which a,,, 2 m ; consecluen‘l'ltj b\j (a)
there are infi nl‘fe'lj many converdents

sotisfying foc -2 Bl < grdmm 5
c) put m=2 1 (b) ;

w-a) from 73 (vii) we find
‘]n|‘]n,°4 ]9,1,| <—q'—<1 and 'I'hereforc V(%51 3
by l:nj I-lurwl‘lz theorem
qnl Gn&X r |<— in m‘l'clnj ofi'en,
consequeni' V() £
<, d ) same arqumen-r as in (E) ;
¢) btj (cf) 3



N-G) qﬂ|qno< P“l'-'qﬂzl"‘ &I

=4t~ £l = et )
b) *3(1-6) gves the, e.quah'hj and +he 3%

nequality 1s a consequence of #3(xii-c);
finally , vhe, result qﬂhﬂo‘ -Pn |,-z% =
shows v(x) 2 fz ;

¢) ather infinrtdy many & are 23 or
alt buta finite number are g2 5 n+the1¥
Case V(X) = ,,% by (W-2) and mnthe 27
cose V(X2 by (b).

7. 1:) Lot 0(=[a,,-",ag,%,u,"',“s-rt] y
XK= [asu,”‘ gas+1:l s Then
X =[“o,'"p“’$1“$]=[ao). : 5‘|'tl 5]

= XsPs+Pser . KsPsittPosta
X s+ qs-1r  Xsqsattset-t

from +heyth equality we see og satisfws
a quadratic equation and, since s scf
axpansion is infinte  must be wrational;



X
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hence & and, +herefore also, o 15

a quadratic irrational ;

#-a) bbj (4 3 s
be) x= [a,,m,aﬂ,a“]: ot:z:aeq{’:': 50
o= Ax*+Bx+C = A(ocnja,,+j9,,.1)z +
B(XnPr +Prs A X ¥ G ues) C(o{na[n-n-clm)"
= c[nzf( -% Y24 (2A PrsPrt BPndnst
BPradn * 2C i) O+ G2 f (F22)
direct coleulation shows
B 2-4A,C, =B -4AC ;
the expressions for A, Cp are clear;
sinee §(ox) =0 and & 1s bekween % and
% then the values of f at these ponts
are of opposite $1gn since the other zero
of +he quadratic does not fie between %11

and % s +his shows AL, <0 ;
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€Y since Br-4A,C, =B \ 4A,Cul 15
a constant o+ s dear +hat Ohltj'fini“'dtj many
such triples gxist

2) by the Dirichlet box principle such R
and n ¢xist for which A 2Ag B, 4= By,
Coag= S s thus X g =, ¢, and this means
& 15 perodic ;

iit-a) f o 18 ]ourd»j ]ocrtodtc than a, >0
so X ¥ 1 further ; o(.—.[ao’...'as.f.&.] -
SELEEL 50 g0 (g, P )%= Py, 0;
the roots arelig ywhere P=pg =95,
'Dz(qs_l_Ps)?-q.qc[ Ps-1, Q=245 5 cdearly
Vb >P so x=2xPand o = 23D (o 4

+he o+h¢r- 22r0 ;thus

R bt i rE - ™

for s odd ; hence &’y =1 ( s even 1s

similar ) ;
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(alternative) o 0 and -1 the quadratic equals
- Ps.1< 0 and qs =qs-1*+ Ps Ps-179 5 hence o,
the other zero, lies between 0 and -1

B from -1<ax’< O <1< we deduce

1 1 i 1
O> =" T5a, P X -G = Xo > = Qo 2-13

¢y from (b) by rteration
dy X1~ Kgatg-1 =

[a,, Asery **y as-rt] - [ Ossty Bse1y” ",asa't] =

1 1
Q.+ ————= = - = -3 .
5 [a“ﬁ---,a“t] s+t ‘a’“’“oﬁ s+t a.s s+t )

the second equation follows from the first
gince the conjugate operator 1s additive
) sine each of o', and &', 4., are
strictly between -1 and o thar difference
must lie strictly berwean -1 and 1 5 but
then g =gyt c.on+r~ar\j to our
assumj:ﬂ'ton /
f Y +his1s a direct conseAUANCR of (ayer(e);



iv-a) smmin and -1 ¢ 152 ‘FS

scf axpansion, by (iii-f ) , 15 purdly perodic;
snce 158 <1 and 225 ¢y nather of

these 1s reduced | hence nathar has g Purd\j

periodic sef expansion ;

<O +he

[y

14913 _ B-2 _

5) 3T =1+ =14 n 1
1341
l+

1 1
- =1
=14 1t ] + i+ 11
14 1
Vi3 +3 6+C13*'3
4
=1+ !
= 14 11
1+ 1
6+
ir =({11,1.6,1]);

noting that - (-—L—',_,:/E )-1 = _____JE;1
+he above calculation +elis us
-(Ey = [ re 1)
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) lor X.1=2X =[a¢,~--,0.,] 3 +hen
fOt' Oﬁ‘jﬁs we have O‘j_1=a.j+3;'1']s' ;i m
+he ]oar'hculm' case {=5 we have,

o&,-1=as+é;=as+-§( 5
- 1
cqnszquw+|\j -(0‘3) ‘s ajfmlfcl\‘ 0syss,
and :Pung By =1.(°‘§ )’1 sjtdds
Pi=ag*B for osqfas ;
hence

:‘1'_ - 1 ._....__1'_..._
- (o ) "ps = Qs [ a5t A, + 1
- . Ps-2

Ayt 1
Asot 1

'—'as'l'

as'3+o..* 1
a,+ —

21

=[Et$1”'1a'° 3

V) put ao=[o] and let p=a':1a:; SINCR
o<xX=do<l, By1; further,
-1<f =a7:11a,_,= :%5}:;,40
50 f 15 reduced and , Therefore, has a purdy
periodic scf gspansion, say 3= [a5,,066];
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NOW -(55’)-1- [ B,Gtﬁ,'" ,Ch] while
-(ﬂ,’)”: 0.01-(-0") = A+ X ;+hus
b =[- (p’)’i] = [a.,-rcx] = ac+[x) =24, ;

1
therefore o= a, + = [a,, Ty, 05 20, ;

vi-a) dearly Boat ; further, since
-1 <ras <0, the number [Eeas s reduced ;
by VD +a, = - (.51 a,)'1 soﬁs:pq.mod 15
the reverse of that of gz 5 also
VW+a,>1and -1<-VD+a, <0 s0 vB+a,
s reduced

) b\j v, VD =[a,,,a,.,,~-~,a,&,zao'] 50

1

w-wo=[ 4,7 ag,2a,] and,thecefore,

by (did-f) Js_ja: s reduced 3 bance by (b)
Bra,=[2a,,dg",a,)

but VD+a,=[2a,,d,, - ag2a0) =[20,,&,,,a4);

consequantly , by umqueness ,

a1=ai ,azgaﬁ-i,'.'
and the desired result follows
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ViT=a) X, - 'D\j," = 1 implies ( ) =D+ —a,
thus 22 2VD+ g2>vD and §24VD >2vD > 2
this means, since (x, - \/ﬁ\j,)(x,-l-\/ﬁtj.) =1 that

|5 P | =gl < mp
and oy Fis i) -L 15 & convergeny +o VD ;
b~A) VD =[a,,«~-,a.,+°‘,']= ;jg::g:_: )

o‘sz (Psz'D Cls : ) Y2 &g (]95-1}95 'D‘[ 51 75)"' (:P"?; "'.Dq:l)

=0 and
® Py -DY = xSyt
Co = .Ps-zt 'Dqu ;
Bsz = q'(:Ps-zx -D ‘Li ":D(Pﬂc[’ P59 1)) =4(CoD);
B) = EYOEAG BV _ip 1B,

‘-

note nowthat since p,*-Dq,*= 1 50 we
must have S = p,5-Dg, S <o so

-~ 3B -VD =2/ 4D -VD <05 since o >0

we then hawe o, =~-+ B +VD ;



oS

T) from (B), VD = + B+,

=[‘%-Bs *ars*»" alsq.z’ . .’a”.yﬁ.p],] ahd sln%

Vo={a,,a, " a5:,28.] wemusthave
Qo= FBtGas, 200 % Gyyfins ;
SINCR gy T Rgyhes WR CONIUde - 5B, = a,
and X, =a,+VD ;
D) °‘s=[asn,¢s+z,'"] =[za,,m,az,---]
and the umquencss quarantees & =dg., for 1215
E) let s=qker, 0s1r<k 5 then
By= Aseqes ®Ogharages T Gryqes
50 the mimmum period k of the scf expansion
of VD1s £r+1; but re1sksorsizkand
r=k-1;thus s=gk+k-1= (q+s)£~1 =-1 (modR);
¢y this follows immediately from (a)
and (b-E);

(@B IPR. 1+ Pui-
d) \/E = (a°+ﬁ’1tﬁ-1i+q:ﬁ-: G“d mu‘+‘?“w+l°n

b“l +he denominator onthe rtqh‘i‘ and equa‘l'mq
rational and wrational parts \jldds the
expressions for Pther and DGig-1 5
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now mulh:pksmg the 1# by puc, ,the 200 Imj
9 th-1 and _sulrl’rachncj Ijlclds the result ;
¢) thisis immediate from (d) ;
f-A)  Jm=[4,1,2,8,2,1,8]
412 4 2 1 8
Ot 4 5 14 & 136 197 1972 -22-42%1
1011 313 29 42
BY Vi3=[3,1,1,1,1,¢]
311116 1 1 1 1

O 1 3 4 T 1118 119 137 256 393 649
1011 23 53 3 71 109 180
649° ~13+180% =1}
¢) #=[s5,1,2,1,10]
51 2 1 10
01 5 6 (7 23 23" ~33.4%=1 ;
10 L 1 3 4
q) s, for e;):amjnle, the number ‘|'l1wl'\j
book btj Niven and Zuckerman [1966] -
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8. 1) b=g, =E(ay, ,a,)2E,;

) by induction
T<E,, T'o1+T<KE+E,=E,;
T'= T T CE, L 4 E, 2k, fornaz;

) (*‘%’F’-)Q E,sb sothe result follows
by taking logarithms

# 5log L% 5 (.20898) v 1 and

oq b
log b<t ; +hus n<@ <st,

) immediate from the above when one

observes that n 1s ust rhe number of

divisions rq.qulr-e.d ;

vi) see the references followng %6 .
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19. 9) The square of the
distance between the canters @’@
of C{t)and C(g) s ¢ $ 3
s 2({be-ad)-1 4
) (zd’ E’) St ¥ 2L Y 4de

1 1i 1 42
ZHE"’ "'zszdz'l' qé["' = (zsz'ﬁ' Zdz) i ,
thus the arcles are disjontunless be-ad=21;
preusdy whan be-ad = £1 the urcles are
tangent and , by #9 (ui-d) the fractions +q
ore nughbormg i1y oy, where m = max {B,d} ;

iy +he, j)om*\' of +ang¢.nuj has ¢
x-coordinate = .%_-v _L%‘_(L _a,_) aEch

—E; vy 4" pred?

—Li L
-coordinate, = L4 — 26 . L .
E 6 LES + c[z("d"‘ 25) 6 +d??

) this 15 a consequence of each of *10(¢)

and #*14 ;



64 8

w-a) all ponts of +ah3mc\j are between
% and — and , consequently, so1s the enhire
curvibinear friangle 5 thus & must hie
betwean-fand —§

B) by (¢) and *9 (vi-bY;
¢) echof bandd 1s < brd =1 ;

a

d)t=1-%,F=1-F,F=1-F,
and b'=d, f'=f,d'=b;

2) b&j Proof of (d).

20. 1)
B 4

LI

BsA<C

#) A and C are ponts on C(7) and since
f>b>d, the pant C 1s farther +othe right
than s A ;



X
£+
fﬁ"a,s) B-A = aE,!-r;"f = af,g?-:&{

- 6 - L%-bd - -t -1
S (BE+(A+dVHBE+LTY ~ LE(tTs (k)N E541) 2

whare t= —5- 1 now x2-x-1 has zeros at

128 gnd ti-t-11s negative Jorwsdsj between
these zeros; thus 1f —3r <%"5-rhen B-A<O
and if —&7 125 then B-A >0 ]

v o g lcla- ¢ 1l hesf- 51
o |a. ad -b¢ |_ t._bld
Td! phd? d? (BId)r1

SINCL (puﬂmgtz d) #‘

1
< ﬁsd’

J'
)

GLB-N,f ¢

o) o EH aals W'T'
=b. = 1, %(E“) 1
= f (%)3*(%5[)2 fz (‘&’) +(?“)z 5‘/.5_

$INCR (putTin t:.&) f(t+11'§2< 1
t<Lz|i.% d/ ) V5

2 }

whan

¥ immediate fr'om (v) and #19(1).

165 s
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21. 1) The function f(x Y)Y =Y - X 1S
continuous , vanishes only on ( and is neqatve

at (1,0) and positive at (0,1) ;

W) PauPpn = (qn'qn-u Pn'Pn-Z)
= (anQn-n anPn-ﬂ = an( In-19 P""” = 3,0 Pa1 )

i) The area of OPy.1Pn 15 the absolute value

n Pn |
o P

o O 1
POm‘t' nor onthe '\'ﬁanci‘e other thon the wrh

then the area of 1he+man<3\e OP...Pu would be
2 the sum of the absolute values of the following

of

1 = t—’z'—; ﬂ" (s,t)wereca lat4ice

c\uanh-hes Gn1 Pn-a 1 ) n Pn 1
1 -

|5 t Lo,z s b

o o 1 o 0 1

$INCL (cln_”]on_i) = ( qm]gﬂ) =1 nerther of'

these 15 0 and each s numer\w”kj s )

) immediote from (iiry .
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2. x2S <
an@-.)x““ = 2(2n+2s-1) < 1 'for \am}q, "

22.1-a)

(nes)! (Hnadn+1+5)
b) LH5= z {sltmn.s)‘ = sl(m+z+28)!

(nas)! 2 & (nes+1)! ’
=2 Z (s-(an+2542)1 X‘ =2x>Y X

su1 £ sl(znazse3)

- g’ (n+2+s) 25 _ .
= 4x si sl (2n+2s+u4)! X = RHS5;

o) fo(x)= Z o Lxd”

(zs‘)‘ = 2 )
-t - 2 £ 15*‘1 1 ox Lf
f) =L e = B e T Taxn 2

Ay
and, tharefore Fo_ 21

N gF*-1 )
2%e1 1 felXY 4 2 F20)
d) ¢t *-1 T 2x f-; (x) = zx‘(Z'l' WX f;(‘ﬂ))
1 a3 f3(x)
- 1
==+ + 3 +2x 3 (X0 -[' x x +2X fz(‘i)]
? {x}
- - [ v 2n-l f'nﬂ (x) ]
r—2 ] x 3 x, + b. Y + “(x‘
- [L . 2n-t r3.
-~ [ Xy Ry """, X Y uns2asx® fnn (x) ]
fna1 (X

— i i . 2“-"1 2.71'1'1 .‘,z (x
_[Kjx‘~ s Xy x + f‘nq-‘xﬂf’]

1 3 N4l
_)["’ﬁ",x,“"—_x ‘...]'

which converges b\j Seidel’s theorem =7(iii);

678
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Ha)  Panes® PontPin-1=2PsmaFPan-z
2 (4N Pyn-o¥2Pan-3= (4N 4DIP, , +2Psn-s Pon-s
=(MM42) P Prnes P Panout Pan-s P an-s
= (“”*z)}"m-z *Pin-s
and the same equations are true with all P's
replaced by s 5
b) Fit=[2,6,10,14,18,-~-] andthe

first fvw convergents for Erare 3,42 132,

Fn=0,1,2 the quantrby 24 Pame? dames)
fo n= oj 1] 2 q ‘5 *(?‘J‘n*l - q,a-n-u)
$-v y.26 4264

5 372, 312y A 12z ; Thus the resubt istrue

for n=0,1,2 ; now assuming +he result true
up o and mc\udmg n-1 we have

Pinett {anas - (4142)(Ps 2+ Qan-2) + (Pap-s * Gan-s)
Pme17q5ne1 - (411*2)(]9;“-2"1311.-2‘ + (P;-n,-s"q'm-s’

_ D) Pyt Proz Py .
(4n42)Qn-1tQn-2 ~ Qn )

we now use the fact that

('i'( Psnﬂ“'q:mn) } %(P.mu-ci-mﬂ)) =1

foralln ;



b

¢) put t,: ﬁ;‘;:: , 50 t, = & and

tn*l _ 2+t 2(g-tn) .
thT” -1 7 (-1 e-D) T O 5 SN

;]
‘é:f;‘ = i‘_ﬁ“: 1 W S {tﬂ'i 15 boundecl;

hence from ﬁ%‘:’nao we conclude that

tn ¢ ,and umguenessof imits quarantees
A=

-a) put x =i§—m (i-cf) ;
B) Ji[J'z ,3\/-2,5\[72, Tﬂa'"]

- ﬁ (\(_2'"" 3\’5"' ] 1 )
52 + —1 —
1VZ
=24 L
4+ 1
3 1O + ﬁ1
I3 4+
RV o
=2+ -
34
10+ ‘1
T4
184

169
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and this is non~?¢rtod;c since the partial
quottents are unbounded ;

) if ¢¥f ware rational +hen V2 %‘%
would be a quadratic iwrational and would

have o ]Jq.mod;c scf gpansioninwiolation of (b).

23. I-i) True for n =0 ; suppose+rue for

n-1 ',‘Hnm:
(Go 1 m(@nl = ( Pros .Pn-z)( An 1) =
1 © 1 90 Gn-2 Gn-2/¥1 O

(Gt )= (B B

o P Pu ,
w) %1—+0& %—rcx,

) At‘“An"( 121) and“é"—rog;

R
R
now A A A s (c d')(ﬁ E) =

(a.ﬁ;rﬁﬁ; aﬁzq-SE,,) and
Cﬁ,_“'d:ﬁ3 CE;“'C[;EI}

aky+b6ky __’E"*'B _y x+b
Cﬁ,,“'dﬁg = .|.cc cx+d




X ins

B f A (D) e
<aAn am (&b eueh
ond E”% %‘

v) subsequences of convergent sequences
converqe ond to +the same limit

[l s - 1‘
W) | Ko(Pa) ~Ke(Pu)| =12 2] = 1no ol
< lde,-li.p”‘ = '-TI-lldQ*'Af‘ .
‘c[nswl 1‘1”5"‘ )

wir-a) from (viy, En T VKL (Pu)-K(RY}0;
By 1f uther a or ¢ 1s zaro +hen
Ki(PuB)= K (P) 2 o ) ‘f nuther anorciso
Thcm Ki('P B)"&-g“—ﬂ—ﬁ IS aFare.\j mediant of
?1‘ y 52 and | therefore | lies between them;
since These +wo fractions +end +o & so
olso does K,(F.B);
¢) same argument as in (6)
d) immediate from (b)Y and (¢) ;



Vi) since BL,C, - C, ¥ A AB  ths
fo\lows lmma.dua'l'dtj from (vii) ;

%) ve.mf»j b\j direct mu\ﬂ})hcahon of the

matrices mvolved ;

x) when d>1 we may use the 13 port
of (ix) with x chosen sothat occ-xd<d
( since ad-bc =21 15 clear that d does
not divide ¢ ; +he matrix ( b a- "5 ) has
detrarminant £ 1 sowe can agam a}:]o Y ¥he
same part f c=xd>1; f c-xd=1 we
may use the 2% part of (ix) gerting the
pr'oduc-l- of 2 matrices when a~be=1 and
the product of 3matrices when be-a=1.

ODi)y A= (“1" 13,‘) 5O
Rux) = 1 = g,(-x) | R, (x)=1-¥ =14 (%)= f,(-%);



X

suppose True upto n , then

Az (f,.(ﬂ Cjﬂm)(zn-u-ﬂx 2n+1 )
matt TN Guex) £, ex)/\ 2ner 2nstex

50
fras(X)= (zn+1ex)f, (%) + (2 e1) (X )
cj,m(x\ = (2n+1) f,,_(x) +(zn+1-x) qﬂ(x)
Rga(x) = (21 + 14%) (=X )+ (21 41) Fa(=%)

Ryai(X) = (214 1)&},1(-7&) +{2n+1 -x)fﬁ(-x) ;

c\mr\us frrel=®Y= Ryl (%) and ij,(-x’)=ﬁ,m‘(x3;

#ya) ﬁm(x) =z (an+1)( fn(x)-rqn(’ﬂ)-\-ﬁfn(ﬂ

an-kY) nizn-k)! k
- R Y (2"“’"",,(-,; BV (R

tzn-u}‘. (in-8)1 (e 1)2n-R41YY R, Lntt
=Tl &,(n-&v(ﬁ mii R(n-R+1) Yxfen

_f‘ gnuxzﬂ.-ﬁ-t:l.!‘ ‘Xﬁ .
Theo  (m-fe)l R !

—

B) GualX) = (2n41)(£,() + 4, (xY) -xqum

_ (an-k) Nl o Gat) (2n-R)
"ng (n-k)1 ﬁ[ (zn41)% -Z (n-Re1Y (R-1N x

_ el & an-R) ma1  n-R+t
= ml +ﬁ§1(n-ﬁ)l(ﬁ-1)!{ ‘n-ﬁ41‘ix

= & (nes-R)an-ker) x R .
Reo (n+e1=-RY R ’

73 §
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fﬂ(?ﬂ
“";a') nim+) (zn-1)

n(zn-k-1)1 xR
= L Wi n-m-oral  and, for Roz,

n(zn-R~-1)}
n{n+1ys (zn-1Yn-RYLR L

-1
s n-1
= T ,;TJ; n-i-1 < gll 'z;" 3 e
T <00 201
keo kRtz® ’ hm nin+1y-(2n-1)
= I n(zn=~k-1)1 k
zo{l m n(net) - (2n-1Yn-kY k! .; x
o R %
=5 L (XV=0™2 .
E.Z-:o E"( z ) ¢
5) same arciumu\-i' asin (a) 3
£.0x)
w) £ %) = fnix) - _ ninsiye {2n-1)
ﬁn"d qn(“' X) In (- XY
%y n{n+1)--(zn-1)

y @
o =,

(XY n(x}
and ffgﬂm = EJ”" »e™ as above;

thus K(AA, -+ exists andis ¢
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v-a) muthplicotion on the right side \1sdds
the lef+ side ;
6)[151113&1 115&11, ]
{ E11 sﬁll )(sﬁ11 ‘;

{ Eu u 3&11( )Xli(ssl; ) }
{ 'y fvf-’s 35;2.1 32&)(55? SE:E-J”'I
<EREE N 2R CE )
-K{(“& -1_%)(3; 3--?;)(5“ 5% } VE
we have used I iy, T(v), T (v-a),1 (v, B (iv)
w ordes ;

<) put R=11n (b) to obtamn
[1’011rlszplnlfq'llll'rsrll’”]

1

=1+ 1
[1,1‘2-,1,1,4,1,1,5,1,"']

=1+4[1,1,2,1,1,4,1,1,6,1,]
=[2,1.2,1,1,4,1,1,6,1,--] .
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; a,-0 - by (-1)
24,1 §) C,mgis 07 Bl =3t

- b1 - bia, - 0.:61'53’0 Py,
Cz-ai-TB: - a.taz"sz = Gza;"sz‘1 - qz }
suppose true for n-1; then
b1 ... _bu . B .., _Bu-s

Cn®gs" an = 0, a

|

N1 " _G'l'%

. (a'n-i-f%{) :Pn-z - B‘n-ipn-s

(aﬂ-f—g%)‘{u-z "Sw-JC{n-s

A (Ap-y Pw-z - Bu.1p“,3)- G‘n:pn-:
An{dn-1Gu-2" Gn-tq,n-s)" bugm-2
arupn-i' Bn]’n-z - Pn .
Andw-1~ Bnq'n-z T 4n

W) Pu “Pus® (Ayn- 1) Pr-s - b, Pu-z
> 5"'(3;,4“.1 .‘sz) 2002 Byeoe b ;
consequeni-\\j Pn2 P"""” 50 Bn
2 e 2 6,4-6,51'*“-4-6,"-6“3
c|wi"l\j lf A -1 % by, for all n strick cquah-\-\j
holds everywhere ; it ag> byri then, for nz{,
?P Eo+°"+ Eo. . Bn ) ol‘\angthq all Pi+° Cb'

\jte\ds the same result for qn ;
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) Poqes=Po1qo = 6oy Pr9o-Peds = bob,y
Prn-1=Prsfn =
(Fnnes= On Prs) Guos= Proal BnGnes= B2
= (Pn-ﬁn-z']’n-zqn-l ) Bn = Bo vee Bn )
diwiding by 4., yields the last equality ;

W qesPomi=quPay
qepr=dimbi21=qo-po;
assuming true for n-1,n-2 we have
Qn=Pr= An(Guos=Pror) = On(qneze= o)
= Jnr~Pra® (A =1XG ey Prsd~ BalGnrpn.)
2 s ~Prcs * B (s =P} (Gua =P}
2 qn,,-}on_lz 1 3

f ag-1=b4 for {sn wehave

In~Pn = qn-x"fnd: = cio"Po =13

N from (W), a‘f‘l’Qr dwtdmcj b\j Qny W&

_Pn P A
SRR 1 %_qnsoq $1-g=< 15 from (4i)

+he sequeNce {—’3 1s monotone Increasing ;
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tharefore since +hns sequence 1s monotone
ncreasing and bounded above b\j 1 ¢ must
convergetoabimit 51 5

f a.1>53+1 and nzj wehave

h: _1__6?!.
Qﬂ q;‘[o o qngn-1

(Bt ., St | (3 6]
%‘lo AnGn-1 %qj ' Q'jq“, 1

= (i" E)""“*(Tlm ) 71:,:;:: "uj‘lj- }

- L_ _ [‘ls"lyi_ 4---6_1'1 .
% 95951 959s5-1 ) 7
nOW, $1NCQ famdes BBy oo have
95951 9145-1 !

Pr o2 2 _ £91-91 _54"'51
hm dn = 9o 91931 %qq-l-i <1

vi) when a,36,+1 foralin,

P o . 1
In =t G T B ee B

and +he results follow from +his equality .

o i) Smcc, is positive and +he converqents
To Xpore monoi'one ncreasing (see T (1)),

we know o<, 3
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since for cach n there 15 a {sn suchthat

ai>55+1 ,wcknowbtﬁl(v)'rhaﬁ- X,<1

#y for men,
X, = hm{——-*-n mY o him E‘ g £ P m}

Ap-14—Cn
61. .ea BﬂS - S‘.I. “ee Bn"‘l
= a, - [« ‘m‘cnm T Gy- Ay 1= Xy )
h - ba R Bm . h ‘ +
Where Cum= g, = o g ; Thus rationality

of any oy imphies that of o, and hence of

51 ra;—sb
W) o= ag-Ggn 30 °‘j+1= _1r_1_ .

by (1), 0< Xy, < 1 50 o<ra1-553<r ;

w) otherwise, b\ﬂ (1), we could construct
an nfinrte stricty monotone decreasing

sequence of positive integers ;

v) +his follows from (i) +f a,.> 5 +1 from

n=1on;otherwise,



SUPPOSL this 1s rue only for n2zm; then o

s irrational ,b\j (W), hence = a,BL ai’:’:;,m

(a’m-t-aﬂ"}’m-z" Bmd:pm-a
z rom whichwe find
(“m-t"am“lm-z 'Bm-t ‘[m-s ! ‘F w ‘f

(X m= QX P~ Clm-i’ ='a“'1(j’m-3 - o“im-a);

the irrationality of Xpm=Gm-1 Then 5ays, f &

s rational, Pt =G = Prg™ K= O

which mplies +he false equality

- Pm-z Pm-s
X = Im-z = Qm-2

25.4) True for- n=2; assume true for n,

Than
nes 4 L=< S 1 1 na 1 1
=1 R*1 l’-l- 1
Cn . Cnen
2 3
N Cy .. Cn-i
- ci_ c$+c3- Cﬂ-;‘}' 1 1 T
[Tl o
-1 c,? Cns
€27 CutCe” Cnes T Cn — {Cn'z—l-a—
" M cﬂ«u
-1 _C Cu-t
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i) asn (1) after noting that

ch-t (C'ﬂ"'cﬂo;’ - Cn-2 Cﬂ

C,,-,-t-(c,,a-cﬂ“} = Cp-1+Cy— Cn-1C ey
cﬂ"'cﬂﬂ

i) cear

W) using (),
=21= AN
e=2| =
-3l+4! - g1z
yl-sl - _S1°
-Slepl—-e

1¢ L] 14

344 3
PP I
5* G+sbc 4+"'




= T =
te —— T
-.-1— -
+% *-L-" -
_ y
- 1
14— -
24 5~
P L2
2+..o

26.1) For each fixed x

x*" 27 m-1) m (ma 1) (man-2)

2MnimimeaY o (man-1}’ x T2
x?
2%:n (mamn-12)

<1

for n sufficiently large ;

i) the quen assertion is e.quwalm-\- +o

fran 06V = B £ %) = £0%)



R

183 8
rhe left s1de equals
E 1y x 2R x? %2 E (118 x2R
14 z“'ﬁ' 1) (m-rﬁ) 2imimar) " 2 m.(mu)k Lz"‘ﬁ‘(m-rz} ma &)
R_2(R+1)
. _ (1) x
=14+ " - M ;é FICED T m(mﬂ)"-(ﬂu»&u)
& 2R
_ (-1 X
=14 " - +E§ 22%(R-1)! m(Mma1)(ma)
oo k_z2k
_ (-1} X A1
= “'55_ 22 (R~1)Gmea)- -(tmﬁ)( R tm

"
{-ﬂﬁ 2
=1 +Z ztﬁﬁ|m(mq-1) (mq-ﬁ-i) fm(x) b

the 2% equality follows immediately from

the 1% 3
R_2k
> C1*x
1-{&) f:h(X) = 14': 2R R4 i.i_. 2R-1
2 2

kRozk oo k.zR
1y x*=" -N"x .
=14 ligq. RY T3 (k) = sx

&= (-13% 2k
£a,0%) = 1+f R 2 1 - ZEo

_1+§’L-°§-1)E7c'E_°° 1R x2® - X
TG GReM T e (zR+1)t 7 x !

£, _ Yanx
thus S = R




W) n (iii) put x=—¥- fo obtain (succustvdtj)

s _ o1 WY W (WY
mTT 1= 3~ F= T=-
{2 (T2 (CW® ()
=1~ T3~ 5~ T~
m_ m® m? m? m?

——
]

n- - 5h- - T gR-On- )
The right hand side of +his last expression
satisfies, for k sufficiently large , the
condition (2R-1)n 2m? +1 and hence by

*24 T (v} is wrational |

27.T. The numbaer of m'\'u}ra\ ]:aohjﬁomtals
of degree n 1s countable as arethe xeros
of such polynomials ; hence foreach nthere
are at most countably many algebraic numbess
of degree n § since this means the setof all
a\%ebratc humbers 1s countable and smeethe
sef of real numbers 1s uncountable +here

exist transcandental numbers



p (U

O 4) one merdy dwides §(x) by x- o Yo
obtain gixy, which | buna of dexjrm n-1,

does not have o as a zero ;

Wy since q1s continuous and :5(00 %* O
Hhis 1s immediate ;

i) choose wteqers a,b (b>0) such
+hot oc-cfs% 2+ thanif Masthe
maximum absolute value of q on [ox-&,043)

we have

£ |, LE@E ], @) [6™
o= % |=] q(£) 2 =52 MGB" )
now (£ )b" 15 an integer andis not zero

since 1f so & would not be algebraic of
degree ny hence |oc-¢ |2 w57 5

w) choose ¢ = min {-%5 , Mlﬂ} s then for
4 outside [ov-J,x+ 5] |

|x-pd>c 2 =



and for ¢ inside [x-J,x+J ],

2 1 _ 1 - _
|0£- 6 Iz Msn ’(M"‘i}gﬁz Bﬂ- .

W 1) Awording to (i) W & were rational
+here would be o posttive constant ¢ such
that | - 5|2 7% for all nteqers a, b

(650); butwith az 10" L 107", b=102"

o0 m et 2"
|x=F|= L 107 <16® ** =20

msn+l 6

and +hns , for n sufficiently large will not
be > 77 for any positive ¢ ;

an alternative proof is to observe that
the decsmal expansion of o has infinitrely
many non-zaro digits as well as arbitranly
long blocks of consecutive 0’s, hence con
not be perodic

#) foreach n , by B (i) 1f &1s Liouwile
Fhen o 15 not algebraic of degree n ;
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iif) let n be a posthive nteger and ¢ be a
positve constant ; choose R >n such that
-flea L RE -m
M. 10 <c andput a=10"La,10
§
b=10 ™ +hen
—flst
Al -m! ~(ks3)l41_ M.10
|0( l IZ A,,10° lsM = 0 R
<
< GE <

thus bvj W) X s Franscandental .

¥ 1) ter noand ¢ be gien and choose Ryn
so that q_1&‘ ¢; thenwithazp, b= 9%

we have

I°"£|=|°" &I< Qﬁictfm: %(ﬁaul‘i,a*‘tﬁu‘

1
1(1& q [-7%3 < ‘EiT —B_E < 6"'
and +he msul-r follows from m (#) ;

#) take aﬁ-z gwmg

[1:212 ’2 J ! 120’.._];
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iy we need to show ag,> (2fa, - ag)*?
1m?\|o..s Qg qﬁﬁ"(for R21) and this, in furn,
would follow from zr‘apnapqﬁ (for k21);
forke1,2a,5 9,20, truefor k +hen
2%, Ag, > 20enge> Aas Qe ¥ Go-r® Rar

28, 1 4y The probability thatan arbrtrary
x m [0,1] 15 irrational 15 1 and that proba~
bilrty 1s also +he indicated sum since avery
x has cxacﬂ»j 1 integral value for a, (%))
simlarly the se¥ of wrational x with given
Ry, Y Aoy 16 The same as The set of wrats
onal x with gwen a,,.-- a,., and a,(%)

a positve infeqer

i the set of x with a(x)=k 15 ust
the set of x Sa'i'tsf\jmﬂ ,;%g x <1T
and +\‘\¢, Probabt\rhs of x bung i here s
3“5+ ﬁ' &*1 ﬁtfui) 3
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i) the set of x with a,(xY=n and a,(x)=k
1 just the set of x satisfying

1 1
1 <X = + ._1'_- S T 32 3
"R " R4z k41

+hus the ?robabt\rhj of az(x) =R 15 just

o 1

nzn("'*b_;

—

n+ 1 ) P"ﬁn.-t (ns+ a“"“an)

=P1af%z+ z ((m%)(m;‘—)' 7t }

17 ? 6 “(j*t’—)n*ﬁ(gm
sﬁ(ﬁﬂ)( TE5 ntnr LY gag)

Gﬁ.(ﬁﬂ)(i eﬁ)

(EJ-A’“’ ﬁ.(;&ﬂ
ary nP(neAnagy)

where € = _i

—Ei—}; -0 as R 200 ;

w) Jt:c:nf' Ezz
1

Pac= Pt L erbimgy Pas B Gorbions

o) 1 - .
> Piﬁ E nine)" P:.E )

oo 1
: nin+i) =P1.1..~

hs1

Pu=Pu L 1 & (nnﬂn-t-"-) <P,
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T ) By #3 (xiif-a) the rdwant x hie between
(0,8, 00,k Tand [0,a,, ¢, ap., Res] 5 thus

RPp-s*Pn-z (Re)Py +Pp.
Plag, o+ dng,k) = | 53::.:*%:-: '(ﬁ+x)§ﬂ.:+qﬂ-: |

- I:pﬂ-z 9n-1"Pn-19n-2 |
(E‘[-n 1 Qe WRA 1Y+ 02)

= 1/qn-1(ﬁ+ dn-z )((““‘1“)

#) the middie (equality) follows directly
from (1) ; the inequalities follow from +he

fact +hot %ts strictly increasingon [0,1];

(14%x)2+ %)
(Rax)kRs+24X) )

) the middle ¢xpression is
111, -2

| with x = T ,and IS S‘I’ﬂc"t‘\tj INCreasng on fo.1);

) summing (i) over all posrtive R \inJdS
the result when one rakes account of 1(1) ;

v) mulhpluj +he Qqualﬂ-\j in (i) Ferm by
+erm b\j ‘\'he(re.uprowl) mq,clualﬁ'\j n (W),



X

g b\j ;<%*:.—"i‘f&—’ L and one obtams the

desired lmqualrhg when one observes that
P(a,, 3. B 2P(a,,3,.,) Poi -

LM
Ti) £ P ﬁg.x i f (%- %)

3 R - _1 = M .
M+ 1 M+l )

M
#y ﬁfﬁ P(a”..., _“E)_
P{a;,-.o,an-l)'&§4+1P(Ql’...’an-l’ﬁ)
=P(a“...,an_,)-p(a“...)an_l)%kgﬂ_ﬁm)
=P(a, )1 - 5tmn)

i) using (i) 1+era+we|&5 we have
P .8 g
16};1)'94 (a”."'a”) " a,n ”an,;ﬂ 21 P(a,y-e,a,,R)
is{<nt
] (o‘a,?s.”a'?mp(al""lan-])
< “zag’ otoa"g"lp ( aj‘ e R a’ﬂ—z)

n-i - Bl M .
ook X agip(a,)- Mt

18



s

W) by (i), for cach M the probability
+that the ‘_par"’nal quotients do not exceed
M s O ; thus the probability that they
are bounded 1s also o .

¥ 4} Sum T (V) for R2Q(t) +o obtran

2 Py, 0g.4,R) 3
3A <&-_§m Plag,,a4.9) A+l ) where A 1S

an mteqer satisfying A-1<Q(t)S A

2 2 4.3 3
oW Semyrny < A7 0nd 307 £ Grger ond
+he result follows ;

iy This follows smmtdla'l'd»j from () eIiy,

i) the result in (it) may be written

P(a’j,w',ai,j,)(i-v(:).‘_l)( : P(a".l]""at-iia't)

1% “,t(%

2
<P(a1,°“,ac-:)(1 "s(tP(t)H)) ' t>N;

eration of this result leads successively fo
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3
P(Garer s e ) (1 - cp(t-f)n N1 = gcer )

P(a"li )

)2
< 15 A, , < PN 18 at“?(ﬂ

—_— 2
< P ( aq,"‘fa't-z)(i = 3(p(t-1)+1) )(1 - 3(¢(£)+1)) y

-

U 3
P&y, e, aw)j,";“(l T Q)41 )

< T e p(a,, -, a as)

1£Ay, < PNH) t¢ay u?(c)

2
<P(“u vy Gy) 1 (1- 3(&9(])“\) }

¥= N+1

) the series € 4o, T gmm converge or
dwqrciq, +0c3¢,+her solso the series © ‘9(—,1,5
and the product T (1 - s(cpl%Wﬂ converge
or dwqrqe, 'roae;\'hu;i-hus when £ q,(ln,

diverges so also does T ;@f,ﬂTﬂ and, since
the Yerms are all posttive and <1 This impies
V(1 - 5@enr) diverges +o O ; thus by the
left inequality in (i) the probability that
arandom x wrth first N1 partial quotients
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fixed satisfies anxy< @(h) fornsN 1s 0 ;
sinek this 1s true for all chowwes of a4,---,ay,
and there are only countably many such
chorers the resuly follows ; when £ ?%T)
COMVRrgLs 50 also do Timapgand 1T(1-,(.9(":,._1));
further, qven €50 there s an N such that
for t >N the mu‘uah"ﬂj
1-e<3"\__?lx(1.-$(1,—3+—;‘) <1
holds (otherwise +he product would dwe.rge,
o 0); but then by the inequality in (1),
(1- €)P(ay, A < T P(as, , B)<P(as,~,an)

and | by summing

1< Ll Teer T p(ds,ees,@e)< 1

Qs Ay 15 a0y, <Y 15a, < 64)
and the result follows by obsu‘vmq +hat
this 1s *rue for each ¢ >0 .



XIV More on Primes ~ So\ whions

1.0y For 1ss<t Sp; We see that all prime
fac‘rors of N,-Ns=z(t-s) P Praore smaller
than ]’j 3 conseque,ni'\\j each of ?j,---,]:némdes

at most one of Ns and N¢ 3
i) since Pn-1>2 We may c‘earkj take ]'z n-1;

i) each ofﬂw. n-iey primes Py, Pa diwides at
most one of‘t'he, P‘ numlw's tP’ vee P""'l y 15t£]ﬂf;
'rhus, SINC’ Py YNe-i4y ,-I'l'\e.m mus+ be one OF
-rhq,se, nut‘nl:e.rs dwlsiuq. l:)\j nong of"rheyﬂmzs
]J,-,,---, P”3 since , a|so, nonwf‘tl'\tprimes
Pt Pis c]wtdes cm\j of?‘we. numbers +he

COI’\CIUSIOI‘\ FO”OWS 3

W) ufisq fl-\e.n 12Pf>n-i+1z n-3 so

n<1o s hence 154 |:n1 our h»j]aofkeﬂs s for



(285, Piy°227-22521 30 Pia2 2 19 tf
+his last mwluqh'hj s +rue for 0% then
Pi=22Pra2 f+2 > 4t

so 1t 15 also frue for' P2(+1} conseque.n?hs
Pi-s=2 2t for- oll 25 3 NOW, using the, mimmal
?ro]aerhj of vy

i< Pi-1-? SNn-(i~1)+41-2<n-i+1
so the number of fac‘l'ors N Pyeepy IS
smaller than +he number offac!'ors 1 Piss P

the desired mujuah'l'tj fo“ows Jfr-cmn the facl'
that P <P‘“ ) P=<?“" ) Pi< P

V) BL] (¥), ParS Pareepy 90, using (¥, P:"<]’1"'Pm

2. 1) Since 3’55 we c\earlxj have ]:j‘s ]oﬁ*sn ancl,
sIe P does not diwide 11 we must have P, (pm)t;

i) b\j Gy, no py with jsﬁ can {Eul +o c]nvtcjz h
consao'ue.n‘i"tj Pi Pgln and ,T]'\Q«ftfofz,?1°'*j3§£n3
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i) tf there 1s no com}aosﬁe. ln'teoyu' <N
and primeto n 'tlmm, b»} @)y, PePast s
since 1 249 and pfsn < Ph,, we see that
Rzu; 'I"hmf.om,, 'Dv] 1), Pis <P P gnc'p;‘i ,

which1s g contradiction 3

) bvi (i) such an m'l'ecsq.r must be < 49 ;
direct cl‘\eclamq of‘ the m+¢g¢rs from 30to 48
shows 30 o be the \arqu'r m-l-e%u with the

stated property .

3. Buj T2 (Y, 1f ns 30 there are m'\'ujers
a,E sa+1sftjmq
l<as [; ) Ia5< n, (ag,n)zl ;
now a<y¥ and afn ) this shows no such
1n+q,¢3ex- s |qrch,r than 20 3 direct cl-ae,c,kmo]
of the integers fr'om 24 $o 30 shows 24 +o
be the lal'ajesi' nteqer with +he stated

?rO]av’hﬁ .



4. 1) The conomca\ facTorsza-hon ofn has ne
primes other +hon i Pi 3 hence n -.-Pf'"-«-]:j"i
where the ™20 ; SIN® each Posﬂwz m+u_‘er
s of'rlno. form 2tre ,whare ez00r 1, the

conclusnon fO“OWS 3

#) 11 (1) the number of ‘POSSIMQ mis s Vi
and the number oF ?ossﬂale P‘ P 5 2
hence Ny(my < V7 nal s

fid) Pu‘l- ]'= W (n) in (i) to obtain
n3 Nygyin) 8 VR 2"
now take natural [ocls of both sides affer'
c]wtclm% lalj VA 3 since Innf2lnz2 200 as nvoo

the tum BU' oﬁ:rnmes 1S mf;m-l'e ;

wY in (dif) m]a|au eacl': I:nj Pn +o ob*ain
lnp“

‘ns'n'(]an)z ;

‘rkus, Pns 4" Pt 4" 50 1'|'\z conclumon f‘o”ows;
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v f the series conveﬂazc! there would be a §
such that T Iogs 13 s then
230F 2N, (xy2x- 1 [?ﬂ] 2 X ﬂgj%ﬂ 5 ¥
and, 'l'l-xeref;.wa.,
VR < 29" for all L

1'"\15 18 c|car'|t1 falsz 50 'rke cjwm SIS converae,s .

5. IF ks com]:osﬁo. and 15k s s[x) then
sinkTis o for some §, 25{5k-1,50 the g
term 1n the rnalﬂ' hand sum 1s o ;an;. 15 prime
in the same range then 1- (s ﬁ“')z s alwaujs
<150 hsm¥ power =0 as m - 00 and the
6% +erm 1n the rualﬂ- hand sum 15 1 ; the summand

1 counts 'I'I-w, Prlme 2.

6. For fnw:] n lfs IS larqe,r thanthe |arﬂes‘l'
cxponcn‘t' in the prime fac‘l’omzahon of n and
i m2 8 (n) then ‘5!’:‘" Is an Integer when {2m
and 1s not an m‘f'ecjer for of{< B(ny; thus




0S

for s and m se chosen,
lnm'f (1-(cos ST zﬁ) |1 m: (1- - (cos W zE) *3(n);

b1 ]'SG

flwm,fom ,1"'\@ ‘h-a]alq. |lmn+ as stated 1s just &(n).

7. 1) Tl'ns fo"ows y us‘“‘l Fy(v), btj camparison
w|+|1 B ﬁ* ( ) y which1s a conw‘ﬂeni- ﬂwmo.‘l'mc

SR $ 3

t(:-ﬁ £l o mimas)
" m{ms
i) Pu‘l' Agz 10 I, Pom 10 ,
t(t 1)) ,, . mima)
2

Byz 10 * L p,10

£t=D
so that 10 p,-At-r By clwr\t.j A,isan

nteger and 0< 8B, * 2' Pisi lom (143t +2)

t- t-
<4 12 4higt ] -(10) (10) “3w) "<
nﬁﬂ_ﬂ_)_ nin-1)
for t21; thus [0 ¢ B J-wio T B.] =
ninedy mither) nin-g) _mims1)
An,~10"A =10 f Pmto T gt m’:}amlom E

2P
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8. 1,i) The Proof 18 wri'ua”tj the same as
that given for' oy S
, £ (tlogag1+2)
9.1) Pu+t f(n)z 10#!
then (ay 1s C‘Qﬁl"ltj true ; for' by note fha‘t')

(base 10 \ocian-l'\-\m)j

when vyn,
1
&y f(‘n.) - G. '012 gtleclai'.l-rz)ﬁ lo-j'?m‘(tloﬂa{li'z’ LGy
f( ) 10948yl
- lo-;twl(t I%G{lﬂ’-l( lo_ 2(N-nY41

and | Thzrzfom,

avfm o & G EImA

gzney £V) O vzned 1

- k) “
iy [ fetre] - 2:1 £ [vzﬂgf—ﬁ)ﬂ]

&
= Ay Fit)
v¥1 T0o) $Q

by ) ¥ a,finq
[ fima) Fof fin-sye] = | asfon. S £ g oo

Ay )

n{n+n

iy for #1 put a\,=P\,,f’(n)=|o T
for. *q -Pu-r Go=Py lf(n): loan .
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0. 1y This {"onows 1mme.d;a+e,\t1 from

(z;t) . {zn(zn -2) ‘} {(*m 1en- 5)
et 1

i) b») IV’zL} the kw}‘wﬂ Powuoﬁ: LY UL
js1 { ‘?-“] [ ]}
wklcl'a bvllv 13,19 £ tp 1"-115 :hows (2“) dwides
?T‘Tz P 'flwe ofkqx clmslcm s c|wr- $INCR N
prome p, n<pin,is cancelec] fl'orn the

{2111

numerator of (™) = when one reduces

this X pression ‘I"o an lh‘|'0.q4,r' ;
{ﬁ'-a,g) immediate Fr'om (1) and (f) 3

) 1 ‘ﬂ]a 2 f \n'_p 2 2 (T(xY- V%) lnx and
'r"w. t'q.s+ 18 1mmv.cliq+e 3
v) from (ii-a) we see 2"< (an)" ™ and,

‘I'alamci |c3; rhis v.jm\ds T(2n) > nlha .o

Clnzn )
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let x22 and SUppose 2nsw<an4z; then

T(xy2 W(anyypioe o Matlne ;s sy, x

20z X for w23
for 2 x €3, M(XY21)H “}f' {f,zz \.13;, 1:7: 3

hence one may toke A= o2

Vi)Y from (iii-[;) ,ﬂ‘gsm |n ]3 <1h ln 2 SO
p?xn‘n p<n |n 2 +P1;'“|n }3 ; Puﬂ'mﬂ ns 2“”‘
and nPea'l'acHtj using 1"115 las+ mecluahhj We
obtain p;zﬁ In pe 28ine *y};ﬁ-* In p<oee<

Rz 4278 n2s e aalng < 2R*? ;

vity let 2%1g w<2® y then
k+1 .
fEx|nP£p§zﬁlnP<2 $4X 5
iy from () ancl (\H’J’),
T(x) 5ﬁ,‘1§xln}3+\ﬁ? $2A {4 VX <(2A) X,
for' x SUﬂ"‘lClm‘fllj |arﬂe ; but for bounded x

there 1s cle.arluj a constant B for which



2048

m(XY < BTE? SINCQ 1o f:or x 22 15 bounded

away from o ; the conclusion follows ;
ix) immediate from (V) and (Vilfy .

n. 'I"al'ilhq |o%s in the C.I'\d:w_‘shw inz,cluall‘l'tj
we have
lnA +lnx Slnlnx< lnTF(ﬂ< nB+lnx- lnln x

ond duwdmcj I:nj lnx \jidds

lna=Inlnx ln 17 (%Y Ing - Inlnx .
Inx A Tt S %3 )

'rlw. concluswn fe“ows fr'om 7|w, fac? +hat 1"1@

1+

lef'r and mcll-\f oluohe,ni's Fend ¥o © as X = 00 ;

i) rnul‘h}:lvj the C\%b»jskm mu'uall‘l'\.l tarm
bki term with the mu]uallhj n 3y 3

) Pu'l' X% Pn In (%Y 3
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W) from (1Y 1+ 18 immediate That

n‘nn n\m-. .
a(14€) P" A(-9))

20
¥) comparison with the series © ow

\.jw\cls 1"1@ result.

12. ¢) Stnce (’11}1“1 ) = (zn-ﬂ(zn-;)!o-- (21~ (n-1%)

IS an m‘l"e.qcu' and no Prlme, between n and 2n
%e,‘l's canceled 1n the dwision the lsz ‘““]“ql"‘"j
s clwr T NOW
oy (o D))
1 1 y 1
z

20
so (211 1)(

ity 1+ suff'ucgs To Prove, 1'|1¢, statement fOr-
mncjral X f'or ¥=2,%73 it 18 c,lmrlus correct;
suppesing its truth up to and mcludunﬂ n-1 we
have forne»m,;lT Pl p<smen and,

for n odd (say nz2ke1),

ZP‘" P s (?‘ﬁ” P)Pﬁ+1< q.ﬁ-r;

4Rz g

205°S
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fiiy (Arysi 1";:’:'“““’ and, since psn<ipsine<ip,

we, see that P but not .Pz’ divides the numerator

and p diwides the denominator thus p does not
dwide +he quotient ;

w-a) we prove the |¢{+ mo.quqh‘l'\jbj nduction 5
"+ Bunq C.‘Q.Gl'l\j frue for- n=2;assumetrue for
ng ‘I'l'w.n

zn+2)=(tn+ﬂ(m+ﬁ(zn) 5,241, 4° = ", LIS g,
41 (ms1)? N+l IV avReL wﬁrﬂ 1V )

by for the rtcjh'l' mo.quali’ruj note that
(7)8 (T @mX T, pIPns CONER %

¥) b‘j (Y, Puvt when 4 5 2B (an)™™ ;

© raising both sides ¥o the 6P power \jnzlc[s the

destred result 3

vi) using the binomial +heorem we note
s (V) <(1.+[\/z_11']) (¢ 1+1)‘/ﬁ) » Y

hence , for n v 500,

3(vIh % 23 2(3
8. (any T e TSN etamy®E e ;

J
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Vi) for nY§oe this wWas Prov«:] I (Vi) s now
each odd prime inthe list 2,3,5,7,13,23,43,
83,163, 317,631 15 less than twice 1"1¢]armd|n3
prime m the list ; |f ns 500 +here s a pow of
consecut i ferms P, m this his+ for which
]osn«:l 3 SINCR c[<zPszn this means q 1S
a prime s1'r-1c1'|tj between n and 2n 3

Viif) 1mmwjta+e Fr'om (vidy .

130 fv’ (211,)?‘ < Pﬁ H 11 P < (zn)ﬂ'(lﬂ)'ﬂ(ﬂ’

- ﬂ‘p‘ m

and +he desired conclusion T:)”ows 3

#y the qualrhj fe“ows ‘Duj +al=un% loc“s on
both sides of the ¥ pression for (1n)*; the
Par'zn-rl‘\ulcal LX Pression is v 1 f:ar 1'|w. valucs

of n specified

#) lmmedla-l'e, from (1) and ()
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W (T (any-Tmy)nn < Mgm\n]g sInp,
< (n-t)lnu ¢ I for m2z,

wherg of the zﬂé'me.qua\mﬁ we used 42 (49 )

2 clrrec'l' compufa'l'uon tjndds

2 le,81
? [9,39]
<« 3 ™ (36,150]
SN~ T{IN¥L orn in )
i s a“_"f (135,500 °
50 [321,1000]
190 \[ 720,2500]

) " .
vt) for nI0, T(an)-T(n) > Tinan 23 for
eEN<IO ONG SRS 'I'lne, ‘h*u'r]'\ of 1'114, asserfion

by clw:lw.mq the data qiven in +|1eProof of(\’);

viy by (w83, T(2p.) -T(py 22 for Pn2 6 since
?6._."3(2.1:2?“ Glﬁd ?7.-.'1'{( 21 =2}), 'f‘ﬂb

result 1s correct ‘For' n2y;
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Viif) 5\1 (Vi fOr- nze there are of least 2
primes between n and 2n 5 ot most one of these
may be 22m -2 5 direct clwcchm(j proves rhe

rzsu|+for nesy ancl 11.255

i) this follows fr-om vy and the fac’i’ that
3_13; NCreases WI‘H‘\OU“' bOUHJ a8 X ncreases .,
4. ) This 18 true for ns1,2,3, 4,5 ascan

be seen an direct checking ; su ppose true for
some R ) R26 ,-\-Le.n W have, using Fi3(v),

k41 k 'raZE ‘-’-";4‘1 '7'2&
T(2%") < M(2 )“'sﬁinz< Rln2 ¥ skinz

Re2 k42
-2 1T{R+1)
S&Inz ' 20k © (RendInz
where onlxj ot the last mu]ualchj do we need

Rze;

iy let 2812 n< 2k , SO that
€y 2Rt _y.oRt n_ .
M) £ T (2% ) < Einz © Tnz © 4 Imn )




s

i) using *13(¥), () >Tn)+ ooy 140y

n Cni2] njy
hence Timy2zm(2[%3])2 1 a2 Y e

W) this fo"ows f'r'om (%) and (Y when x 15 an
nteqer 22 5 sinee (25 - ,—[ﬂ’{—%

ncreasing the result fo\lows fl"om (%) and (i)

)<1 an&ﬁ 18

(wﬂ-h some sjawal attenthon I‘JalCl to 2<%<3) .,

5.4y T(mn)-M(m)y_mn__ . Hm

i2lnmn Inm
9z2m _ _4m _ _4m 4n .
> 2lhm?  jam "~ lam 2 hn 2 m{n) )

B T(mny-T(m) 2 T(2m)-T(m)

m §oo0 148 gn .
> slnam 2 1ln 8000 b4 ke Inn

6.4 T(PnPn) > TP+ T (P )

=maen e (P,,) ;
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fiy this 1s +rue bvi () for' 2EnEm, 4smg
thus we need onluj check the cases where
n=1,2,3 and nsm ; but, by #13 (vii ),
PP 2P Pt
P Pn Pt 2pnd Pt PP and
Ps P Prit P Pocst 32 ot PP

>Pm+3 3
ui) immediate from (#)y ;

») mulh}sluj the mequah-\-les in (i) .

ma‘E nid amikd
7.0y T ﬁ (x~¢ ¢ )= T (x~¢ ™)
din Rz1 din  R=1

p cR.Jasimﬁ Lﬁ,tnfd')n

n H na1 i
S PR B AT S o PR AR

#) F (x)=%x-1 and the Pro]oos1+1on 1S
true ;5 assume +he Pr'o]aosrhon 1§ True for all

?os|+m m‘l'u}e.rs <nh ;-rlw.n QIL F (%) 1s monic
d<n



22s

and m?eayal and Thvefom so also 1s F, (%)
singg X" -1=F, (x}iﬁ Fg(x) 3 nobing that
rhere, are urac;l'\\j Y(n) values ofﬁ for which
(R,ny=1 we sze-rhzdzqruofr(x) 1s Y(n) ;

i) true forn=1 and the tdmhhj
x"-12 Tn(’f)ﬂ“ Fg(x)
shows The propesttion carries over o n from
inteqers < (no-l'e,+|-\a+ ¥, (o)--xand x" -1 18

also -1 at x=0 Y3

W)'f. Pl }'n (a) ‘I'|'\¢.n ? I at -1 ,Wl’ilCI’\ ll‘ﬂ]DIles
(6,p)=1 ;

v-a) suppose n=qbtsr, o5 ret +hen
120" < (a*)ar 20" (mod p) ;
thus r=o (b»j c]q,flmhon oft) and ¢ In



E) let < be erther pora+p ;T'wenlp drvides
each of ¢t-1 ond 5, (€Y but sincg ¢*-1 = JT Tgle)
andt|n, ten, we know (¢t~ ¢y, and
'\'kcraforc. alse Pz,c{wlées <Me1 = T Fr(e)

hence ¢f- 1 20 (mod P 5

<) fr'orn (6) y

(a+P)”-1 z2g"-1 +;§:(?)aiP“’f§na“"P (m“d}’z)i
but (a,p)=1 S0 }Jlﬂ 3

d 1f P)(n 1-|-|en, ‘:\1 (@) and ), t=n;
but af"z1 (mo&}a) and , since t isthesmalles+
number with afz1 (modp) wg must l'uavo.tlja-ij

SIMCe t'=‘h.,11|]:-1 i

viy that F, (MY P, = Pe) 2 for' Y suﬂ:l(:len'l']tj
|ar-c]¢ fo||ows from the f&c‘r that the lwqu
coszucmnf of Falx)i1s 15 sinw
wgp.~pes (mod np.-pd
it s clear that }'n(iji---P;)sTn(o) (mod n]a,-»]:g;

ms
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the last congruence fo"ows from (Y fma";j,

et P be any prime divisor of Fa(myp. s pa)s

then P*Pi for 18 ]'sﬁ and alse ]D,rﬂj -thuof'om,
b"l (v-of), pat (mod ny :

vii) Euj (vi Y no fmm, co“ahom P“'"' Pﬁ
aan e.x"\ausr q" Prlmz,s]: wH-H Pg 1 (mod'n) ;
1"1@ concluslon fo”ows .

n fiim | :
18. 1) (e:,.,,)2 S PP Prwszluj
when o|m ; since the dervative of x% -1 1s

n_ .
DX we see no 2ero of.x*q sof order 51 3

iy the hvim ber O]C Jements in Ay which
dwide d 15 just (3); conse,cluenﬁ-ltj the power
of %= i qexy s qust (S)r(5)4(2) 4+ ;
note that ~€,18 not a fac-l'or ofj'-'n(x) SINC
dy1 d similar reasoning aPPhe,s to f(x) ;



X

) when d= 1 ) X = & appRArs e.xacﬂtj oNnR
in each of Fa(xy, x7-1 and mn no other faci'ors
ofc] cch f‘, Tkus,smc& 9 and _far'e, monic and
have the same zeros +o the same orders y and
since (3)+(3 )-\-(‘5) oo =14 (52) +(ﬁ)+ W
conclude fahcl q are identical 3-141@ resul+

fO”OWS ;

) the A, CO\'PQ.SPOhdIn% fo np are 'rl-\q,
same as for n 5 thus since x o = (xP )"

1'"\4. LONn cluswn fo ||ows ;

vy let A{,; 1515741 ,Bc?l-w. sets cor're.s?onémi
+o-rl\¢,Aj forn then }'n?(x)}' (x) =

L]
(x"F. 1}"1‘*“°‘T£A1 xi’-t} (x"-1) “JE o Ai (1:?.1’
L a_——
u?"‘“ aeAy (xi’! 1) 1;?:1' EAY (x¥-1)

for e.acl-s o con+ammcs Hw. chfor P the f.ac‘l'or
x_“ﬁq i the X Pression f:ar J-',,? (x) 15 canceled
b;j the fac-l'or ¥ ~1nthe LXPression for FalxY;
oonse.quzn'rhj the rnqh‘l’ side 1s ust Fo(x®) ;

2158
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, P, R
N Trom (V) | -T';(T) s ?j&?: xx_: =xT e 3

vii) F, (1= %-1 50 F, (0 ""1 W), 592 T, (29
thus I;gm z .T';,.e.., (1)s- = }}‘“ , and this last
c‘uqnhhj ISP, blj (vi)} 1f n has 2 distinct prime
fac‘\'ors, say n=mq® where m>1 y (Mmyq)=y,
q prime +hen usmcj (W) and vy,

P;I-(‘) }- o( 1(1) “.-;(1)3 . mq('l)' }-mf:; 1

) 'I'"\ts fo"ows immujla‘l'd\j fr‘om () ;wl\e.n
d contains a SqUare we do not fmcl x< .1 1n
ather numerator or denominator ) when d= 1
we qet the facTOr x™=1 and whend 1sthe
Prccluc‘t' of | distinct primes +hen xﬁ' ~115 1N
the numerator when 1 is oven and inthe denom-

nator when 'j is odd 3

%) using (viii ), we seethat when d= &
p(c{')z 1so xf-14sa fac‘ror of Fu (X) 3
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all other facrl'or's than +hose ofﬂns form are
congruent to -1 (mod x7¢*'y since all exponents
of ¥ 10 +these fac‘l’ors exceed Pett a5 0 consaquence
of PitPay Pe; the 2’3*€fcohcjr'uzncz fc”ows for

S\Mtlat‘ FLASONS )

%) 'for each i, 15ist-1 jthere 15 a 1
CERER-TEY {orw‘wac“v xPixis xPes since
there are t-1 such i +he result fonows .

19,4y This 15 Euj direct examination 3

i) for n:v,wch of 12,13,+++,29 aren S,
(ancl mns,)so cach of 124 P, 1347, 294 P
are n S, ; 1f 12,13,m,zq*]3-,1-~--+}:.,,-1 are in
S.s (and S ) Then 24P, 134 Py 204 prremt P
are I Sy these blocks over']aP since (using

TRVE ) R4PL< 29+ Pt i pa., for R28

278
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) immediate from (#Y 3
W) direct ms])e.c'l'ion and (i) 5

v) direct s pection and (Y.

0.4y ¢, 8, and unions ofo]aen sets are dwrltj
open ; if &y pen, @ ore open and ¥ € &N NG,
then there are inteqers 5., s, such that
xtns, € 8, for all nteqers n ;thus gens, - s,eQ;
for all v, 1818t and all infeqers 1y e, xS
an armthmetic ?rocjmssnon contamed 1n & neen@,
ard,fhwﬁm ,H'ns intersection 1s open ;

i) the com]olcmen‘l' of an arrthmehe progression
with Jlffumce d 15 a union ofcf-x arithmetic
progressions with cliqerm d kLol both sets

are open and +h¢.|.j mu+ua”uj exhaust § -rl-mi
must both be closed ;



X

iy immediate from (WY

) +his 1s4+rue since wc‘n m+e<3er ot her than

t1 has a prime fac‘l’or ;

v) lf there were on‘bs f'lm‘\'z‘\j mamj ]ammes
the set A o{ (W) would be closed and consequm‘fluj
would have an open com]:‘erm.n‘t' 3 SINCR the
com?|zmen+ {-1 ,13 18 not open we conclude

'rlw-e are mfmﬂ'duj mamj }:mmes .

21. When no1s an oclcl Pr-urne, Wilson's 'rheomm

fells us (11-2)‘. g - (11,-1)‘. 51 (rnocl n) so

[l -2l=1 o an odd mteqer 5 when n s
composite X¥i tells us [‘%—’—’!] s 0l g an
wen mfe.%zr ',+|1emfom when ather norne?
's Composite +he Ferm of the summand corrzs]:;ond-

mq o nn w1|| bw O SINCR +|'w. SING ofan wen

2198



multiple of T 15 o, while if nandnsz are

each ?.l'lmc,, then the term 1s the Produc'l' of

the sime ofan odd mul'i't])h, of% with another

$ING of-an odd mu|‘l'1P|e, of T, hmcq, IS (-1)(-1):15
the 2 accounts for 3,5 and 5,7.

22. 1) Immediate

#) &f‘gi F(E)z 14T (M) bvj () nowif'mqaﬂ
then 16 m(mysh, while lfm 2 Pathen 14 Temyon 5
since poc 2™ by ¥y (i), the sum ;f:[ﬁ'm]
counts 1 for each m< P i +hus +his sum ]o\us 1

15 exactly Pn -



XV Quaternions, Complex Numbers , &~ Sums
O’f 4 and 2 Squares ~ Solutions

1. 1) The derermmant of (% g) is 1af* +16)2
and this 1s o |fand Onlv.j lfa sb=0 *Tl‘iQUPPQI"
left dlements mthe two products of (1 #4)and

( ‘1 ’i) are -1 and 2i-1 so C'1s non-commutative ;

for a,6 real (% 5) (489 allelses
routing vernftcahon ;

ity the corrzspondcnoz 5 (% E) > arib ;

ayif a's a+i6, bzc+ id, where a,6,¢,d aren
Rythen (% 2. )= a(8 $)+6(5)ve(S A1d(0
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moke The correspondmce
1000 ,
(1°)<—>(01 0) (‘ 0,)4—)(
o1 Q0 o-1
Q0 y
00- ,
o1 00 (‘? ‘)
(52)e(388d) (G-
0-100

;
the assertion 1s now a matter of routine

-0
-

- 0~00
000

o0
~000 000
O0~00 000
00L0 ~00O0

verification ;

#) one needs only show the 4 4x4
matrices of R” which are displayed in the
]oroof of () are mdq:endem' and this is clear;

v) +hat +his set 1s a subfield 1s clear and
the non~commutativity 1s proved by the
wample gwan inthe proof of ();

vi) this follows from assocrativity and

distributvity properties of addrhion and
multiphication .
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2.4) =& =z(£6+]’c+ﬁcf) =0 1f ond
only f b=czd =0 sine iy}, R are independent;

B Nozal+b sctsd’

zat+(-bY e (-c) e (-dY = NT
Tx=2a¢ (a+£6+jc+5c[)

+(a-1b-fo-Rd) s+ ;

iy Nox =a’+b+c*+d =0 f and only of

asbzc=d=o ;e fand only if =0 ;

)

w) direct verification

V) X=X =TX,
1 =z ta-b- Ec+]J=-5-ia-]J+Ec =
(i)(a-1b-jc-kd)= T ; swmlarly 7] &,

3z

R & j POW use (W) and dms+mbu+w|+\j
'l'oob'l'amqs :j3 &3

Vi) clear 5
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vil) NP = (xPXXP) = (xXPY P &)
= (NP = (XTXNHNB) = (NN P) 5

viy substrtution \jtdds the result tmmq.dta'l'd\jo

3. 1) Lt f(x)= 0, where § 15 a monic m'wjral
Pol\jnomta\ s since o also sahisfiesthe Pr-mujpa\
equation there 15 a monic m‘l'ujra\ irreductble
polynomial cj,of de.gr& 1orz, sa‘\'tsfwjmcj
q(x)=0; if o 15 not rational then g(x) =0
is the prinapal equation whileif o 15
rat+ional cjz(x\ 0 15the PFIﬂUPG‘ equation;;
in uther case T and N are nteqers ;
the reverse direchion s clear by #2(vib) ;

#) cearly LeH and peH~L; of
P:g)+0(,0{=a+£6-&3’0+ﬁcfe£'\'h¢n
TR=P+rX+P+8 = 14X+ X
=14TX=142a € Z
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NP = (Pt Np+X)=pp + XD + X P+
=(+degsd)o(a-b-c-d )4 (a’+b6% 4’ d ) e B
so,bwj (i), He T 5 now —%ia—%j isnotinH
but T (34 +—‘5'-1')= OeZ ,N(—}i+~_2,—j)=%+;—§=1ez

sOivF{el

iy when A =£ this 1s obvious ; whan
A= H note first that ;S:sa-q-(-i-]’-ﬁ)eﬂ-f
50 |foc=[>+j3 eM,pel , Then Gz@-pe){j
furi-her,£(9+P)=P+(-1-j+ip)so when
P+S363{’§56L,50 also 1s i(pepymnH;
similar arquments work for jo and ko

w) Pw\' o =-§-i+%3’ ; b\j the Proofof(ﬁ)
we know & ¢ I 5 now icx= -2+ 2k and
T(ix)=-E¢2;Thusby (i) ix ¢ I ;

v) as we have seen n (iv) T 1s not closed
under multiplication and 15 ,therefore, not
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an mfcﬂm\ domam ; using (#i1) 1+ 13 routine
verification to prove £ and M are mﬂc;jr'a‘

dmams 4

viyfoazaribs i< +kd 15 10 an 1n+ecjra|
domain of T which contams H then since & )
- ict, = jox, - kot are all n T, we know
T =20 €2 ,T(-ix)=2be 2, T(-jx)=2c ¢ E,
T(-kx)z2d e Z ; further Noc= 0% 6 c2ed?e 2 5
if anm one of 'a, b, c,d 15 half an odd nteqer
fh1:215+ fact wn;:hes ?lﬁeuj are all halves of
odd ntegers ; since a,6,¢,d are all mteqers
or all halves ofodd ntegers we see o € M

this shows 5 1s maximaln T 5

i) asa+ig+3'c+ﬁcfts i £ and hence n H
when a 15 even ; when a 1s odd this equals
53"53:‘""“'“ 53=(a-1)5>+i5+jc+5cf ef.;onfheofha‘
hand 9+oc=(1+2a)9+i(6-a)+j(c-a)+G(cf-a).
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4. 1) Each dement of L 15 1s own lef+
assocate ) if & € KN L we may write
xz2(a+ibsjerhd)r o, where
o‘,r--%-(e-rif-l-jg-rﬁﬁ) ; 4f,q,hareality,
a,b,c,d are N2y since No, =1, x&;15 a
lef+ associate of oy finally
ots(lz(a,+i6+jc+ﬁcf)(e,-1}f-jg-ﬁﬁ)+ 1l

ity let o= a.sa+15+jc,+ﬁcf and try for
s‘sse?nf-rjg-rﬁﬁ s Then ox-mp =
g-_;_ng*ia‘-mq-zzﬁ-zm *'j a-weric-zmg ﬁa-menzd-zmﬁ;
now choose ¢,f, 4, f so that cach of The
following four quantities falls between
-2 and Linclusve t a-me ﬁ'—""fz—s-mf,
a-mene . mg ,iﬂ‘f—“zi[- mh 5 with these

m?, 3m? 2 .

wy let ms= (3{3 and choose ¥, so that
N(Po-m¥)<m?; put §;= x- (3%, ;



2288

rhen X= (38, + 3, and mNJ, = N ( gé’i):
N(Box-m¥,)< mz;consequewl-ltjﬂé, sm=N@;
the other port qoes the same waw ;

) under the hypothesis each of 3,3, 1s
a left dwisor of the other 5 +hus J= 3,5,
3,235"29,3F and §'§"=1 5 this means 3
and J; are lefr assoctates ; onthe other hand
f J1s a left cjcd of & and @ and J,=IP then
from¥=J¥, weﬁhcl ¥=9, 078, ;rhus J,
left dimdes oll rumbers left dwisible I:)lj J, so

Jy 15 aleft ged of vand @ ;

v) let J be on dement of miimal j)osmve
norm in A 5 further, ler J; be a common
lef:l' divisor of & and ¢ 1'|'\en, b\j (1),

oz Jo, 4, |, NxX,<NJ ;5
BeIpiBs 5 NP, <NS
§:IF'+J" |, NS'<NJ ;



XV
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sinek X~ I, , 3-0B, are n A we must have
N =NB,=0 50 X,=(3,=0 and J1sa common
lef+ dwisor of o and @ ; also since d,isa left
divisor of o we know  1sa left divisor of
3, 50 3,-JJ 15 1n A which timplies §'=0 and,
therefore , J 15 a left dimsor of I, ¢

W) 1f X=Q+ £6+3’c+ﬁcf and No=1 then
atrb et d a1 since a,b,c,d are ather
all inteqers or all halves of odd infeqers the
units are Prutse\\j those quatermons cor-
re,s]oondmc} to (a,b,¢,d ) one of: (*1,0,0,0),
(0,11,0,0),(0,0,%1,0),(0,0,0,+1},
(t7,t%,t%,t 2),and thare are just 24
of these ; that wvary unit is a Fwo- sided
divisor of each dement of H follows from
() and the fact +hat no dument of H has
positive norm smaller than 15 as for the
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unrts in L, this 1s dear since a’+b v rd’=1
for nteqers a,b,c,d only if one of these s
11 and all the othersare o

viy f (o,n)= XN +nY ware a unit then
1= (XP4nVYXP +nY) = (XPF NV PX4IN)
=0 (mod n), contrary Yo fact .

5.1) 1§ o015 a prime and g o Py, where
» and ¥ are units Then Np=sNexs1s0@
15 not aurit ;5 if P83, NB>1, NSyt then
o= (N XTIV NP YN 1, N(IVT)=
NI y1 oand o would not beprtme, ;thus (3

15 PT’H‘Y\QJ )

%) 1f o 1s nota prime MM, x= (3%,
NB>1 N¥ 1y butthen Nx=NBENY¥1s

not a rational prime



XV

iy let (x,p), =T, p=ps; by
#u(vit), NTT 91 50, from pzzﬂp =NTINp,,
ather N =p or NI =p? 5 inthe 1% case we
are done jin the other case Np,=1 and,
therefore , o = W, = PP which means
is dinissble by p this contradicts the hypoth:

esis that o 1s primitive ;

#) for p an odd rational prime +here
are rational inteqers m and n for which
14mPan? is dvisible by p (see e.q.x1%m);
It o= 14 im4in 5 then (p,a)1s prime
and N((P,od) =pjalso 2= (1+i)1-1);

v) 1 viow of (i) we need only prove one
direction ; let o be a prime 0 H and sup-
pose pisa rational Pr'lm?.;dWldlh(a Ny
then if 3= (x,p) we must have o=, and

231 ¢
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by (i), NI =p 5 since & 15 primein H this

means N, =1 50 Noc=Nc)'=rF ;

vi) sIne 2| Nex ,o¢=a+£6*jc+5cf e and
atbre+d 2 Nox = 0 (mod 2);
now put p=%((a+6)+£(5-a)+g(c+d)+ E(d'-c))
and observe That o= (143) P ;

viy by (vi), o= (14 i)' ¥, where N¥1s0dd;
(1.+‘L)z= 21 5o (14i)° = (1+i)rnp ,where nis
a rational ntequr | P 1s a unit and r=oor;
how ¥=tJ , where t ¢ 2 and Jis primvhive;
thus 0(:(1.+i)rm)oc5=(1+i)rm53P,wh¢rq,
PI=(p and NP= NI =N 1s0dd;if B 15
no¥ in L, b‘j #4 (1) we con make 1t ben £

b\jal't'u-mc.s} rhe umt N 4

vii) by (i) 1f M= (¥, p) then NT=p, 5
putting ¥ =TT, 5, we see that p, dvides N,
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s0, agawn by (i) | of M= (84 P Then NTT, 2, ;
repeating yields 8=, 5 now, by (vii),
o= (1+1Y ) for some primitive 3 of odd
normin L and N some umit b\g he 15 part
(with 5=P) We 5 X = (1-&-1’,)?“'1 g (e 1s
The carlier m; muH'\Johed on the, right btj MY;

ix) let Ba T then N =p, -+ ps and
M= (B,p1); snce T, dwides each of pand p,
s0 T, dwides T, 5 since T, and T, are primes

They must be associates ; repeat with
?zz ‘cz«n ts ,szs Pz."Ps-’dc'i

x) immediate from (vii)- (ix)

Xxiy 7= (1.+i-\-j+ zﬁ)(t-i-j-zﬁ)
:(1-i-3’+2ﬁ)(1+i+5 -2k .




6. 1) All quaternions of the form (1+i)y,
whaere N 1s a unit have norm 2 and, b\ﬁ
*4 (vi), there are 24 of +hamjonthe other
hand oll quaternions of normz are 1 £
and a’+b%ct+d’= 2 implies precisely 2 of
the a,b,c,d are £1 s ¥he number of such
quaternions i Cis 4(3 )= 24 ;5

i-a) for cach quadru]o\e A,B,C,D
satisfyng (1) there is vcac;r\\.j one quad -
ruple A, B;,Cp, D, safisfying @), namdy,
let A=A, D= D and B,,¢, be chosen sothat
-aA+B, =B, -bA+C,2C (mod P) ;5

the reverse direction 1s clear ;

b) we may choose a, b so that a’+b%41 1
dinsible by p (see X1 #iy); hen using (2) we
have B*+C4D 2 2A (aB+bC)- (14a%+ 65 Al

= 2A(aB+bC) (mod p);



c) from (3) we see , when B2 (mod p),
that Dz 0 (mod p); hence the p solutions
ore obtained from A | since all p possible
values of A will be surtable; when B¢ (modp)
and a,b are as in (b) 15 clear that
(B,C,:p) = (a,B,_p) =1 ;'i'hus,wﬂ'\‘\ou‘\' loss
of qo.nerahhj, (B,p)=(b,p)=1;thenthere
15 0 unique € such that B=26E (mod p)and,
for this £, we have C=-aE (mod p); hance
0z B'++D’s (6’+a’)E2+ D z-Ez+Dz(modP)3
therefore D= 2 € (modp) ; with A arbitrary,
£ any non-zaro value (B#C (mod p)) and
Dz+E (mod_p) ,we find a\‘\'o%eﬁhv 2p (p-1)

solutions

d) as n the Proof of (¢) we notethat
(0,6, p) =1 sothat we may assume without
loss of qenerality that (b, p)=1 . +hus £or
cach of the p possible values of Bthere are

235'S



p-1 values for € such+hat aB+bCH 0 (mod p);

for each of these p*-p chowes for B,¢ and

wery one of the p possible choices for D

there 15 a umque A 5 consequently there

are exactly p(p*-p) quadrujale.s A,B,C,D
sa'\'tsf\jmcj (3)

¢) by (¢ and (d) the number of solutions
s pa2p(p-1)+p(p'-p)= (pP-1Xpet)+1 .

iii-a) i the assertion ware false +hen p
would divide each of a2+a 02402, a2 +a;
and than, since 1t also dwides NosaZvalealeal
v would dwide zal; thus P would dwide a,
and, thance, also a,,a,,a, so would dwide &,

contrary fo suj:]oosrhon ;

6. 1) p +¥ i'\‘hi: dot Gy i‘\’ ¥ Ayyylvas® Gysaly toas

Shat Ayly ¥ Qypstys st Fppabyre =X )



similarly the expression for x 1s correct ;
2) this is clear since 1y commutes
with itself and with scalars ;
3) for a,b scalars (a+biy)ig,, =

aiv+1+5i"i1‘+’ = ‘11:,),1"61:‘)*1 1:9: fw,(a"SI:g) 5

¢) let v be as in (a);

ax=(Pn-38)+(BS+INVigss ;
since 31)-83 15 of the form a+bi, and
(g&&+b’i’j Yiges IS of the form Clygs + cfiMz ,
with a,6,¢,d scalars , we see that when P
dwides oxx 1+ must also diwide each of f)-¥8
and 38+85 ; on the other hand if p diwides
pn- 5& then pn = 38 (mod )50, mul'\'lP\kjlﬂ%
by 33 \yelcls BRnY =53RS (modja) , but
since 33 %0 (mod p) (sine p does not divide
al +a,t) and gsg‘"s z- ¥¥ (mod _p) ( since p does
divide Nox) we see 1§ = - #3 (mod p) and,
therefore

2378
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(38 2-¥7 (mod p) 5 hence 1f p divides
Pry-¥8 1+ also divides s+ ¥7y, and,
therefore ,divides «x |

d) b\j (), x50 (mod p)is e.quwalen-l'
to Az ¥§ (mod p), which inturn, after
mu\h]al\jmg b»j @ A e.c‘uwa\m+ to
(NPIy= 388 (mod p); now Band ¥ are
fixed and, since p does not divide (3, each
of the p* possible § values yidddsa unique
1 5 thus there are exactly p* solutions

x=n+di,,, of XX =0 (mod p).

9} Each prime M in L with NTTsp Qives
rse 1o one of the (p?- 1Xp+ 1) non-~+rivial
solutions of Nozo (modp), xX%0 (mod p) ;
convarsely to each such & thure 1s (see
"5 (1)) a prime Win £ with NTizp s since



fx 20 (modp) has (see (si-d)) vmcx\'\vs
pi-1 non~+trivial solutions each ™ must
arise from exactly p?-1 different oc;thus

thare are ps (z‘L;,‘_l‘f*_") distinct Y.

7. 1) The presence of such a pair of
consecutive factors means +hat
N ( TT\'H) ﬁv,'l)a-i)"'N (ﬂvoﬁ\’n) = Pv
50 p, divides & and o 1s not primifive;

i) +he proof 1s b\j induction 5 the
proposition is vacuously Frue for the
case when +he number of factorsis 1 ;
suppose the proposition Frue for £-1
factors and let &=, ..., 20 (mod p)
forsome prime p n 2 5 if T, Tigrs not
primitive the conclusion is true by (1)
and he induction hypothesss ; otherwise



T, o My 2 (NI T 20 (mod p)
and , therefore , NI, m0 (mod py ; but then
NT,=p ;3 hence

Py =TT, Myeee Mo ﬁtPP )
for sutable @ 5 but then 11, W2 1,0 and,
by *5 (x), T, and T, are assocates ;

fi5) 10 +the Produd Wyye o Myo, there are
Py+ s chorces for My, b\j *6(w),and for
each other Ty, there ore only p, choices;
since, by (i), consecutive factors may not
be conjugates ; the multiplier 8 comes
from +he yossmb\e 8 factors whicharethe

units in £

) bnj (#) a non ~Pr-1mr\'|v0., o will have
consecutive factors one of which 1s an
associate of the other; each square
which 15 a divisor of m arises froma
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collection of disjoint such pairs ; thus o
cfz| m then assocated with this d there
are,bxj (1&Y ,3?,%( 1+ %-) Prnmﬁwed%wﬂ
of € of norm M, each of which when mulhjahed
by d* \jldc‘s an & m £ of norm m 5 the
rotal number of such  1s qust the lefr
hand side of +he indicated UXpression
now, for cach d1m f we let &' be the
larqest square factor of F we find
om)s o8+ o By T by
= dglm%pv%t (1“'%) ’

where t 18 squar'e;fr&, -\'\‘\r'ou%\‘\oui' ;

v) there are 24 dements of Lof norm 2
(ser ?6(1)) and +he\j are merd»& ]w'mund
by multiphication \:nj the 8 univs of L
thus, b\j (W), we have 240°(nY such o ;
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i) since N 1s a sum of 4 squares for
wvery o in £ the desired numbaer of solutions
may be obtained from (wyand (v) ; ler M
be the number of divisors of n not diwisible
b\ﬂ 4 sf n s odd then M = o(m) bss u’»)and
the numbaer of o 1s 8M 5 1f n1s even then
M = 0°(nY+ 20°(n) = 30%(n) and blj (v) +he

number of oc1s 8 M .

8. We skhetch +he arqument in 7 steps .

1) G has exacﬂ\j 4 units ;

#) 75 (i) 1s replaced by : rational primes
of theform 4R+ 3 are primes in G no
other rational primes are primes in G but
each 1s the norm of o prime in G 5

Wy F5(v)1s rq:\acq,d buj P X Pﬂmr\'we,ond
prime in G nmphw N 1s primein Z



W) *5 (i) ramains +he same but 1t should
be noted that 1f o 1s primitive and an odd
prime divides No then that prime s of the
form 4R+1 5 +his 1m:p\te.5 +hat Nox , for
N Gy can never have an odd power of a
4R+ 3 prime 10 1Fs cononical prime factor-
ization |

v) ¥5(x)1s P@p\ac@d b\j : tfo< nQi1s
such that Nx = 2":1,‘-"%2 PurePs , whare,
the qy are 4k+3 primes and the p, are
4R 1 primes then there wxist umque, up
o assoaates , primes Ty =, W in G such
that o= (14 i)rqt'--qtﬁ,--- W, NIy =9,
for 1svs=s ;

vi) the merhods of *¢ may be used +o
prove s the number of distinet, up +o
associates  solutions of Nors o (mod p),
whare p1s anodd primem 2 s o or p
depanding on whether pisas4Reszora

2438
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4k+1 prime, while +he numberof solutions
of Nov=p,aqain uptoassouates, is 1 ;
vit) from n=2"q, g p, o py , where the
qs and py are as in (v), we may write
ns (1.+i)r(1.-i)rTl' q”’ m (c:u-flf;)"’(ct.-il&)"a
=A'+B8%2(A+iB)A-1B)
and so, by unique factorization
AviB = (14 1)7(1-0Y "1 g " (a4 16 (0-16Y"
A-i B (4] (1)1 q 2T (G465 a1,
where v, +v, =29 ; fr'om thiswesee v, =9,
dnd, since 1+1 and 1-1 are assocates,
the number of possible pairs A, B 15 Just
the number T (P+1) of dwisorsof W p?» ;
the sum of oll odd divisors of 1 1s
T (14 cl.y.._wq" b (“P.,...,Pao )5
mp\aunca caohq bvs -1 and each p buj 1
yidds ,on+he one hand T (p+1),and, on
the other hand | 'y (m)-d,(m) .



9. i-a,b) These follow from+he fact +hat
the product of 2 odd numbers 15 of the form

4Rk +3 1f and only 1f exactly one of +hem 1s
of't'heform tk+3 ;

¢) let (a,b)=1; then,using (@),(6),e-"s,
fi(aby= 41, (ab)=d (ab)-d,(ab)
= d,(@)d, (bY+d,(a)dy(6)- I (@), (B~ (@) d( b)
= (d,(a)-dya))d,(B)- d,(BY) =47, (a) 41, (B)
=fz(ﬁ)fz(6) ;

ii-a) This 1s o restatament of Tacobr's

'\'ho.orm 5

by lex (a,6) =1 3 +hen using (a) and the
mu\-t-u?hcahvd'jof o wehave
for ab odd ,
f aby=4r,(ab) =0 (ab)= o(a)o(b)
=31, (@) 41, (6) = f,(a)f,(D)

58S
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while for ab wen (without loss of qenerality
take @ wen, b odd )
fq(as') =37, (aB) = 30%ab) = 30%ay07b)
= 3. 4ry(@) 37 (6)= £, (a) £, (B) ;

#i-a) of 220, *+---+ 0 then s22 and alla
xcept for 2 must be o5 the 2 whicharenoto
are eoch ather 1 ;'t'\'\us +he total numbe.rof
solutions 1s 4 ¥imes +he number of pairs of
the ay which may be taken +o be non-zero;

by simular +o (a) ;

) f 6= at+-ral then sz 3 andather
6 of the ajaret1or 2 0f the a; are t1and
1 othar 1s £2 5 the Yotal numbaer of ways of
dom% this 1s

()00 2(3) e ome(3)
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d)  fier-f(2)f,(3) =
e (e4(f)r28(5)-22(5)(3))

= Zs (s-1)(s-2)(s-4)(s-8) ;

@) of f,were multiplicative then
£ (6)-f,(2)f,(3) would haveto be o but,
by (), This can haj:]oen on\\j fors=1,2,4,8.



xvi Brun’s T\‘\e.ore.m ~ So\uhons

1 Lt n n+2 be primes ,1<n< JR ; the number
of such pairs with ns 15 less thanor equa\ o3
and each Patr' with NnS>3R has (a,;,R) =150 contributes
140 S, Hence TMy(X)< &+ S.

2. SUpPOse G dd’ where d|R and (d,R)=1;
1f d=1 +then (an,RY21 and n contributes 140§,
and 0 To Sz, I %1, 50 n contributes 1fothe
right hand side of the gvan expression § on the
other hand if C[=P«.°"P§ ,15{¢2R ,Thenm
contributes 1 Yo each of the (1) terms S4,
whare cjld‘ V(J)=i 5 thus n contributes

1] (3 ) (- 1)"( () (1-)}20
+o 14\0, mo}h'l' hand side .

3. When pisodd exad]xs two , namely the last
and third las+ ,of the numbers
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842103, Gys ‘p(pn)
are divisible by P , while whan p=2 OH\\-’ +he last
is dwistble lmj P thus when \J(d)sﬂhwxyrzsslons
for ?(J) are correct ; assume them +o be correct
for 9(I)=n and examine V(I p), where Ip| R, phY,
and , as we may assume without loss of c}mo.rah'hj ,
p 15 odd 5 now pit(,15i5J 1£sp1sa
com}ala:ra, system of residues modulo J p sowe
wish to find the number of solutions of

(pir{)pitf+2) =0 (mod Ip) ;

the number of solutions of this ongruence is
equal to +he number of solutions of +he
system  {pis{)(pisfe2)zo (mod p)

(Pi-tj)(})iirj-»z)ao (mod J);
from the 18 congruence we se that

}'(]'nj 20 (mod ]3)

and hence there are Q,xacﬂxj 2 values of !
possible ; for cach of these 2 values of 1 +he

Aumbars ]31;4-}’ 15180 consﬂ'ru'l'q.acomPlem
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system of residues modulo J so the number o{:
solutions of‘rhe 2 congruence Is ‘:(J) ;
?l-\cmfore the number of solutions of the system
Is 2?(5);1-‘115 qives S:(JP) 2 299P7¢ | where
CIsO 0T dzymc’m% on whether J]o is odd or

wen this com]o|d'zs the mduction.

4, Let x=q5+r,o;r<6 ; then the numbers n,
15n 5[] fall erther nto one of q c,om]:’le,ﬂ.
sLjs'i'ans ofruldues modulo § or 1nto a reman-
g partial system ofresadues modulo J ; the
total number ofﬂ with Jan1s S while the
number n each wmyle-l-e Stjs'l'ém of resicdues 1s
p(J) 5 thus there 15 a 8, 059, <1, such that

Sg=qp(dy+ 8 p(J)
(54 M-F)pCd);
Puﬁlmj =9, -5 Tzlds the desired result
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5. Using 2 and "4 wq,fmd

S= 5 %49 p(9)

Jm v(daszﬁ
PSR 9
IR, vwmﬁ élﬁ.y(d)szﬁ

% 3 t-ﬂ_pi_d’ g a™od £y f’@
J &

am o Jln‘fvcd»z& sk

"‘(QL"— T ) g(d)

JiR JIR Wk iR, v(ém
=X (T, 4T, )+ Th
the alternate expression for T, 15 a direct
consequence of *3 as i1sthe mequa\th} inthe
ex?msswn for T, ; ‘fma\\us, since the number
of I such that ¥(J)= { and J|R1s ust (v(m)
where V(R)= =T (), we \«av@
o WisYy 1
k ’f Jm%w), §19) 51"’( P
6. Bj V11 (), There 15 o constant ¢ such
that ¢ninn< ]o,._ for all ns thus

4 s&(14 i—‘—dxk Alnint

1
‘t?— nse Cﬂ.‘l‘\ﬂ
for surtable Posd'we A weth ¢Aln2v1 .,

2518
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7. The last 2 mequalities are dearly true for
x suﬁuum‘rks \arc}z s the 1% fol\ows from the
{acf that as x —» 00 so also does % Plus the
fact that the left side 15 of the order of Inln 2
while +he right side (seexv®10(ix)) 15 of the

orderof .

8. Using 7,

| \
44\n3=&£‘f‘nx ""<|nJ7'<

s0 2<% <yX ; further 2R < T (z) = V(R).

9, Tn (a) the 1% mc,c‘uq\m} fo\\ows from*sca)
and 1-F<(1-3), the z“ﬂfmo.quc\lrhj from
T (1) "= Ty (144t 2 % & and the
3"°fmec|uo|1+\j fr'om 1'|'1z fac;l' % ™ > S- d'/) )

in (b) 1'|-\e, 2} tnec‘ua\rhj follows from#5(6)

and 0%1’1 M P ) ?l ) +he, ;_'33;[ mec]u;ahhj
i ' 3

from % and +h¢fa¢+1‘ha‘|’ ,4 L {457t +T,+ T
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the 378 mequa\s-rw from 2¢Alnina< E< and
1‘5“( th, 4% mu‘ua\\?vi from *¢ and
E |nz v 2eAln 2‘n\n:5 vlnlrws ;

n (<) the 1% mu‘ua\l‘\'\a‘ fo“ows fr'om *5)

[
and (") £ A AN 4y o and 32
tnq,quahhq,s from

&
£ 21 <¥ 2eico and T(R)< % .
3:03 3.03

0. From the. defintions of % and k qwen in
77 and ¥ 8 we see
In% = Tq,ﬁ:?f‘h_x_ : lnlnﬁs‘nhx-\n\n\nx -Ineea
c.nd ) +|1e.re,fore,
e CLVN HM) :

In 2 alninlex  2lneeA
ko z I?\Ir:nc ,x?'za?nr‘nx “3Tninx = xp .
3

e xo
ﬂwus,usmci 71,5,8,9We fmcl

T(X) € R+ S SR+ % (T, +T,)+T, éﬁtﬁ(ﬁ,:;, )m'f’,

£ JX + ¥ (eeA) (Bn)(‘“‘"* + x%< Cx(—“h‘,—“})
for surtable positive and x suff:umﬂuj |arc5e,,
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i, For % suﬁtum‘l‘\“ \arc}q,

\ L S
(%)< C‘X’(ﬁ‘\%}) <W ;

thus 1f P is the nit prime for which P2 s

Pr\me, +hm

< C
N, (Pn)< (‘nrs”‘< Ur?:)”“

SO %rﬂc(m—(?mﬁ; and the result in (a) fol\ows
ummo.dmﬂ,\vj b\j +he comparison

€ f,‘; < T ey
and the convargence of the m%\'ﬂ' hand SRS 3
(6y fo“ows from (a) bw.j S})\i-\'hncs }'_% nfo
the sum 1n (a) ond a sum dominated bj +he

sum in (a).



xvit Quadratic Residues ~ Solutions

1,1y Mulh}:l\jmﬂ the 15 congruence b")
4a leads 1o the qqqu\q.m- congruence
4af(x)z0 (moduam) ;
sInce metx) = (2ax +b y:-0 the resuls

fo\\ows ;

@) SuyPose (a)1s true and x‘fs a (moc\m) ,
where a = a'J, m=m'd . Then,since 521 Xo®
R, & 5&3, for' suttable tj,.ﬂw‘s ‘sz!a'f (mocl mt)
and,+\'\zrq,fore, b divides tj,‘ But £s squarefrm
so + divides Y and Yo =ts for surtable s.This
means tsiza’ (mo& m'), Sice any common
prime faci‘or of ¢ and m’ would dwide &’ and
(a',mY=z1,we must have (t,mY=z1. Henee
tstza (modm') and (ts Yz ta’ (rnocl m’) are

Qqunvqlw+. This proves (a) 1m]a|m.s (6) :
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Suj:]oose now (b 1s +rue and x.* = ta’ (mod m').
Since (t,myz1theressan s such that
x.2ts (mod m'). Thus t'sz ta’ (mod m') and,
since (t,m"y=1 this last congruence 1m}:\w.s
( mducl, 1S Qquwclm‘l’ to ) the congruence
ts*za’(modm’). Mul‘l'l]:\ujmcj btﬁ 8 (=d) we
obtain (tés Yza (mod m) Thus (6) lmP\les (a).

2. 1) If x5 12 (mod us) then 3]x, ;but then
since 3% 45 wawould hawe to have 32|12 contrary
to fact ;

i) Takmci a=2s52=2"2%.7 mz3t5% 7
*l(ﬁ)wo,ftnd t= ‘r,c[= 3.7 and ()= (7,25)=1;
thus x%z 252 (mod 1575) 1s equivalent +o

x*z28%3 (mod25).

3. 1-a) Tn +his case the congruence becomes x*= 1

(mod 2); +hus ,moadulo 2 ,‘I""ﬂm 18 e.xacf\bi 1 so‘uhon-,



b) nthis case x?za (mod 4) ; since
(a,4)=1 ,modu’o% , & must be ather 1or 3510
uthercase x%s 1 (mod4) s thus az 1 (mod 4) ;
on +he other hand |faz 1 (mod u) then x =1 x23

are bof‘w so\u‘l'lons ;

¢) sa +he Ft‘oofcf (5) ;

cf) since @ must be odd so also must x be
odd ; but the square of very odd number 15
concjrué.n-l' +o 1 (mod 8) (s IX*8(i)); on the
other hand lf‘ as 1 (mods) then all ?osslb\e odd
x sahisfy x?2a (mod 8) since each of 1,3,5,7

sa'hsf ies the congruence

Q) 15 clear +hat solvabllmj of (%) mnPhe,s
solvablhh-] of (*o) s thus, Suppose *y) 15 solvable
and that x_ 1s a solution s +hen x, 1s 0dd and
K&z a+2™t for surtable t - olwoosmcs s sothat

2571s
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t+%,$ 50 (mod 2) we see that

7 21

(%ot $+2% V2 x2 e x,52745% 2

za+(frx,s )25 22"

o+l
£0 (mod2 Y,
w‘w"o. +\-\z last+ concit'umcq, 1S trug Singe
2 -2 sox# (x-2) 2o+ 1 when x23;

+hus So\vqbtl1+\.3 Of *) “""]3“"5 5°‘“°b’\‘*‘j °{ (Fxa)

f) 1f x:sasxj; (mod 2%) then
(%, +v5,)(x,-1j,) 20 (mod 2%) )
L odd vcac-tk; one of +he wvan
|n+q.pj<zrs Ko ﬂj, ,xo-%., 15 dlvislu'e b\] 4 hence
Xo 82 Yo (mod 2%*) ; rhus there are at mos+
the 4 solutions Ko 1= Koy Ko# 257 ok, 4 2%
since , when. %, 1s a solution  all of these are
solutions and since -Hrwj are Pcnrw\se mcomjrum'l'
module 2% +his prows there are e.xccﬂbj o

solutions :

Cp this fo“ows from (a}-(f) .
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ii-a) from x%zas Y (mod P) we conclude
¥3ty (mod P); thus there ore exoc#\\j the
2 mconcjruznf soluhons X=X when x 15 a

so‘uhon ;

b) lot Kol = G + EP‘" and note that (zx,,P)ﬂ;
thus there 1s wocﬂ»j one modulo P value of
t suchthot R+2x.t 50 (mod 2 ond for ths

P
“*(E"'zxo‘t)})%t‘}aw;q (mod Pom) ,’

i ?.ot=

t we have (x.+ tp Y= % e2%,t P+t

¢ this fo“ows 1mmed|q+¢|uj fr'om (E) 5

d) uf x*zas 112 (mod p*) then, since p
dwides neither x nor v , the quantities x+ Y,
X-Y are not both dwisible b\j P hence
X E t».j (mod ]3"‘) i'rhis shows there are at mos+
2 solutions | since -x also 1s.a solution when x
15 a solution and since % # -x (mod P) this

completes the proof ;
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1) SINCe avery solution o‘f the sxjsnm is o
solution of each mdwidual conojruzncq, Nyo
1m]o|m,s Ni>o for- a" 15{5T; different,
modulo m,-—m,, so\u+|ons ofﬂ\z sxjs-l'cm
lead +o chffo.renf r-+u}:\es of solutionstothe
ndwidual CONGruences SInce i x2 % (modmy)
for all 3 \ 155&?,1’"\% xz‘x’(mocl mi---mm);
hance N s Ny« Ni-j on the other hand +f
K1, , Ke 1S GK r-+u}3|e solution for the r
coanruencq,s (he. Xj1s a solution to+the 3’95
com:jruencc,)‘rhzn ;f bR (modms),
18{sr, we have %= %, £, 4 e g x b, D T0E

r

a solution of-r\w. system ,fma\luj tf AR

sa d:ffo.mn-r r-‘\'u}-alq, solution for the

congruences, x'2 KT e Ky B
s not conc}ruenf,modulo Myee My TOX SINCL
otherwise for all {15 (s 7 %% {(mod m.) ;
hance NN s N 3 the conclusion fol\ows ;
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w-a) this fo\\ows fr-om (it (1’-5)11::-(*;-&');
B)rhis follows fr'om (1), (i,-cp L (1 -d) & (a).

4. 1) B\.} Fermat’s theorem (a?‘-f‘n)(a%‘_q) 50
(rod P consque.h'\'\\ﬁ afiery (mod )3
since p 13 odcl not both are ]:ossu\ble. since that

would imp »3 220 (mod )3

#) from x.tza (mod p) we find
a?7 8 x5 21 (mod pY ;

m-a) b\j the remamdq,r +|-\e.or¢m n alcidbra
we Rhow 2% 1 =(Z~ G)G}(l)i-a'ﬁ’-_ 1,

where g 159 Polt}now\uq‘ of clerm Piye
"ﬂ«?lacmﬁ z b»j x? \jl‘LHS +he result ;

G) immediate f;om (@) and Fermat’s T“\eonzmj
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wy if 1saq'rof]9 then , by (i)
aPT ¥ 1 (mod })) ]
onthe other hand if 6P 21 (med p) then, bu_\
(i) , s1hce g(x*y1s ofda.ciru, p-3m and
hance not a\wauys congruant fo o modulo P
there 1s an % for which x%*-a 30 (mod ]3) 3 e

a1saqr ofpj the rest follows fr'om (1Y.

§.1) Since X=a scr\'isf;zs X’z az(mod P) 1F s
clear that (£)=1;

) immediate from #4 () and +he c‘ef inition

of (5

W) (§)= Tz 6Py (%) (mod P)‘j SINCR,
(%) and (%) are £ 1and since 18 -1 (mod P)
+his means (%) =(%) 3
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) ()= a6y F za’F
as in (i), (Eﬁ)z(i)(i) ;

¥) a) 1f ash’ (MOAP)H’W‘\ az2bh (mod ]9) ,
which connot \'\a?}:en because of the conditions

onaahd[:;;

5) for O<as p-1 there 15 a non-zero number

¢, -Elscs By with azc (mod p); putting

b= |c| ‘j‘dds +he desired result ;

¢) immediate f-rom (6) and the meamng

of (3)e:

) ( )= 1)"117 mod }3 bkj ()5 since both
sides are t1 cmd PIs odd this 1m}:]1e,s the u:\uqh'hj.

6.1) From ¥5(i) :

) fr-om * 5 () )



&y from * 5(w);

W) b% the Proof of 1X¥20 (i-cf) we know a
Pol‘.}noma\ of cle.cjr'u n may have no more +han
n ZA0Ss moclu‘o P ) Hﬁus N'HL: 1 and x%.lz -1
(mod p) each has ot most P53 solutions § since
all +he m+o.¢3u-s 1,2,....]9-1 sqﬂsfus e,xact\uj one
of -H'\o,se Concsr‘umce,s e,qc}\ must have qucﬂus
Pt solutions 5 +he conclusion now follows

"from *y(w).

7. 1) ket ns Pf‘i..- PO‘E} SINCR (l"-)z-l we, kiow

p
pin 50, by 751, (3= (B)" - (3925 1hes

for' some ‘s‘ , 0(3 1S Odd Gnd (%) z-~1 " 1"'“5 "‘“PlW.S,
fOl" SUCl'\ o] j )d'FPj“i(-%) =9 ; bu+ fhm , 522 VIl ‘1‘21’
B B
:?l:n d =i1:|; J%;i“id. ”ﬁd':ﬁa;(%)’o (”md]’),
whare we have also used *5 (5) ;

iy rhis is mm\uj o re?krasmcs of *&(i).
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fi-a) since , by #5 (i), (&9)=($)(§) not ol
threg of these Luse.ndm sxﬁm\ao\s may be -1

By since x®-uxts36x® -3¢ = (xP-2)(x"3)(x%-6)
and since, bts (), one at least ofz,s,e sa gr
modulo any prime other than 2 and 3 the
conclusion follows as soon as we observe that
2 and 3 dwide the value of this ?o\»snomm\

wlwn ¥=0

W) from ax, = - Et]: (mod P),usmcj"i(i),
T5 (1), and *5(iv) we see that
2 ,6 2, "
($): () (59 (3) -

8. 1) ij #5(v) wery qr of ps conc;r'um-l- to
exactly one of 17,27 .o, (P2Y" ; since, b‘j*"(f"’:
there are ucac‘rluj?;—‘ qr of p We 522, using
Wilson's +heorem |

205 S
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'|;|' a =190, (_jlil]z £ (.1’??1.z...-]%.(-%l’...(.;)

N ;(-11%(]3-1)! 5(%)(]3'1)!5'('1}) (mod?);

+he other conclusion follows { rom

-( YT as(T a) T a)z(p- 1ls- 1(mod]:),
e cs;w (g1

) w\wm}: L (mod 4), P 15 aven
consequm'\'l\j,w\ﬂm o’z (mod ]a) soalso 1s

(-0-) 21 (mod P) +this 1m]>hes the desired

result

6) when P=3(mod §), Pt odd

COHSQC‘UU\‘\'M when a.'?fn (mod p) -rhem

(-a)‘P?L - (mod P) this |m?|les +he d@swu:l

result
<) 1mmediate from (ay

cf) the 1% part of ) combmed with (@)
and (6y \Sield these results



xvil

9.1y la;lea mphes iazamza z2ia (medp)
which 1m]3|1es (12{)a is divisible ’D"j P but
1£i<j£4’—§l ]are,cludes 241 bw.mcj dwisible btj P

and we are gven pAa; the conclusion follows ;

%) the o.quahi'\j fo“ows tmmecltaﬂ\kj fmm (1)
and the congrunce follows from +he ongruences

a,2ia (mod}:),isid'}—’ ;
) immediate fr'om #)y.

10, 1) Since V is the number o{ numbers among
2,400, 2]',“', p-1 which \wave,nuja‘\'wq, kas+

absolute residues the result s clear ;

i) bt& w2y and (1), “’[J:—]'[‘,.;L] ;
lf}:s 85.+1i1'|1m

o (mod2) f i=10r7;

SIRESREURCIEL B

275
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iy this follows from | when pe sk+i,

=V

y 2%
P21 _ euR*e6h{4i%1 _ §2.g o lf 132
T 5 E ;

8 s 11{1&::3

#) this fo\\ows f\-om (i) (or (i) and the
Lemma of Gauss.

iy Since Vs the number of fumbers amonq
3,6, 3f, ,%(P-xjw\“ch kawnqam least
absolute residues and since only those betwan

% and p have this property the result is clear ;
#) the proof 15 similar to the proof of %o
i) this follows from () and the Lamma of Gauss.
2.1) The numl:a.rof 5,10+, 5§ ,m,%(]:-.i) with

neqative last absolute residues module prs st

the numl:u- of ] indicated )



xvit

i) this fo\]ows fr‘om (1) 5
W) rhis fo”ows from (it and the, Lemma of

Gouss .

1. 1) When PrIq (mod 4a) nu-rher}) hor q
dwides a so( )= (-1) ( &)= ¢ 1)” where
Vs }: s[t 21- [(1 -1 a]} Nz i{[t 1- [0 ]}

1040‘\

1’”3: c[-t-*-io.‘b +han
\)=§1 { Jreit- :u ]4.2({-1)1: gs
L, {[*_‘-%] [t“ o H (mod 2);

faen

$INCe for even ] from 140 athe quan‘hﬂ Jz% s

not an integer (1f 3 =s,snce {sa,52%, 50

{q=2as 15 1m]:osmb\e, as g does not dwide any of

2,a,5 ) the last sumis 0 ; thus Vz N (mod 2 )
and the result is vaecl ;

1) 1{: PEq (mod 4y +hen p-q=49 -ﬁ:r suitable
a and (a,pq)=1; 1fP$cl(modwjfhmohe0f

2698
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P q 15 of'r\'ae for'm sR+1 and the other of +he
form 4R+ 3 ; thus thar sum s of-rkq, form 4a

with (a’]xl)” ;

W) malamcs use of (4), (#) ,anc] +he Pm]mm,s
n?s we have s ffor some d, p=iq+ua, and,
'I'he,r'o.forq,,
=52 () (811 () (5D

W) from (1Y,

(%)(_%h {(%) ‘fPEC[ (mod 4) ]

1 otherwise
-1
{('1)7’9711:}”(1 (modu) ( 1)}:_1‘55_1
1 otherwise -

4. By the reciprocity law (%)(%) 's 1, meaning
(’%) = (%) except when each of p and g 1sof the

form uk+3 1n which case () =- (-%—) .



Xy

ms

15, 1) This 15 obvious ;

i) this 1s True since for each P the Lq‘%mdm
s\ym\so\s (’%1} and (;?%) are Qqua|+o 13

i) when a 1s.a qr of mitisa qr ofe»er\1 Py
and hence all (%)-:1 w\m\nmP\tu ()=

# (&) 2 () s but x%22 (mod 9) 15 not

solvable ;

v this follows from the corresponding
Pm]w-hj for the Le.::jcndre, s\]mbol since when
azh (mocl m),az b (mod P) for every prime fac'l'or

P of m ;
i) mmediate ft'Orn the de‘ﬁm’l‘ion;

vit) fo\'lows fl'om the corrq,s?ondmc} Pm]au-h,j
of the Lu‘sendre, svjmbol;
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Vi) write m #qsqe whare the priowvs 4
are not nmsSart\t.S distinet 5 +hen, since cach
qi-1 15 even and the Proclucf ofz or more such
factors is a mu\-h?lc of 4, We 5ee that

met = ((quet)rs)ee ((geet)4s) -1
= 4E+(c{,-~.) bon +(clt-1)
for' surtable & 3 thus @)

(m) (‘11) (°[t) «1) 2 g(.1)—2_ ;

i5) wreite m asin +\1¢,Proof of (viir) and note
that, since the square of an odd number 15
wnc.*ruen‘l' to 1 modulo 8 y
m2-1 :((c[,‘-ﬂ-n) v {( EOLE Y-1
so4R + (c{,‘-i)q--m\v (9¢°-1)
for sul'l'ablc.ﬁ . thus Gt G42o1) .
B @)@ T




Xy

Xy write 'm.c|1 ey NEPe PR +hen

E) = ()@ 5 (3
”ti’% (B)F) = 0 L £

= (-1) i’-: 32—)( 1.11, ﬂr) - (-1;1;—‘. ni

ﬂ

16 i)Mahmg hwvvs use of #15 we have
a) (5= (89)= (33) = (%3) =(®) (') (%)
(13)(:3) (13)' - (‘3)' '('13") = -1

E) (%‘?%) (1573)(151%) '(lg'%g)

('ggg‘)"(ézs) ( )

¢) (12345,6789 ) # 1 50 (12245 15 not

dq,fl ne.cl )

fi-q,b) since 895 4-2241 and 89 and 197 are
me i 'I'o.”s us that (a) and (5) are both solvable
or both mso‘vabh; l:w“ (v-a) We see (a)Is not solvable

) (6) is also not solvable )



¢) this 1s solvable because 1050 15 qr of
w and 13 and hence of all prime factors of 1573 ;

d) this 1s not solvable because 1573 15
a gnr of the prime factor 5 of 1050 ;

¢) using #1(ii-b) wesee I=3=% so
=42 73 and the congruence 1s solvable
if and Oﬂltj if (3,73) =1 and x* =2 i1 238 (mod 13)
is solvable ; but (3,73)1s equal to1, 73150
prime and (38)=1; thus the congruence
n ()15 solvqlalc;

f) acjam usmgﬂ(ﬁ-g)muc d=3=t
so 3=Yl = 37 and the congruence 1s
solvable !fand onltj |f(3,37) =1 and
x°z 219 234 (mod 37 ) 15 solvable ; again,
as n (¢) the modulus 1s a prime and
(%:}) =1; thus the congruence in (f) IS solvable .



(This ]:rob\e,m shows that oll Possmb\e situations
may oceur for- pairs of conqruences of -\-\‘w.‘hﬂn
xtza (mod b) |, x*sb (moda);

uther both are tnso|va|:>|o.,txac+|tj ong 15

so\vaHe, or both are solvable . )

7 1) B\vs#i(i) , f(x\so (mod P) I‘Fancl on\ujlf
(2ax+b)* 2 D (moduam); ve. if and on\u‘ f
(2x+1)°5-163 (mod 4P) ; but, makmc] lw.av\j use
of the Jacob s\jmbol and 715 we seg (262} =-3

?
for all primes < 41 50 the conclusion follows ;

#Y this 1s immediate from (Y

iy all of‘t‘we values

f("-iO) , f(-%%),m, f(-l)’f(o),f(ﬂ,...’ f(;q)

are Posrl'wq, and smaller than 412 so all arg prime.

2758
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8.9 If Z,a225b then Da Db (modP)
ancl,-rhe.rq%m . aaB (moclP); Sl“hl\al"tl for- Tn ]

— e
To(Toa) = To(Da) = Ty(Da™)= D(DaY)”
: 507 s3=a,foralama

. 7~ S ~

) TeT, (@) 2T (@ =T,a = D(a?)* = Da
22,0 |

W) ToX =% tm?he,s Dx-2x which JnTurn,
1m]:|ws x*2 D (mod P) ;buj ¥3(#-a)the conclusion

fo”ows ;

v) SINCQ To is an mvo|u‘hon i¥s C\jcllc. re?rq,a.
sentation , s & permutation | consists of &,
csjc|e,s of |e.n<31'|-\ 1 ond mi’rans?om‘hons

‘f_‘.‘r”__
(cxjclzs of le.nc]-rlw 2) T\'\e_rq,fore, qnTp () 2
fr'om (1) wo,‘f'nd
N + 0¥ 4“1
Sﬂn Zp* (sﬂnTDKSCjnTA ’(’1) T s )
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¥i) 1'\115 follows ft‘om (Wysince 118 a c{r of P ;
' %gr1
vil by (vyand (vi), sgn Zo= (-1) ¥ 5 when Dis a
qr of}: thisis 1 and when Disa qnr of P rhis 1s
-1,05 We Se b\j noting the value of o, from ();

viiiy this follows from (vii) when we take

Asfz,z, --~,P-1} 3

a)?qkln% A={-L;1—’---’.1’1’2, “ee ’?;—1.;
+hen Z., qms the qumu‘l'qhon
_;E? TR P 1 JL

and clwrlus 2L 'rrans]:oss‘nons \wci Eac\n tothe

or'tcimal order of A; hence (3 )’S Nz, ();p_—

'l'akmcl Az {1,2, a2 ‘;'I'\‘so.n 2, qives the
parmutation 2,4, p-1,1,3 -2 and the
number of 'I'r-ansPos 1¥ions ?uﬂ'mc} it back 1n

the or'nc]mq| Or'c]er- 1S L.‘. ( J’__ ) e =

(.”—)(3?—14.1) ’P°1 o (2),5%,.,2 z(- 1_)?%—
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19, 1) Sine W\ﬁwemr' acAso qlso 1$ =0 eA,we
have from a'<a’and Da’'>Da” the followtnﬂ:

st - At -
-a“<~a’ and ~Da’'s-Da’>-~Da’'z-Da’ ;

iy a’,a" and -a" -a’ are dtﬁemn-r unless
/- - ) .
a’'s-a" ;
1) scin s (-1)% where o 15 the numbesr of
inversions of the form -a,a ; for exactly such
~ -y
inversions a c A’ ond Daz-aeA” |

#) take D =4 and D= P re,s]ou+|vd\1 inthe,
obove and use (iify as well as * 18 (vii) ;

wif g%-py =0 then qR=pY 30 P would

divide % ,wktck 15 hot possnb\e SINCR 1§x51’;—‘;

thus, since qx-pY#o the four me,c‘uqhhe,s
exhaust all ‘POSSIbl‘l‘HtS ;



Xvit

viy the ma]:pmcs Ky Ptex, ‘1*2"-«.1

proves the 15¢ assertion ;-t-ht z"*d‘qsse,rhon
follows from () ;

Vit btj (Vi), N+V= rotal number of pairs
X,Y " (0)54’5—’-3‘2—1 (moclz); nOwW use (),

2798



xvi Exponents, Primitive Roots | e~

Power Tiv.saduzs ~ Solutions

1. 1) Let s-t= g P(a)sr, 0sr< Pay; then
afsafH P gt (gPN g g ata saf (med m Y ;
since (a®,mye1 this 1m]ahe,s a"=z1 (medmy;f
r$o then P(a) would not ‘:e rhe zﬁponcn‘* ofa ;
wnsque,m\sj rzo and Pla) divides s-t ;

wy {(a) and (5) fo”ow frorn 48 b\j,ms?wwdtj,
]au'r-l-mo] t=o0 and §s '-f’(m),t-o; 1 (<) the cjwc.n
quqn-h'm,s are clwrlus soluttons of'r\ne, stated
cONGruence ; 1f' a"gai (mocl mY then b\j (i},
P(a) | (F but +his may not ha}a]gm for 0

among 1,2,+,P(a) unless 1.'-.']' ;

1 (aa)"! 1 (modm) |fancl on]ul IF Et!o(mocll’(a))j
this last conclrue.nce, 1S equIva |en-r tothe one obtamed

bss ledlﬂ% all parts b\ﬁ (R, P@y) and then dwnqu
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all parts | except the modulus , by the new
wefficient of t, which 1s pmme'\'oﬁhe,modu\us
and hence resultsin an equivalent conqruence ;
the resultis tzo (mod @%) 1since The least
?ossnb\z Posﬁwq, value for ts clearlxj the modulus
in this last congruence we have the desired conclusion;

wea) f £ P(m) then t canbethe ek ponent
mod m of no infeqer since all such o.;:?omn'l's must
divide @(m), s seen in (1i-bY ;

By every number prime fo p has some wxponent
which is a divisor of Pm) ; since nonumber has
more +han one Gponent the sumonthe sz'l' 4]
c\ear1tj ust the number of inteqers mod m, prime

tom, e Yim);

¢y let P(ayst 5 then a,a?, -+, a% are prime
to m and thur exponents are quen by (i) ; the
Aumber O(E 0 (i) forw\mcl\ P( ak )s P(a)=t 15
st the number of & for which (k,Pay) =1, 1.



WS

F(P(a))=@(t); thus W (£) 1s of least as large
as Y(t) ;

v-a) 1 this case , when Pola)st, +hen
a,a% - ,a% are all’ the solutions ofx*n (modP);
hence, ‘”"j (i) a.xac.'i'\us (%) of them have

zxyonen-\- t
by bsj (#~b,¢) and it # 19 we have
Prt o B8 £ B 00 e per
thus }: ‘AGE -t}: Q(t) 5 this wrththe
mmqwh-hﬁ N (W c)\velds-rhe.cleswed conclusion;

v) immediate Fr'om (v-b) when one +akes

t=‘}:-1 .

2.4y ip)ep-s, P"]P?““P ,and Ppa(f})l‘{’(?“)

2 pXHp1); thus Poalq)s p@ip-1) for some B,

OssX-1 5 cﬁ?ﬂp (thod P"‘) +his means
s‘b -1 and+he concluston fo“ows
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#) smmce (‘3“']9 )P'l- g?”z - 9?'2}) %0 (modjo’)
we see That not both (q+9) " and ﬂf’" are
wnaruuﬁ' o1 (mocl ]o’) ;?I'\e result now
follows from (1) since we know 9 and g+ p

ore ymmt‘hve roots of P

#) using IV¥24 1118 casxj ‘ro see ( 5’»2) that
the I‘mjlaes‘f power of pin ( ) 1s >;3+2-3 5 thus,
lfg 1s a primitive root of]o then ‘f] e 14gp,
whem_p){cl ; hence 3%‘”1 ,(ﬂp 1)?

z(ucUo)P =1+cUo°’ '(mod %) ;
the result now follows from ) ; ;

w) a’zy (mod ?.Ja“) mj:he,s atz1 (mod p"‘)
and 15 0dd ; if @ 1s.a primrtwe root of p*
then the |ar'3es+ t could bess P(p%) = Pzp™) ;

this comyp letes the Jaroof 5

v) this fo"ows from (), (ti), (»’o),and i(wi) ;
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Vi) for a“ othar numbaers the func"rson X(m),
mtroduced in 1X79 15 smaller +han @(myandthe
conclusion fo\\cws then ft‘om that Proble.m ]oar'l'
(1) ; for powers of 2 larger than 2 the conclusion

also follows from IX¥8(b).

3. 1) Ir o ?f!ml‘\'l\m roof of P"“" but not
of pe then for some ¢, o<t<@(p®),

4¥ 51 (mod P*)5 bu+ +then cjt-- 14 5p° and,
'fku'o.fore, cj"P.: (1+sp® 1P = 1 (med "5
sinca tp < pp(p) = pp-) = f (p*h ths
contradicts 4 bunq a ]ammrhve, root of ]o“” ;

iy the Aumbers in quu‘\'ton areall Pﬂmrh%
roots of p and, defining g by ¢z 140p, we
sw that (ﬁusp)oﬂ ii‘ﬂﬁzﬂ[jc”?)(?-sp) (ch};Pz) ]
except when s=q (tod P) this r'nq]'ﬂ' hand side 1s
not congruent o 1 (mod p); consequently
bt& * (i) The conclusion f;:l\ows 3



Xwili

2858

i) by *1(vi) there are Y(p-1) primitive roots
of p 5 by (i), fo each of these thereare p-y
primrhive roots of p* 5 hence the number of

Pr\mrhw. roots of pz s

(p-)9(p-n=flplp-M=¢ (f(p™);

W) b\j (1) and *2 (W) 1’(":} 15 a ]ammﬁwe root of
pe, & z2 ,Thzn q'sa ?rtm:‘nw root of ]:2,
and, thus ;@ primitive root of p***; but then
cj \ ‘ﬂ +]9°‘,-~-, Cj + (]9-1)}3“ are an]ammmw. roots
of ]9“” and exhaust +hose congruent to g

(acjo.m b"j Gy) 3

V) btj (%) there are t{?(&f(P‘)) ‘Prtmlh\!z
roots of p’ and b‘“j irerated use of () there
are then P"‘" P(YipH) Frlmtth, roots ofj)"‘;
but §(L (P N = (p* (p-11)=Q(p™" 1f(p-1)

= P p)Pip- = Pt Y (R0PH))
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wi) this follows from (v) , *2(w) ond direct

c\wuhmcj for 2 and 4 .

" ._Pia) uv wu. .
4. 1) B\ﬁ 1(11&) Pa* )= (uman A, uvy V)

i) lot PlaY=u, P(B) sV, P(aE) AW ;Hw.n
15 (aby™ £ (aby"™ = bWV 2 (aB)‘”" zsaY (mocl'm);
hance cach of 4 and v divides w which, nturn,

dwides wv 5

iy withm=7,a23 bzs we have
P(3.5)21 but [P(s),?(s)]= [6,6]= 65

W) let Play=eu ,P{E)m and c\noose Uo, Vo
such that UolU y VoIV, (UeyV)Z1, UM, = [uv]
(this can be don for example buj using +he prime
fad'orlzahons ofu and v )i putes a¥e.f )
‘r|1en using "1(ﬁt’),

P(a¥)s w- oI CAn L
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and snmllarhj y P E % Y=V thus , btj (#),
P(at,6%) =uvom [u,v] ;

v) let P be the \arcy.s? exponent and SUppoORe
(a,m) =1 5 then, bxj (W), there is an nteqerc such
thot P(c,) z [P, P(a)] ; but this means

P2 P(c)sP soP:[P,Piay)and P(@)|P ;

Vi) let P be the |ar-c3zs‘r e,x]oono,m of 'rl-\e,
prime ]o f 'rkc,n,usmc} ™, x¥ =1 (mocl p) has
9(p) solutions so f(p)1sP; but P| Yip)so
PE9(p); this means P2 9(p) and p has a

Pmmﬁwt root

Vi) 1f g isa ]orimrl-we.roof ofp?hq,n Cjt 15
alse for all t satisfying (t, p-1)=1 since, by

71 (1) " Pq) Pip) Pl o
» P )’gt,mgn’ &, 9 (hpn Pt

2878



5. 1) If @ has order u and b has order v choose
%y, ¥y, < 05 in the Pt'ocf of*'-}(ti') ; then the order

ofc. 18 [u,v] 3
i) the Pr‘oof is ke that of T4(vY);

) |f the cjt'ou}: G s of order 9 and the
maximal element m Ag 15 P then Psq and
%" =1 has 9 soluhions 5 but m aﬁd&#hequahm
xP21 has at most P solutions ;flwus Psq and

the cJeswe.c] result fo”ows ;

W) immediate from (i)Y 5
V) a ujchc qroup of]a-i derments hos ﬂ?(}m)

3an.ra1'ors 3 St |arlu3 We can c|e<!ucq, #3(v)

fr'Om (1) .



6.1) Letg be a ?rlmﬁ'w@ root of P
f x"za (mad p) and xzq’ mocl]a) then
a%'_u mo&P),
onthe other hand , 1{: 7’?‘51 (mod P) and
asq*(mod}a) then qtﬁ!—n(moc]p} sod |t
and t2ns (mod p- 1)1s solvable Ii:or's vllddmﬂ
‘}t-im'a modp) so x"za mod]a] has x= c]‘

as a solu'hon ;
i) this -Fo"ows from (i) B\j 1'a‘=mci 'n’cs-;
iy sihce the number of-g power residues
modulo p cannot exceed L p-1 5 (i),

'r‘we, conc‘usnon must be,'tr‘ue f

w-ay let t Be. the e,x]:omn't of B, modulo P;
+hen ,$INCe B,?‘ 'AP =1(mod P) we know
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-1
£] 9 but, since A(_%‘ 31 (mod p) we know

that < ?td‘ s fa\se, f thus t = ]3{““;

E) since for £#]', (P(B)), P(Bj)) =1 Wemay
use the flm*‘e. extension of Fy () to obt+an
P(ByBg) = P(B,)o- P(Bg) = pi--- p

=P'1 .

7.4 We fn-s‘t fmd ALALAL % that
Ai%n ,A,%zn,Af’ln (mod 43) ;
wl'w'e, ‘l'l‘w, 2,3,7 are T\wo, Primq,factors ofqz1

422237 ; 14 15 2asy to see wemay fake
A5z, A =T, Aa3
and that 2% 2-1,7"26, 3°2-2 (modus) |
since all & ;=1 we find
B,=2%, B,=7" B,»3* 50 B,B.B, =12 (modu3);

‘rhqmﬁ)m 12 1S d ?rtmuhw, root modulo 43 ;
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1) using 12 we \waw, the +able :

]oowerofsz——\,i 2 3 4 5 6
no. z to(modul}— @ 15 8 1o €9 2

szom.n'l'——> 42 2 14

T 9
-6 I

e 72

19 20

-18

2 U

M RN

G

42 2

9 W

o1 13

-4 =567 w1 @

4 21

21 22

- 12 €18) -8

2 2

33 34
=l -3
4 21

42 7 42

3 14 125

42 7 42

35 3¢ 7

7 -2 (9

e 7 W2

1y
-1

A

26

2l

38
13
21

21 42 7

19 le 17 18

2 =19 {13)-27

ezl 42 2!

27 28 29 30

21 6 Q9 4

4 3 42 7

19 40 41 42

16 <20 1
w21 4z

we have curclec] the ]:thmqu, roots ;-fhe least

s 3 and +he least absolute 15 3 ; '[:or aneasier

method to carr';j out 'fhzse, c,om]:u+a+1ons, SR

ch.g of Uspensk\j o Haaslet, £ [mntartj Number Tﬁw’ﬂ
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8.1) when (3,}3-1)-1 all mﬂqusa,}mmu'o_p,
are cubic residues of p (see *6(i1) 5 thus since
(3,4)=(3,10)=1 a“ m'l'z%ers are cubic re.sm&uzs

I’“OCIUIO 5 Ohc‘] 1 ]

) this fo”ows as n the Proofof (i) since
(5,6)=1;

@Y when n s odd M, 9= (n,16) =13 thus
the conclusion follows from=e ¢ ;

W) |f all a ) P fa,are ntb power residues
modulo pthen (n, p-1)=1 since otherwise no
SUG"\ a WOUH "\CWQ @XPOHU\“' P'l th] +his contra-
diC‘l’s 141@, existence of Prlmﬁ"m roots for all
odd primes thus for all odd n, (n,?-ﬂ =13
this means p-1 must be a power of 2 and, hnce,
pisa Farmat prime ; +he other direction 1s clear
since when n 1s odd and pisatermat Prime we

G\WGUSS have (n,p-1)=1
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¥) b\j XV E 1T (Vi) given m> 4 there are mfinm\us
many primes p of the form nk+1 ; for cach of
these (n, })-1) =1 and 'l'l'\ere.f.ore 1{0“ m‘l'uje,rs
were 1% power residues then such p would have

no 'Pmmu-hve roots c.on'i'mr\j to f&c‘?.

Q. If P-x]n then }'" " (moJP) sothe \q,ff
side 15 conciruqn‘t to p-1 and hence to -1mocl]a;
otherwise lot 9 be a Prnmrhve root modulo P
C\ﬂd note that 1,2, p-t are conc}ruuﬂ', N
some, order, to 9:9° 9775 hence

(p-l)n

2 (P2 4 e 4P (mod p) 5
now, SInce p=1 fn,1-q"s0 (mod P) sothere 1s
an %, suchthat (1-4")%, 21 (mod p) and
X, %0 (mOCJP); Now
1™V et (?-1)“5 cj"f ....Hj (p-1n
- x,(1-qn)( %n.\_ ...4.51(}»11")__._ xoﬂ"(i-q“"”“ ’
£0 (mod p).

2938
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10, If a*s1(mod am-1) then tn; sink
a"11 (mod a™-1) we sez that n 1s the exponent
of.a (mod an-1) the Concluswn now fo“ows

from *1 (i-b).

W Ler g be a primifive root medu lo P
then +he proéuc# " c\ue,s’non 1$ 3us'r,usmc5vm 14,
T,4% 297 4 mod p),

(¢, p-1)e1

SINe Y(p-1) 1s een and qu L (modp) .

. 1f q1s @ primitive root module m,m>2, then
T n.-.irlcj‘sc] ™ ’z.’.'c; 2 (modm) ;

inmjirl
$iNCe (cj%@n)( c]'P(zl’i )2 0 (modm) and

ﬂﬁg@q §0 (modm) we have 1'\'14, ckswecl conclusionj

on the other hand when m has ne 'Primt+tv¢, root

W rnqxj 'Fonow 1'|'5e ]me,s 0{1’!‘1@, Pmofof X P12
axcept that now 1t 15 not True that x21 (madm)
has Onlus -rl-\o, +wo soluﬂons 1 ancl m-1 SINGe
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rhe humbo.rof solutions 1s qIven 1n Xvi (W)
and s
2t lf 4fm 5 2R |f=+lm,31('m okt 1f 8|m,
whare R 15 the Aumber of distinct odd prime
fac-t'ors o{ ™ 1f n has no Pmmm\m root -rhe,n,
by *2(vi), uther

Rxo, 8lm or ke, y |m or ka2 ;
in all of rhese cases the number of solutions
is divisible B»s 4 ; noting that the solutions of
x*21 (mod m) fq\\ into pairs %, -x witha
PPOduc'f -xtw-q (moc' mY we seg that the
product of all solutions 1s (-1)°, where s 1
the number of POIFS ; but s 15 wen since the
total number ofso\u-hons of %21 (modm) |
is dvisible Eul 43 the, Proofﬁ NOwW mis\'m.cl in
an dentical way to that of w*®i2, (14 should be
noted that +he methed of the 2 half of the
proof to this problem 15 also aP?ltcaHe o the
ud half-namful,-ro the case where m does have a

?riml'&-wq, root .}
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13, (A) First we show that Q as dq.fmo.d Is<X 3

Caset. teven s 1f 2% -1 (modax41)
then Q =it~ <it = 1P(axs1) s Hexy=x;
1f 2’“;-1 (mccl 2x41) then 2x411s no+aPr-1mz,
for d tware (2¥Fea)(2tt 1) = 2% <120 (mod 2k )
and 2tz 1 (mod 2x41); thus | P(zxe1)<2x

OQrtr1< % ;
Case2, t odd 5 here ts 39 (2x+1)£X 50
Qzte1<x ;

(B) Suppose howthat t 1s even and
z%tz-l (mod 2%+1) ;'\'"\q,n z“-.--ncl (2x+1)
for some odd 4,504 g=2s+1 (for xz11he
assertion in the ]m-ol:)em is obvious )5 then

- -1+ (zs43N2x43)
& g gttt LY 2 (2541)%+S

is inthe Pmcjro,sswn ; fur'l'l'nr . 1{ ¥z (2541)% 45§
fbr some s and nfo( 1s as small as Fossuble,we
have 2%** 52x £-1(med 2x1) s0 2% 21 (mod ax+1)
thus & $1t -1 and t|20c42 50 x=3t -1 and 2

is the smallest power of s 1n +he proqression ;
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(<) SUPPoOse f“‘a“‘ﬁ that t does not sahsf\]
+he conditions of (8Y 5 then 28" 2 2% 1+:1(1.x+1)

for' some odd 4,54 q=2s+1} thus

14{zs+1¥(2%x+1)
2& =l=~14 Z

Z(s+1)X +§
15 1n the proqgression ;fur-r\w.r, 1{2"‘-1=(zs+1)x+s
and & 1s as small as possible then

2% z242% 2 1 (mod 2x41) ;5

thus xgt-10nd t|ox+s so x=t-1.

14, If 2% were in the sequence then Q>3 sinee
1,2,4,8 arg not in 1'[1@ sq.qumce}tf-s-l-‘rx: & )
QY 3, then x 15 odd ySAY X 22N, +1, which
»31@\&5 6+7%,32% and x, 15 ven, say X,5 2K,
which »j&dds 147%,22%% and %, 15 0dd | say
x, = 2x,+1 , which L}le\ds 5+7%,2 2% % 5 thus
2%, Q3,15 the sequence then 2272 s
also in the QUL 3 eration leads o a contras
dlC"flOﬁ; |f s+7X =22 -1 hen Qy2,s5nR 0,1,3
are not in+he sequence fr‘om 5+7%=2% -1 we

2978
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S® X IS even, SoY X = 2%, ,which yields
3+7%, = 2% where %15 0dd, say %, 22%, 41,
which »Jmlds s471x, 22272 which we know 1s

1m?0551b]z buj the fnrs‘l' part of the arqument.

\5.4) The Id%h'fl‘l’bs is clear as lS Thecongruence
modulo 2"*%; noting that 5?4152 z (modqj
we see that none of‘rke facfors 5% +1 are
dwislblm b\g 4 and the lnCOmjrue.ncz assertion

follows ;

#y this 1s an immediate wonsequente of(ilj

1) clwrl\j 1,51,52,'",';'2"‘.31 and-i,-s;s‘,»-,-s"wf’
are Pairwise mconﬂrue,n'\' modulo 2%, among
themsalves 5 further, cachof the 1% qroup
ofnumbers Is congruent modulo 8 to erther
10rs, while cach of'l'|'w. z’ﬁ‘ﬂrou]a of numbers

is congruent modulo 8+o ather 3 or 1 ;
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thus no member of"tho. 155 group is conﬂruq.n*l'
to a member of the 2% qroup modulo s,

ond, 'rl'aemfom, since & 2, modulo 2%,



%X Squ\ Primes and the
Lucas - Lehmer Theorem ~ Selutions

-1, Fn-1
Ly (F) et = (32)= (%) -

(-1)}’;; -1, where we \mve uso.d the fact that
£ (-1)zn+1 22 (mod 3) ;

) btj h\ﬁao?hems 37 gy (mod 7, ) so
Pr, (3)l F, -1 and this lm?hes Pr. (3) 150 power
of 25 but this ]:ower cannot be smaller than
Fn =1 t+se|f since 3% $1(mod Fn);
conse.quq,n-rhj Pr . (3)=Fn-1 ,fma"us,
=P (N P(F,)s T,
s0 Y(Fa)= I',,-i and ¥, must be a prime

%) when T prime +hen btj dy, ( Y=
and , buj Euler's crrterion , SRR XVNF 5 (i3 | this
Im]ahes 3&[_5 -1 (modP) -,+|1e. o]a]oosm 1mJ:|:ca+|on

IS Prwsdtj +he statement in (i) .
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2. 4) 22 51 (modp) s0 2 71 (mod P) andj
therefore , Py(2) |25 1f Po@)z2™, menat,
then 2% 24 (mod p) contrary fo ch,-t ;

%y since P, (z)]\P(p) we know gl P-1;
hance, p?-1 = (praXp-1) s divisible by at kqs‘l'
the H"*gPowqr ofz (re.ca" that n>1 and p s
odd ) +ho.mfom 1)?1_- 1 (mod p)and

+he re,su\*r fonows ;

iy smce.,\nj (iiy (%).1 Euler's crrkerion
tlls us 2 ¥es (mod P); thus Po(2)s 2™
divides P31

Wy from (i)~ (i)
V) since +he ¥, are Parwise rda'rlve\tj prime,

S IW7¥9 (fy- E) prime fac-l'ors ofcl ﬂ:c.ren-f Fa
are di H-emn'l' now let P"P".P” ‘bea sequence



o{ prime numbers suchthat Pal Fn ) then, by
(W), Py 15 11 +he stated sequence for all values

of nzk-2.

3 1) Fs= 4,294,967,207 with possible
prime dwisors of the form 1427t 15 ts ¥
calculation shows 14274 15 not prime for-
t=1,3,4 but s prime for- t=2,5 ;for- t221he
resulting prime 257 does not divide F, while
for tas the msu\ﬂmi prime eit does divide
Fy with quotient 6,700,417

(the total calcu|a+mc] +ime here was 10 minutes;)

# (we fo”ow Sw.r]:mski (19647 )
compute T, where 1, # At (mod ¥, ) ;
NOW comjauh 7, T2, 0, Tizo SUCKRSS wel\j y
whare 1-1,12! T (mod F. Y5 then, since
35203 e r 3-1 (med ).
we s that Fy is not prime .
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4, 13 Ifn:ag,aﬂ,gnr\wm z“-ilz“g
i-a) (§) = (1) '('1)1ﬁ;ﬂ”1 y
by af q|2Pe1 then 27 227 2.1 mocici),
which says (§)=-1n contradiction +o (a) ;
¢ysince 2% 413 (29’5—1-»1)(2%:’-1-1)
2 (2P41)(2P-1) 20 (mod 9)
and since , by (B, 41 2P+1, q must divide
MP= 2P -1 ;

1) these are an 1mme.cha+q, consequences cf f-c);

) each of the cﬂam?\zs i (f)1sa counter ~
vcamp\c. o the converse of iy .

5. 1) U;=1,V, 72 3 suppose now the assertions
are correct for n 5 then Un,,s
L (B3 - (1-VEY(1-VE ) §
Sl - (1.3 BV = U NG,



04 §

Vn+1' (1""\5)“(“"/?)*(1"\6)““‘&)
2 (14v3 )" (1-V3)"4 g8 {(140) - (1-03) 2 V46U,

the assertions now follow for nat;

w-a) mul-hPl\j out the rwjhi- side and cancel
terms ;
E-e) similar to (a);
f) Pud' msn m (<) anc] use (&)
-a) Upr (£ (9)30- £ (0) elvat)
%(?) Vit¥laafitg (? (modP) ;
5) similar 40 (1) ; ;
¢} ]ou'l' nEp W rhe LR pression for Uny 0
) and Pu'l' m=1. 1 =P-1 nto (u‘-E) +o obtamn
tWpn?2VUptVp, #Upa-2Up Vg
nwl-hP\u& these e.c‘uqhons to obtain
BUpuUp.1 -4 UMV 5044 20 (mod p),
where we used (a)and () at the 27¢ last
congriRnee
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W-a) 5\1 (fi-a)
by by i-b) ;
c-1) lzuj (f-c) 3
) f nn%wp+r,osr<wp,$hm] 5\1 (@)
and (b \ lfrio then ran-qw, i1sin 593 but
this contradicts the m1mma|u+\1 ofw? Y hence

r=o qncs,'rhu-zfore, , wp]n ;

v-a) from (fi-cywith mz27 .1 n=1 we
have , using (i -a,bY,

?.\/2,, =2Vp +12U,5  E 4412 (7{%;) (mocl 2P-1);
now 2° 88 (mod 12) and,'l'hemforz 5 AS WQ 52, b\j
mc!uchon N I odd m'rq%ers s, |ar'cio.r than 3 Jsa‘nsfvj
2% 28 (mod 12) 5 hence for such s ,2°-13-5(modi2),
and, for' those which are prime ,We have,bujxvu
(), (;53—,-) -1} conse.que.n'l'llﬂ (TET) z-1 and

2V,p8 - 8 (med 2¥-1)
By +his ﬁpllows l:tj setting ne 2P0 in (dire);
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¢) 1mmediate fr'om (6y and (a);
d) immediate from (e since
e (ML?) 71 (mod M)
Vi=@) SincR Mcl' AT ;(-1)‘1-1 £-2 (mods),
We s pF3;
E) from (ii-cf) WR s U g% Uzqr.l\/ﬂ., $O
from PIV, 4 We conclude ]’l Uyq 3
¢) b»j (5), 2% 1510 Sp sojbul (W-c-2), w”z“;
d) 1f cop| 2% then : b\j (W-c2) 297 1sin Sp
5O P' U g1 and ; ?huzfom, bv) (u-f) we conclude
PI (’»2)2%.1+2 y con'i'rqr\.& to f;:lc‘l' 3
¢) immediate from (&) and (d) i
£y from (f-c-1) we Rnow Wy = 2hepr1g

thus Mq" 2% -1 4 ? ;‘Du't' PﬁMq $Q Mq= P;

1-1
Vi) V282 2% L4 soput s =4 suppose

$, 5S¢ have been correctly chosen 3 then
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yields £,5

using (=2},
V L Zﬁ-rl ‘ZE' 2 1ﬁ¢1
= Vo # (-2 T =2t s (=2)
&
=2t (sf-2)
SO WR put sg, .= sﬁz -2
Vil y 1{: Mp s Pr-xmq,-l'\wu\ ’b"l (v-cf), M},\V
an&,?hq.rczforq., b\j (\!ﬁ), M},l s},,, yon +ke, o'rlw-
hand , any odd prime divisor of M, must, when
Mp divides Vz,,., ,wl-uck ss+rucw\wén M?l sp.”b\j(vi),
Qquql M},; e, MP 1$ |+selfq }artmc ;

X} We may note that all Sp Are N sOwWe

May SUpPress a factor of 2 1ncachterm; this

-zgz,

= Sher g 5 (562, 2,
tﬁ‘_i-_%ﬂ”z('iﬁ') 1'2&& 1u

07S



xx Pell Equation ~ Solutions

1. {-a) Since oy, for v an inteqer, 1s never
an nteqer it must lie between two consecutive
integers ; lef x be the larger of these mtegers ;

by for each of the m+1values of y , o ysm,
we select x as i (@) 5 the m+1resu H'mg numbers
must contain a pair within L of each otherand
their cllfference \jlclds the desired result ;

c) this follows from (b) since £ < 55

#a) |x+4JB|=|x-y/O+24yD |
s |x-yyD|+ ztj\/ﬁ<—éj+ z\j\/ﬁ‘ ;
mul‘l'uylg’mg this me.qualrl'\j b\j |7¢-\j\f5| < —:'5
\jizlcls |x*- Dy <%r+ 2VD < 1+2JD ;
by simce lh‘ﬁhl""'@llj many pairs x,y lead
to lx‘-D\jel < 142D there must be some
nfinite number of x* -Dy’ having the same
m+e5r~a| value ;



¢) modulo k the nfegers %,y are allin
R pairs of residue classes ; since there are
Ty tm'l'e.lxs rnamj such Paurs ¥4 SOMQ Two are
in the same, pawr of classe.s 3
d~1) x,=%,%,-D Y14 2 xf-D»}ﬁ
=k 20 (mod R) ;
Y3 KoMy =X Y, 2 mv], '*1‘11 20 (mod Q) ;
2) |f: Y=o then X2t 50
k= xf—D»j;‘z%‘:,(‘xf-Dujf) z (%ﬁ)z R
and ,'l'hemfor'q,, Yi¥Ye) but +hen X, X, and
the two pairs are not distinct 5
3) %Dy (D xR
) bts (c‘f-a) omc] (3) wWe see that
(2)"-D(£)" =1 15 a solution.

24y K F-Duts (x,4 \ngT))(x,-\jaJB)
s (X12'D‘j1z)(xzz'DV]zz) =19

309§
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{13 14115 is clear SINCR 1'11@ X and Y aP]Dwr' 1
(sy only to the power and, therefore, ather
one or both ofx,vs may be chqncju] to +thur

m.cjahw. 3

e from 1<x+vj\/5 we have
0<x-YvD =;ﬁyg<1 and -1<-x+\1JB <03
ac]dmc} cach of these neow mo.olua\rl'le,s Yo the
given mc.quahhj bjl%lds
1<2% and o< zxﬁ\/ﬁ

ft-om which our wnclusxon 1S \mmq.c‘\q'i'q, 3

) let X+4\0 be a posrhie solution; +hen
{or suitable k we have
(X, 44 VD) 4x+~1J—<(x +e/D)
mu\hpltjmc_‘ l:l\j (%, +y/BY \jlc‘CJS
1% "y NLE (')HL}JB x,njsfb') % x 44D
lf x'-nf\fﬁ is not 1 +|-\zn,smce, b"i (Y, X590,

54-1

W50 we would have a positive solution smaller



s

than the smallest ?OS“"NQ solution 3 hence

x’-ws’\fﬁs 1 and,‘l’here.fom, x-n.j./ﬁ v(x,-ujo\[ﬁ)ﬁi

v) +his follows from (39, ¢y, and the fact

that Ko~Yov'D = x,'c:j.wfﬁ .

3, 1) x’-S\f =-1 18 not solvable because 1f
it were The congrunce x*g-1 (mod 3} would

be, solvable ; but o,1,2 fal 4o satisfy the
COnCJruencz 3

iy this ?ara"cls the details of ¥y

i) 1{ o(+'53\/'6 1s the fundqmm+al solution
of (19 then (x+BVD)(x’ +Y 'VB)is q solution
of (2) and hence QC‘LIGIS (x' +Y \/B for- -somc,
Posnhve, m+o.c1¢r5 + thus o(+PJt'> (x’ Yy \/'5)
and its fundamen'l'c\l character dictates +hat

R=1.
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4, 1) If x‘-D»jzzH\w.n (crx)‘-Dwup“-o-‘;
W) direct comPui'a'hon 3

i) consider the e.qua-hon Kt 55\12 =9 with
X +Y,/B 2%, 44,/D = 61 # 858 ;

#) when oD then ¢|x aswesa ‘(‘r'om (3);
+he rost is ms1|v.3 se_N l::uj wm?u+a+aon j

v-a) this 1s c|wr

5) 4Dzo? (mctc]%' )bjldJs Dsg.) modqsa ;
hence D = DP and D'=E1 (mod'-ﬂ’

<) fr'om xta D"j s X2 Df\j .0":4?2
We 3 g‘:lx hence (-’é—)z D'y= 4 but, 5»1(5),
D' 1s odd so X qnd Y havz +he same ]:aamhj ;

d) x, LLSALY te lt&*—’-"‘hﬂz_

.0 x,xzq-Dgl,ij,
\13,__1:!12_:._‘1_ ; NoOw
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observe that % and y; have the same parity

for- iz 1,2 and the conclusion fo“ows since D

1S OCH 3

=
Vi) f‘ L < xnw' x.*_g,\o o then

=X +4yJB
ERT DIRE SN i

50 %.’551,%}570.

a‘-’z

5. 1) B\j direct eom})u'\'ahon ;

%) lf waB i1 a rational selution put
e { 5 |f\j¢o
° of Y=o

then 2% and = = .‘.1"1 ;

D-r?

Wy x=8, %:3

W) direct computation .
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6. 1) The fundamantal solutions 4o these equations
are | r‘es]ae.c*wdtj, 14% and (nﬁ)z-- 3427
thus all solutions are grven by, res?whw.l\i ,

(14vEY™ 2 (14 )(342vE ) and (342yT)";

#) :f SaFa+(arl) +hen a’+{aary = ﬁ,‘z 30
s 41s (zasi)ies = 2 (a2 (a+1) )= 2R, ancl,
+\1e.mfor'¢, St ﬁ,,,\/i s ( 1+ﬁ.)(3+z.ﬁj“’wh¢m
we have used (5) n the form st-2hyz -1

WY ((2x+1)+R VT ) (34247)
s(eX+4R+3)+ (UX+3X+2) 2
so the “next ‘P»frl-aaqorwn fr\Ple” followmcs
(K, X413, 215 (3K 4241, 3K +2R+2 4X43Z42)

) fo"ows fr-om ($Yy~ (i)}

V) (3,4,5), (20,21,29), (119,120,169) |
(696,697,985) .



XX{ Wz\j"s T“\wr'em on Umform Dts‘trubuﬂon

~ Solutions

11-0, 5) T%ue are c,\u:\r' ft"om 1'\1@ dtfmrhon

Of Xtaby;

i) b»j (@) and (b) \f%ﬁi f ()= ff +hen
lim 28612 6. 5 gnd ,+|w-¢for¢ , {54} 15 Uﬂiﬁ)!‘h‘lllj

distributed ;
Yy immediate frorn f‘weclofmﬁ'\ons.

2. Let e50 be qiven and choose 9 ﬁ,n sa‘l':sﬁjmcj
the given conditions and ( g-¢€ % %mf;c] (Sm),

: ﬁ(sm)sfﬁﬂ s +hen

Wmsi

gf-z¢< j‘i-e 5%”}115:(5,") g gFH-e < S'fq-ze :

and , therefore,

FE fe-f ] <ze;
this proves f( sﬂ)mff.
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3. Using * 1 (i), () we see that because of
the additive and homocjzneous properties of the
arithmetric mean and of the m-l-q.am\ the result
18 true whenever {15 a step function; smce for
any Riemann \ni'earalalcb f +he l\\j]ao‘l'kaszs of *2
are realizable with ‘janc] h s+eja func:l'nons the

desired conclusion Jf:o“cvws \mmcchahl\j fr-om"z.

4. 1) This 15 clear since when u and vare rca,,
s'(u+1}v)=gu+ i gv 3
i) by (1), f(s)~a§ R dxoo
5.4 7P 1mPlies MRS o which,inturn,
n'n]:ltes each of

(*¥) cos zngsnwo and smznﬁsn/\:\o 3

but T(x) =§1 (ageos 2m kx+ GESIH anky ) anc{,
*kv't‘\%re, -%*g“'l' (Sm)=
é.; aﬁ{%ﬂg,ws mﬁsmg +§1 Bﬁ[%ﬂilsmzn ﬁsmz ;
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henca , since the expressions nthe curly brackets

+end T0 0, we conclude T(s,)~40 ;

#) fo 40 the other WOy We su.'i'haf 1f
T(s,)~0 for all friqonometric Po\tjnommls
with zero constant term then both assertions

of (%) are True and Thus, R PPN ;
) immediate f.r-om (+) and () 3

#) f Txy=a,+T(x)and T(s,)~0 then
1 T(s=a 4t L T(sw) 2 a,+ (T = (%5
on the other hand , SINCQ all +r1c}onomz+rnc
POI\jhOl‘mOIS ce.r'l'amlsj include +hose with zero

constant ferm the O?Posﬁe direction s obvious ;

v) for f continuous and ¢ o there exists a
trigonomatric Pol\-jnomnql T suchthat |f-<]<%;

7S
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?U'H'mq c]=‘c -5 , he Ty owe see +hat a”
the conditions of #2 are sahsfne.d SO We Moy

conclude f($,)~ ff ;

Vi) given a characteristic funcﬁon X of a
subinterval of [0,1] we may choose continuous
9 and h sahsf‘jmq the condrtions cf 2 (wWe
are using (v) here ) and, therefore, by 72
X ($,)~ S'*x s but then the conclusion fo“ows

by #1 (4t

vii this 15 a restatement o{ 4 and (vi) .

6. 1) Eeﬂriﬁsm“i miﬁmu ?.mEot( 1__¢z1f1r211°‘) :

mel 1- e“lﬂtﬁﬁ(

since the mjh‘l- side 1s bounded as a func-hon of
n WQ S +hat on dwtdmc} 1t |:n1 n 'r‘we, resu H'mcj

expression Tends 10 O as n=00 3 since this is

true for all R20, the sequence {3,315

um'f‘ormluﬁ distmbuted \ bv.j Wujl‘s theorem JFs(ii);
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43 ,,f-l,é”" kem o 1 e iR (moteP) - 1 omip ( ...,:."' miﬁmo{)’
and since the sum onthe ﬁcjhf again tends to 0 as
n- 00 we conclude, as in (i) , that §5,% 15

umformhj distributed .

7.1) n(a,E) =n(o,5)-n(o,a) and,fhtrzﬁm,

1@ [ o 1(0,0)-n0A_ |, nlo.b) X AP
iy 24482s g 2520, fyy 62 hrp=§-b-a;

the o?yosm direction 1s char ;

#y suppose o<a<1,o0<e<mnia,i-af;
then, for nsN >4,
nﬁ(o,a-e)-hg,(o,a-e)s N(0,3)% Na(0,a+€)+N;
dl\’ldlﬂ% 'I'|1rou3|-\ou’r bpj n and a“owmq nto
increase without bound we find 22 _g
may be made as small as we wish 1f on‘tj we
choose n suffncucn’r‘tj |aro)e ; consecluen‘t'l\j
him 202 oxists and wluals a ; the conclusion

NOW fo“ows from () ;
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#y 15 obvious +hat uf some anumaration of

S 1s uniformly distributed then $1s dense in
4

[0.17 5 on the other hand suppose S 1s dense
n [o,1] and Y @a} 1s any umform‘s.} distributed

SEGUNGE | choose a sequence { ot} from S such

that |o(.,._ -p,,] <H and +|'m Xy Gre distinct 3

now enumerate S- [o&ni to a_\eﬁ' { ’6“3 ;T’ma“ts,

P\qc.e, ¥ mto the {or, SeqUence 50 s 1o have

Ei Occu]:\s T}‘\z f & Posmon la! 'I'l'\e, re.sul‘t'mos

Sequence ; clzom\»} since { o] 15 uniform!

dis‘fﬂbuﬂd y b\.s (ii), Yo ) also wd\ +he, new seﬂum
with the ¥ inserted.

8. 1) S‘I'uczl\j ?l'\e, c!mcjram :

H-1

rf

N inhere
Vd ulon *hls lll"\@
P 51;50 ¢ here are, X
o ;. lathice points
Spr? /<) an
7 eoch of +hem Amnhere
-1 = P Lar 3o
. ? Y Sip-r=9°
) q H-1 71 Qs Q+H

T}



iy note that 1f p-rep-s=q then res and
one obmms ‘1 for the Patrs (P,r) u\ual to:
(4,0),(q+1,1),(q+2,2), (44 H-1,H-1) 5
thus there are exac'rluj H such pairs; 11: ]:-r.-i]a-s
+ho.n,sax5 P-T=9,p-s -.-cl-rrn , ho 3 than
159sQ-h and p-s =P-r*ﬁ sor-ssh;+hus,
Trms xq Kquh OFC obtained from the pairs r,s)
e.qual‘i'o: (FL,«::»)J (ﬁ-n,ﬂ ooy 14-1,34-1-5);
thus There are Qxactlus H-h such pairs the
same arqument works for &q0k.h ; fromthese

observations +he desired conclusion fo”ows .

9, u:mos *8 and the Schwarz? mgqua\;hj we have

Hz\uqfq ‘1‘ l H 154 iqc“i\z * |o¢§nm£1.0§zf(ﬂ O{P"")‘
£ (acpa-ua. ’ )(Mpc :HHL' ofz;d-( O‘P""\ )
= (H4Q-1) ; 0\ -+ _p s

Mp‘ mq.
SsrcH 0854 H

(e {H_ L Joql ™ Lz

2

st geq, H- E){ocﬁo%m&qo%%}
=(H+Q' ) L§¢£Q|a1l v ('H'PQ'I)“E‘J]"»‘ F‘)Ligq-ﬁ%%‘ﬁl *

s
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10.4) Put &g q,‘“"ﬂ.,'fhm,for Oo<H<Q, usmcl"q’

SR

H4Q- 1 (2 1% H-hY Milqe6~5g) | .
HA, +2°‘Zfl‘ﬂ HQ, l;gng‘.f‘e l )

for fixed K the right side +ends fo - as Q =09 ;
since This 15 true for' any H the \e,f'\' side +ends
o0 ancl W are Jono.;

ﬂ{ E-(s-'“.ﬁ' S‘JM o

) hj our earlier work we know ¢
for all posthive inteqers R and R 5 +hus, by (1),
AL PP for all posihve inteqers ﬁ; the

concusion now fo"ows from Wayl's theorem, ¥ s(it),

th (A) Su]:]aos¢ a, 18 rrational -,w|'nn re1the
result fo\lows fr'om #o i1y 3 Thus suppose To1
and +that the result has bean ]oroved for r-1;
for' each fmecl ]:osﬁ'm |n+u3e.r Fl +he, c‘uan'hhj
f(mﬁ) - f(n) 1S a Polxjnomml of&o.qm. r-1 with
wrrational kadinq coe.f.ﬁc.mn'l' H.a,. ',1'1‘\us the result

{ouows fr-om Tl-xa‘l' for -1 and 10 (#)Y ;
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(B) SUPPOSR Ay, ver, Gy, Gre rational and A,
s irrational | 0 <s<r ; let M be such that
Ma., .« Ma,,, are m't'eﬂe,rs; 1f we can show
{(f(Mn‘rm})} s untformlkj distributed for
wch m = S,1, = M-1 +hen {( f(mﬂ 18 umfermkj
distributed ; but, module 1,
f( Mrrm)sd,+a, (Mnsm)sr-ga (Mnem)"
Z a4 3, (Mnem)4eata (Mnemyea, m*arnram’
E Qot (anrecer s nt where the 553 are
ndependent of n 3 n particular, 3,= Ma, 15
wrrational 5 this 1s +he first case of the result
(see (AY) so f(f( Mm-m))z 1S umfm'mluj distrsb-
wted for each m and , as we have a|rwdkj observed,
this tm?hes {(fomd s umf-ovmhj distributed.

3238



XX Msbius Funchions « So‘u‘hor\s

1. {-a) If cﬁ,m,c[,; are '1'\% c.!wtsorsof'm then the
coefﬂcmn'l' of x™on the right side, afer mul‘r!]altjmj
out and co||u1'1ncj ferms 15 ag¢-~+aq, « hus the
mﬂk'\- side 1s zl(ﬁm ag)x™; lclen‘\'tfujmcj coszmm’rs
on left and right \jtdds the desired conc,\uswh;

By this 1s shown b»j iduction ;‘For- $31

and any t this f&"ows from (a) ; suppose true
for s<n and all t 5 then (s=m, £51)

© 'ﬁe Qg = aa?:mt“dé' b g élt A4a5% Ant
#nt

( %X}Et “5) 08¢+ dp® App~ 33
C) Gpe=d,Tt] by (a9, G4+ Bp™0 50 Ay -1

also Buj @), a,+a?+a?z=o 5O 4,250 nf apﬂo

¥

for 2shsn, then, by (a), @44 4d pe0

Ty
5© a?mt’o;

dy +his 1s 1immediate from (6 and (¢) 3



fi-a) this fo\lows from the fact that
f(x™ysE5 and the d@ftm‘\-ton of the a ;
By for x =% the result in (ay s true not
onluj forma”uj bu+ also inthe sense ofwnvzram;

utting X = - 1n +he expression in @) wields
purTing % =15 P 4

_l- _.l‘m_gi-._l_- 1 - 1 1.
10 =,,?; -1 9 99939~ 39999 * 999999

- 1 - 1 - kg ¥
9999999 ~ 9999999999 )
¢) multiplying the expression i (6) by
9 and then su b+r-ac+mg from 1 \jte,lds
9am o 1 i 1
6% 1- mzsl o T T T~

+ 1 - 1 ..
1111441 TETTTTT IV

2.1) This fo“ows from the de,fmrhon and from
¥ 1-6,d) since these show M(ny=a, andthat

8,15 a multiphcative func‘hon.

) lf' ns= ?f“mPﬁ“ﬁ +hen
J?n P(CI‘) f( C() =Jl;§--raP(J)f(d) : (1-f(Pl))...(1.f‘(Pi))i
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(ay ~ (d) Pu'\' f(cf) r-o.spec'\'wel\j u\uqlfo
1,d 5, N(d) ) ;in ) also recal] the
XPression for P{n); c.om])are-rhss with X718 (vitf).

3.1). From \e,f't' to m}h'\- we have
I N fet yoccf)“}f qmye T, qmE pid)
7q(m) 3
in the other direction
F9d= 5 L omf(£): 2 1 o f(m)
zc(Fn mzlra'l N (i}")f(m) =milnf(m)d?ﬁp (cf%n) =m¥nf<m)d%lnp (c{)
JIOF
a’ If ns Pl“l... Pﬁ“ﬁ T“\Qn
c[}l:; /\(C{) z ji d'lzy,"i}\(d.) =j£1 X ln})j =|nn ;
now apply (1) and use*2(i-a) ;
) GPPH (1) o the eXpression P(n) 95")0(0() e
ola-l'amed in ¥2(ivc) ; (com]aare. wrth vili#g ) ;
<) imitate +he Pr-oofof () Q-KOC'!'ILj 3 note
rhat :fa” c|uan+rl'1¢s Were ]Dosrth, we could
1'a|v.a. \ools and ob't'am (1) from '1'“\!8 result ;
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n7S

cf) GPPM €y o the for'mula ""'“JLTJ""
ofxw" 7Y ompare with xiv# 18(vid) ;

¢) from () we see that P(n) =X PEIPEY;
lf n contains P’ for some p then airher c(or%
contans P 50 cach summand 1s 0 and F(my=o ;

otherwise if n=s?v | (s,9)=1, we haw

Finy= T NsdypEr) =1 pesd)p(s )

(-2)? 1f NY1
-ﬁvﬂ(d’)ﬂ(:—) lev( R {

1 ifvzia

& am) = il
%) q(n)"dlnff“ Yiw) 2 At ruiwctw(%)

rnysd L el vl Ye1

=5 f( § fd;
now GPP]S} () fo obtain the desired result ;
a) ?wl' Y(x)= ™% 1n (i) ancl obserw,'rhaﬁ-
q(=1, q(n)=o fornn ;
S) with sﬁ(h)/n (rn):l( )ﬁ
qny= T (5)° e femenf 107 iy to obtain
Selm /hﬁ &',1;“ N(C()‘} j from wh\c\w 1'1'\@.;&?.51!‘?.01

result follows :
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1 Pu‘\' R=1 n (E) and use ¥ (i-a,¢)
vrd = d:uf-vﬂ;

lus 1424

‘.’.)Puﬁ' ﬁ:zm(g)qncl use ¥2 (it - ag <)

dide 11(25(-& 1,
J

3)]:".41- Ra3n [;) and use ¥2 (M ~a bc)
d‘ A (dery* (t‘fﬂ}"

Plus 142t cf

P‘US 1. +2+ J
%) G:p:p] 1)+o'|'\w. rzsul-l-m (5))

¢) use (i) with f(m = T. ‘nn y fj(?'v')f-' |h )

it : E - G = H
i dﬂ(cﬁ;}-'ﬁ‘fc gt f o}ﬁipccﬁ s

@) in (fd), put N=[x], Eg(i,?.l), and
f(ﬁim, 1sisN +hen Se* [ %] and
Plxy)= RS,
y 12z Loy [R]= T NmIT]) 5
?) LrEn M"‘E‘m} ‘nmtﬂ"lp( )_-[ ] l
sty Loz g where
we, have used (1) at 1-|-w. 15¢ Q,quall“‘\ﬁ ;
3 T(¥)=T (VT +12(%,VF) ; compare VT4,
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Cx]
4, i) f p(ﬁ)r't(x mn) s i 7_' p(n)ﬂ(x,'mn)
szﬂg N (&R (x, E)-%’R(x )'{&p(ﬂ%)
=ﬁ§1ﬂw,9~)“§ﬁp(m) = h(x1);

#) from le.f'l' to mci\'ﬁ' we kave,, using (\) of
+he last equality),
T OmPmIqE) = T pmPm) IP(mf (3
= L 0 P(nm) f(s5) = §(x) 5
n +he other dwahon,usmq (1) at the last c,c]uah*\j,
L P f () = I,P0 T DMy Pm)g (a5

nEY

p(m)P(nm)q(nm) g3

nmsx

i) Trom ‘q,fﬂ- ) mgh-}- we have
Z N g(nx) =] p(m f (mnxy
2,60 £ oo
in the other direction
:z:; ffmx} =:Z: ‘gl p(n)q(mnx) = c](x) ;

3298



V) from lef'l' +o r'icjh-l' We haw.
I pored)= N £ G(std)

tde & (¥4 stde &

SR A

i the other dsreghon,
G(J) = T N F ()
d18,86 9 JI?,S&B eétcﬁp

2 T F(vD) T pysFid)y.
43(3 thy



XXt Some Ahallj‘\'ic. Mcrkocls -~ So\u‘hons

.4y L (m)(a](mﬂ) ci(m)) =

...i,,rfqucmm-,,,i.mﬂmcmv =

}'(N)q (N+1) -rmgd‘p-'(m «1)- F'cm))aj (m)- F(M)q(Mu):
}'(N)c](NH)-mg”f(m)q(m) y SINCL F(My=0 5

) M“f(m\qlm | =
lrcmlqmw ,M.,|F(mvllq (me1)-g(m)]|
§ max | F(m| {ﬁ NY + 'El lq(mn) gim) l.f
{ ax 1F(m)| fq(N)-rcj(M-n) 4in) 3 Ifs:] usclt.:.rs'.otsmc}1
Jmax, |}‘cm)|fo] (N) - q(Mn)-tc](Nj;lfcj IS In<reasing ;
from which the desired result fo"ows

jiiea) the result n (ﬁ),fnrsf]aar'l', shows the
sequence, of Parhal SUMSs 15 4 Caucl-uj sequence ;
9 E frogm = 5 fimgen 1 Ef mgomy
ancl sincg | - i J,.,f(“’ﬂm)lﬁ‘j Exj)tmaxlf(mﬂ

J<msN

we kRnow ~ gﬂ f(ﬂ)‘-](ﬂ) = 0(q(Cx]) ;
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wy let r be the lam)o.si' index m for which
S ¥ 5 they (Fe0)q(t)dt =
£ b T(tvq(t)cfn (v Fee) g (0 dt
: BF W) Drgader FOVY (T q'tty b
=,gmm)(q(xm,,)-qcxmmr(x)(qcxn-qcx,))
= £(FOv)= FOW) §(Am)+ F(x) 4 (6
= Fmgm) - EfmIgam) ;

V) in () We ]wﬁ- 7\1=G,}\1- a.,.}'-,,f(m)g 3
for all m and obtain
,,,,,,,,qcm) ([ﬂ a+1)cj(x) f(t’c] a+1)q’(t)oft
and af‘l'o.r hoting that
f1gct) dt = xqm-aqu- {rqutrde,

we seg, that this agrees with the, Given expression

viy by (v)
leEer 4= §7900dE | £ {11/ 1 e s lg@lstqon)

= £(q(x)-g(a)) +]q(@+|q(|=O(19@)+19x)));
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viy L. gm- ({qrdt-c =
e 1) g dt - (x-0x)) gy
anc\,smm [t -t]]<y, ﬁ'(’c)cﬂ’:%(x) we know the
riq\'ﬁ' side 15, in absolute value  smaller than
z|3(x)| } We are using %(x)-)o as ¥ = 00

%uaran'\'wrwj 1"‘\@ mflm'hz, 1n+wjm|s st .
2.9y Put as1, c:j(xjsx" i ¥1(vi)

iy put az1, q(x):% in ¥4 (vii) to obtain
the expression for L& with ¥a1- C*—t‘;*—’ dt;
the other eX pression for ¥ fo”ows fromthe
obtained expression ;

) Pu‘t as1, q(x)s |n 5 nF1(vi)
W) ngxln %:n}'xlnx-%‘lhn

+ (%10 x < (xlrx-x+ O(lnR)) = (£x1-%)Inx 4% 4 O(Inx)
and this last s clearly o(x) ;
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v} flt's"\' of all note
?”h'\]a {[p]*‘[l‘x }{gtlhf |n?{¥‘,+?11+3

Inp np
aygx P pex pipe) j

using Xiv# 11 (v) the last sum tends +o alimit as

x =200 and,-l'\'\c.refom,our 15% z«:\ua\l'\'»j 1S
proved ; the 2 equalify 15 immedhate from
rhe J@flhﬁ'loh of/\ ) usmgml”s(i-a) We SQQ
that n n=£ﬂ/\(cﬁ sox L Inne3 T QE“A(&M
for each d‘sx’ A(d) will occur 1 +he last sum
J:sr'ex,tseltj as many Times as there are nsx with
dinjred L E A %L [F]A) ) but
+his, w;-l-h& f'Femn'l' notation ,ledcls our 37
e_quqh-hj ; -rlw. las+ equalmj 154G conswluence, of(m) ;

vi) the 1% quall'l'vl is contaned i (v) 5 for
the 2% we have , where we use ) and +he
Clﬁelmjs\m mequalihj, s X0 (i), The In~
aquality , T AM:LT (£ [XTYA(M)+3 LIZIAM

§-4-Bx lnx+lnx+0(ﬂ =Inx+0(3) )
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vii) Pwl' >\1=]os, f(m)ri for' all m,
3(33" I%-i m*1(w) +hen
?Ex_?r .n.(x) h‘\x S Tr(t) 1- ‘ﬂt d’t
200+ {Imieylntr g
fhe result follows |mm¢dla+¢|~1 Eu} taking

a difference .

4, i) The 1% equalﬁbl fol\ows 1mmd1a+¢\t1
from #2 (vi) by taking a difference 5 the 2%
w‘uqhhj 15 F2(vid) 3 the 15¢ mequq]l'l'uj fonows
(for N suﬁ:am.n'r lus |arcje,) fl“Om our assum]ahon
that the lim T oxists and 1s less than 15 the
2ﬂ~thQ£1uGli‘|'\j follows from SUppressing +he
term ﬂ%g anc] m‘l'ecjmhncj 3 the resultis fa|se
because, 1t says rhat for- suffam,n'rltj \arcle, N,

%ﬁln N=O(1) ;

i) qua“el fo (i)

1) immediate from (1) and (i) |

35S
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T nedsads. [%

£131([3]+4) = (S0

=

n ®,

#) clwr\\/& N*= Q(m NOW, USING XX ¥ 2 (sic),
we {ind +kas \aﬂ-u- erpression equals
¢ )
3 N(Cf)~ ‘{Z rn

“‘1 din ol

iify su‘:shi'u‘l'moj 1'\1@, result of(f) into (1)
\j:dds N*s £ *"J’(Tmm) :
¥E ":;‘[’».{N R O UCIR TP

; md’a+ O(NY,
where we ]'wwe, used Xx1i Ta(uwi-2) 51'|'ns last
equals %zf ne z”&fm )4 Q(NY
,f; Ny N cj(N)

wlw.ro.cj N)z -3 4 "" +5O0(NY 0 as N0

T e
-qu“»] , Note 'l'l‘sa'\'

(E XIS E 2 s
5o the dulr'ecl result s corred'
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vy Nz NEND G d ”.—M as N =00 ;

therefore ,using (i) ,-ﬂ\e, result 15 immediate

v this 1s just a restatement of () after
re}:lacmaj :fm% Euj s value I .
5.1y The seriwes s merelvj the ij\or
Q;C]OahSiOh of In 53 since
xex+¥ g % g SX(14%X 4% 4 --)-—"—4 X

rhe mequ.althe.s are corrct

i) f-n-s'l- we note that |f uther series
converges 1t must be true that all x; with
| sufﬂcnen-l-l‘j larqe sahsij the, condihions on :_
X in (i) 5 hence we manl,wﬁlwou-l- lossof.amem]rtﬂ,
assumg 0S¥ (€3 for all 13 hence bxj )y, :

jtlxjsflhl_xl-zi'x

Gﬂd 'I'l“@ d&slr’@d COHCIUS‘OT\ FO”OWS J



1S

iy this follows from ity and +he continurty
of Tke, loqarﬁhm funchon $INCL

L | 1
1?1 Iﬂ 1-K3‘= lhjﬁt 1"7‘1' .

6.4) If for some nFeqer s, |f(9)]51 then Bu)
the wm}alzﬂ, MU |+1ja\m+m+\1 of 1 we wou Id
have § unbounded on the SRULNR 5,57 5%, -
and +his would contradict the converqence of

s

i) this fo“ows from
?Fm(l-f(P))':lgPI‘m(i-b f(P)q-ﬂPz)h..):;gf(])4zfq),
where the 2% sum s over a”+|wosa.j’ excw:]mcj

m and havlncl no ]:Jr'lmz faﬁor‘s z)cceq,c]lhq m ;

i) this fo“ows. ft'om (1) bv} allowmcj m to
rend To mf-ml‘hj .
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714,69 These follow immedhately from the
existence of the m+u3ra| ("x*dx and the
mu1ua||+~.j f xSdx < § L < 1+S xSdx ;
<) from (b y 1< (5-1)%(s)<s, and the
result follows
c[) put f(x)= x%n ¥6 (i) ;
e) take \ocjar'ﬁhms in () and then use
the c.qualrl'\j of ¥5(i);
f) from () We Fm&
og In ?(s)-; -%;:Z' 7 ﬁ,

P ns "

bu-r A m<§n(1+§+--*)=ﬁq—,; hence

1 :
?ﬂ “P"" 3 P‘P J‘i 71 and the condlusion fo”ows ;

i-a) the result m (i-¢) rells us $(s) must
tend to oo as s+ 1t 3 the resut in (Cf) savjs
this could net hqmw-\ nfrhu—e were onl»s

flnl'h?,ltj many Primes ;

;

'
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By since In $(sy exists for 531, (-f) shows
us %'igg exists 5 by (i-f) we see that
5 FrHo0ass 1t
$INCR for- all 531 ,?-}ﬂ ?},<?§ﬂ% we see that
L-L cluverqe.s .

2 ¥
8.1-a) Ej%@'—' 1-3%1-—5—'-;--,%,4- ve 15 OGN
a|+exna+mq series with farms in absolute
value +e.nc||m3 s‘l‘r‘rc‘flvj mono+omca”lj too;
hence the converqence fonows I:)\j rhe
Labriz® test ;

5) -I-‘w.se fo”ow lmmq,cjua're‘\j JFr'orn 'I'ln
fac‘l’ that n such G S¢S +|-se, error macJe. N
a Par‘ha] sum approximation never exceds
+he, macjm-l-ude of?he, 13% omitted +erm and

has 'I'I‘\e, same alqzbr’alc slcjn )
¢) this f-o”ows fr'om the umformrl'vj of

-rl'n cormrcjence of'l'l'le, SIS 1h @& sma”

ncualhl:orhoo& of 13



XX s

dy b\j #7(i-0), $(s)= o0 a5 =1+ and ]mj
(5) and (), L(s) 1'e.nc\s +oaftm+q.]aost+we, Jime 4 ;

Y g Mnode 1.-}:"")'1: L=, where the sum
is over al) nfeqers all of whose prime factors
are of the form ukes ~)-r\-\us the ?rocluc‘l' ;
which s mono‘\'omc.auts INcreasing as s - 1t
1S a\wm@s bounded abowe lmj $(2) 3 thus the

assertion 18 correc? j

fy 5\3 Ts(iii) and *7(i-a) all Proc\uc-l-s
converqe ; the result for sy now follows
from +he truth of the ldm'l'l'hj for all m-\-eﬂers
n when all primes are restricted to be s n ;
the result for L(s) follows fr'om +he com}aleﬁz
mul-l'sPhcahwhj of- X,an arﬂumuﬁ ke that
lwqu to *ﬂt’-c{ ) (one.]:af that one now takes
fix) = 22, and the abowe arqument for the

3(s) tdentriy ;
q) from (f) we see that
$IL) 2y Mmadab b PV Tead 1570
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now the left side, by (), tends to oo as 51+
while | L“’l (@), the Produc\' on the far mqh‘l‘ of
the mqlﬂ- side tends +o a ﬁm'l'c. bimit 5 hance
$INCR ﬁ; alse tends +o a ﬁnﬁ-c, linit 1+ must+
bo the case that 1ﬁ'il'i'(mm( 1= ]J")'z -~ 00 as
s~ 1*; but this melle,s there must be.mﬁnﬁduj
mamj HE‘H ?rlme,s ; for +|1q, l-}ﬁ+ 3 ]ortme,s wWe
consider $(sIL(s) = T-i?’P;;T‘deua(Tl-L;L:;) ; +he
loft side fends to infinity as s 1+ and, therefore,
so must the ruﬂ|'1+ ,and that lm]:llcs fheexls?wce

of Infthl"'@l‘j mqmj ]orlmes of'rhe. for'm '-iE-r 3

W-a,b) fo"ow from the same arqument used
to prove "'r(e,f) ;
c,cﬁ In§(s)+ Ki(aﬂn L(s)= ; ]—,‘;+E K%‘Jﬁq-o(t)
={z ?n;modn%’* o1y for asuksi ;
2 pusdnodun p7* (1) for az ka3 ;
$INCR , USING (1-¢) and *a(1-c) ,1"»4, |e,ff snde tends +o

nfinity as 1% ndependent of a the conclusion follows.
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9. i-a) Direct cho.ckmcs 3

6y when azn (mod 8) this is clear since 1n
this case each summand 1s 1 and there are o
summands ; when a#n (mod 5) the sumis fust
o sum of column entrees in our table after cach
m'l'r»] is divided l:\j the corms]:om:lmc_‘ m‘l'r'\j In
another column ; direct nspection \jldds the result;

<) for cach X under consideration each
series breaks into a real and o com]:lex port ;
the series of the two ports are each alm‘erna-l-mcj
and wnverge l:»j the same arcjumzn-l' used nthe
Proofof‘&(i-a) 3 that ‘I'l'aus are not Zero
fo”ows as in the Pr'oofof 73(*5-6) ;

cf) these fe”ow from (¢) and the a]‘l'crna'hnﬂ
character of the real and c.om]ale,x ?ar+s of fhmszrtz,s;

¢) from the 1% formula of. () we have

L X (M)F-2xLo(X)+0(1) 5

now put Pmy= X(n), £(x)=x in the Shaj:tro for-m
of the Mabius mversion for'mula , 5% XXI| #4 (1)

3§
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1o obtain
%2 5, PMXM{E LK) +0W] 5
rhis implies A N, L,(‘m"{t -%’é*p(n)xm];
the conclusion fo“ows since | MRy =1 for
all n so the rtc]h’r hand side of*\-ns last u’uahon
is O(1)

f) from Xxh¥3(i-a-2) and ¥2(li-a), we have
A(n) =)".ﬂp(d') In Fa +his a|ona3w|+|w the 27¢
for'mula of(cf) tijs
I e, £ 400 pid)ints T pcd) }:z&iﬁlnj

pdXd) ¢ Kping | aidyxedy in x/d
R 155 3 dz [L(m+0( )g’

+he result now fo“ows fr'om () sInck L,(X) IS
a constant ancl ‘%”d}xd’ o l" x{J ) 15 c‘ommq'l'a.c]
by an expression L0 (Inx): 0(1), by ¥z (i);

-a) BDS the c]a.ftm-l-ton o{A(n), the 1% sum
an the mqlﬁ IS clwrlus equal +o +he |ef+ hand sum
]:lus the z'”r SUm on *hc. rtcﬁl\’r ] the rest fc“ows
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A

from (1~ f)anc]
¢ ‘_"1? Frln "" 1
PR PR Rl it o
dx

2
In |
":?33*? {ﬁ m,_f'§< 5;??*%"; , xS

£
: r%’ & G oM,

b) mul+t}a|t11n¢3 1'\10. X pression in (i-a) b\j
K(ay™ and summing over all characters )
nnclucilhc} o , We funJ af‘i‘u' using (1- 5)

I X@y' g —L"if by e

pix

yla{mod’)
on the other hand Tlna.leffs:de, s qual to,
using (a) ,

Inp. 4 e Xplp o inp .
B RN E T T oM
fmq”tﬁ ) putting these foacrher with 2 (i -v)
we have

In In

L —=F=1 L ZBvometlnxro(n) ;s

p{z{-“fd’)? 1psx P 4 )

¢) this ‘f::.”ows lmmeclia‘!'elbj from (6) Euj

+a|amc3 a=1,2,3,4,

WSS
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and the Dirichlet vheorem ~ Solutions
1. 4) T|-ns 15 clmr ;

i l"j com]:hn mUIhPIICG'fWI‘PVs
RitY= X(3-1) s XD
thus ather X(1)z0 or X(1921 3 bu+ X(1)=O 1s
Pr'olmlat'l'ul fr'om the c]e,flmhoh since (1, E) 51

W) btj Euler’s tjenv'ah,zahcn of Farmat's
theorem (See IXF T (i) we know
af gy (mocl ﬁ.) 3
b\j Pmoc!lcmj and mu|h33]:ca+wt1'uj of K we
have (%(a))¥%= % (at®%) = % (1) ; but by ()
X(3)7 1 S0 we are dome

3

w,v) l‘-’tj c]urwl' ¢I'Iu.|!mc3 3



vi) lws () for (a,ﬁ)ﬂ , X(a) 1s one of"r\'\q,
Pk, Q(RYD roots of unity ; since (a,kY) >4
implies X(a)=0 we clwrkj have no more than
eyt ® _possuHe specifications for X on the

set ofa prime to R 3

vil) (a,ﬁ)n 1m]3||es (a,cf)nso x*(a)=X(a)¢oi
uf (a,ﬁ)nﬂwm X¥(ay=o) 1f(a6_,ﬁ)>1 +han
X*(ab)= 0= X*(ayx*(b) ; f (ab,Ry=1 then
X (a6 = X(ab) = X(8)X(BY = X*(ay X*(6) ;
fma”\j lfaag(mod kY then (a,ﬁ):(ﬁ,ﬁ) smf
rhis s 31, X*(ay= X*(b)=o, while 1f this 1s
o.qua|+o 1, X¥(a)= X(a), X*(6y = X (b and
axb (mod dY, so X¥(a)=Xc@)= X(BY = X*(5) ;

¥illy since X 1s hot Prmcu]:al f"»are 1san a with
X(a)#13, (a,ﬁ.)n JhOW a, 2da,:, ka run owra
complete system of residues modulo R so
X{) ﬂi ANn) s “21 X(an)= g,’“m and , therefore,

TS
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&
(X(a)-1) EX(nyro

since X(a)-1 #o the conclusion follows
) direct chu\nmq ;

%) 1f not then there are twomed k characters,
say X,X’, such that (A XKs (A= X' (@YX, () ;
but for' (a,ﬁ}=1 this means X(a)= x‘(a);smc@
X and X are zero onall a, (a,ﬁ) 1, this tm]:he.s

20 U

2. i-a) This 1s clear le direct chukm% ;
5) for X(J}:x wl‘i'l\ (J,P9)=1-wewould
have to have A= o, which u-n]:'las da1 (mod pP);
¢y (d,R)=1 and ]:9| & thIms (d, PF)Hj
thus L\j by, X(c{)# 13 lfwelof X* be the mod &
exFension of X, 5S¢ *1(vii) , then
X¥(dyz X(dY# 1 3
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H) sIne cfs-i cmoc\u) we know (cf,ﬁ)n

and x*dy = x¢dy= -1 5

i a) fn-s-t- of all we note that , buj the Jaroof
of.xvm*’us iy , X 15 1 fact ch.fmecl fo"a” odd
N ; sihe 1'l1¢joroduc+ of‘l'wo odd numbers 1s
Of the form ks Pre.clsdv_‘ when e,xacﬂtj one
of%e.m I offhls form we see that N, as
c]e,fmq,c{, 1S comquj-e]xj mu|+nja|lca+wa (1'|-ns IS
clear when a facfor is even ; the rest 1s clear ;

6) $INCR (cf, ﬁ) =1 we know (c(, A TR
and , Tho'eforz 1f X% 15 the mod R extension
of X We have X*(cf): X(cf) ' 1f X(C{);—i then
tz0 and d22 s (mod A ,con-l-mnj to assum?'l'wn ]

thus x*dy#1 ;

) the 'ﬂtﬂ:o-l"‘\e,ses ImPI'»j R 1s an Infeqer

cjre.ai'er +han 2 ; thus ather some odd prime

C'Il\HC‘]QaS Q’OP Q"-l, or E IS JNIS!bl& l’tj 8 3

3498



In any went \:\3 {8y, (Y, (#0) there 1sa mod k
character such that x(dy#1.

3. 1) If (@, E)é 1the result is clear-; o+|-1e,rwsz,
;f az1 (mod k) thenthe sum cz.clua|s F Xé1y=c,
wk1|¢., lfaﬂ (mod k) ‘fhm, btﬁ*z({v),-rl-\ue, 1$
a X, with X(a)#F 13 mu|+|}:|v‘|lmj b\j Xi(3) and
mca”moj F1(X) We s

Xi(@) § K(a) = § (XX )a)= % X(a)
and ,'rhe,r'eﬁ'arz, (X, @) -1) E X(a) =0 5 since
X(N-1#0 the onclusion fo”ows ;

W) using (i at +he 18t o.ciuahhj and ¥ 1(vili)
at the 3':5[ uluah'h.] we have
cs z [ X@sg z X(a) = ':: , Xo( @) (kY 5

i) ;f (n, ﬁ)#l 1'|'\¢n ‘I"\e. SUM IS Z2ro | 1f
(n,k)=1 we may select m sothat aman (mod R) ;

note then ) USING (+) and cii),‘l'ha'l'
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I K@) Kinye § X(@) XK@ Km)= T X(m)
h?(ﬁ) lf mei (mod ﬁ) )
g fmi 1(mod RY: ;

but mz1 (mod ﬁ) 18 zquwalm‘rro azn (mocl k)

th We are Cl@h& 3

i) $Ince X (@) 18 a root ofum’nj S ¥ 1l Y,
K@) X(a)=1 3 thus X(»= X(o) - 7(((71)'1 and the

result 1s the same as @Giiy.

h. iy XD s gh mib root ofund'v} and with

the exception of 1 all of them satisty the
e,c]uahon x XdzxMeeax 20 ;

iy the 1% zqualﬁ-xj 15 1mmediate fr'om O
on the other hand
p B (@Y B et E K ;

X f*!
but, btj 3 (b) (iy, 1'50. msncJe. SUMm On 1'|1e, riq M

is o unless a351(moc| k) when t1s ‘?(Q) since

-1k
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on‘\j for' ]'zm IS the lat4er +rue we see +hat
the rsglﬂ hand UrPpression 1s me,r'zlvs
L2Q(RY= 9(K)Y,

5. Ta l'-umj f to be X and ﬂ(n)’ns?w\-welvj,
o be %,-I%’i ,;,%-; 1y XX ¥4 (il ) we obtain all

of these results.

6. 1) Since X 18 n\ulh_phmhve'r|1¢,mu|+|]:||ca+wn+uj
of (2 fo”ows fr‘om VI 27 (i) 3 the m]aressaon
cjwen for 12 (P;"1 ]:J,""*) IS lmmujla‘re from the

mu|hj:||ca'l'wl+!j ;

iy +his fa“ows from +he e.xPresswn m (7Y

and the observation
o : . _
LX) e XA KP4 X(p, oo r K (P )
& +1 1T K(Ps) =1
=11 nf x‘?*)"l an&o(,-iswznor' I{X(P,']'O )
0 :fxc]:i)-q and ;15 0dd,

Plus the fact that for n* all «; are even ;
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1) +his 15 an immediate c.onsq.c\umcz of ()
since £ £ has a subseries which dominates
ns1 ym

a9

the harmonic series ﬂgl -+ 3
W) rhe 1% una\l'l'u’ is clear fram‘i’k@ Je,i:lm'l'tons
ofG and -,*rl'm # Fo”ows \‘;'om a consideration o\:
rhe lattice ponts under the 8
ﬂra];"\ of c{ 5 2% i the cjm}al'\ \<
to the rnﬂlﬂ' :

I Jl-x- J-

v) bvj comparing ;L' T and 5E = with
S x tdx and S. "i dx we have

5: 734;‘/-4»0(1)1'0(\/3),5 -7 2\/_*0(1)4’0(4,—);

from the lagt part of *5 we have
&::d't— l\%) =0 ﬂ)*o(ﬁ
subah'l'uhnci thase into (i) and ssm}:hf\jmo} \3IQICIS
G(x)=2 ﬁ'&&{?—i— o(1) I, «h,
RN o 1 O
r 2% L,(X)-roc1)+0(g‘—§)\z‘{/’+o(1)+o( 7))
2 2R L(X) +O(1) 5
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viy 1f L(X)zo then,from vy, G(xy= o (1)
and +his contradicts ().

7. 1) Put Piny= X(ny, T(x)ex, gox)= £, Ximdx
mbe 1Y 4 (1), Fo obtain ¥2 T P(myX(m)q () ;
Nnow no'hnq that : bv“ *SJ g(x) 3 x L (X)+r 0 (1)
ond su\osh#uhnﬂ we have

x5 L NmINM) (FL.(R)+O(1))
= x 12RO (1) T NImMIK(M) ;

since the last sum 1s o(x) the desired resuls

fO”OWS 3

fi~a) q(x) = xlnxn};%ﬁ—"’ - xmtx %‘""—
2 % Inx (LOYrOE)) - % (LX) ro (13
asx LX)+ O (ln¥) 3

6) usINg xxii F4 (1) on 1-|'w. ut]ar'zssuon for
30:) ,+ahmcj f(ﬂ:wlnx ,wo.fmJ ,using (a),
xlhx = L MXMYG )2 I NmIXMY(-E L (Rpro(Ind))

3 -% L,(X)n}'x%@+ o(,f, ln Y,
The desired conclusion now fo“ows from XXM #2(i0) 5
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i) for L(X)20 this {o“cws from (i) and
fcr LX) #o this fonows fvom (%Y.

8. T‘ms Procacls a\oncj |mvs sn'nr‘qr' Yo XXIi "9(13)

Xiplnp Xp) |n_1g X(ph |n2
3"1; +o(n. f P 1;2 iz;x
X (1) Mm »ccﬁ () xtéa ind
=¥ z Sf%

ns¥ n

}M{LU\) 0 t[JI L(’Q}‘E{(—é 10(‘5 |hx)

+o(1)

using ¥ (i) com]olzns the ?roof.

9. 1) Buj 76 i) no such X may be rcali'tl'\us 1f
L(X)#0 then L,(X) 20 and X# X 3 1hus N1s

ot least 2 ;

ity +he |¢f‘|’ mc.quall'l'v] IS clear;'l'l'ae. g o.a]ua]l'l'ts

‘F)"ows ﬁ-om T30y, (1) since

Xplnp
z.( ysfx b ]ux ]3 X K(P’

fll‘\qllbj y makmaj use of*a anc’ XXM *Z(V) we s

58
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£ 3 xtg?)lng gy, ¢ X(Ej))hg y g Ay
X ps P T e Wiote T
%# Re ¥ Ko

zlnx + (1) ¢ N(-Inx+0(1))+0(1) s (1-N) b + o(1);

-0y lf NS1 then the ru:j"ﬁ' side n (1) wou ld
tend to ~ o0, con‘\'t-arxj rothe mequq\rh} there
stated 3
by b"j *8 wery contr butor to the sum Q(x)
1s uther O(1) or of‘f‘wform ~lnxs 00y 31’]‘“5 mRans
that tf some cortributor were of the form ~Inxa o)
then Q (%) wou|d tend to <00 as X2 00 ;+|1|5 contra-
dicts (o) ; but then y l)\j “’8, ey . snhsftes

L.(X)#0 3
¢) this fo”ows Jfr-e.-;m (6) and ¥8 ,

0. The 15 u:)ua\mj follow; from 3 and the 274
equqllhj from 9 (1) and XXHI % 2. (v) y |f +here were
on|x3 fmﬂ’q.]tj many primes p, pEa (mod Ry +hen the
left side would be fm|+e in contradiction o its

bemci w!ua| to Inx+o0(1).
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